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C¥3 BOUIH

Yw6y KuTo6 <«¥36eKucToH» HAWPHETHAA dYon 3Tuaran «Oani
MaTeMaTHKa acocaapu», |- TOMHHHHT AaBOMH 6y.nu6 OJIHH MarteMa-
THKAHHHI aHMKMAaC Ba AaHHK HHTerpaaaap, kKyn y3rapyBuudd ¢yHK-
uuaaap Ba yaapHuHr aupdepeHunans XxHcoGH, COHJAH Ba (yHKUHOHAJ
KaTopnap MaB3yJapHHH XaMia oaaun AndoepeHunan TeHrnamManap
KYPCHHH Y3 HUYHla ONalH.

By kHTOOHH €3Ml14a XaM aCOCHH TylUyHYaJsap XaMia TaCAHKJapHH
coana, paBoH 6aéH 3THAHWIWTA, aifHKW NaiTAa MaTeMaTHK KaTbHHAJIHKHH
cakJauwra 3bTHOOPHH KapaTAHK.

Kyn y3rapyBunan ¢yHkuHsaaapra aoup 6006napHH €3nllna, AAcCT-
aBBaJl MKKH Y3rapyBuHAH (QyHKUHANAP KeATHPHIAAH. YHaa Oup Vy3-
_FapyBuHJH  (YyHKUHANApAArH MOC MabjlyMoTIapaaH ¢onganannw
6unan OHp KaTopaa yJaap opacnﬂ.aru yxwawadk Ba Ttadosyrtaap
KYypcaTHaa GOpHAAH.

MabayMKH, Ha3apHii MabBIyMOTJ3apHH Y3NalWTHPHLLLA HaMyHa
CHPATHAA KEATHPHAAAHTaH MHCOA Ba MacaJjiajlapHHHI axXaMHSITH KaTra.
Afiukca Oy xoa oaani aAupdepeHuHaa TeHrnamaJjap Ha3apHACHAA
AKKOJl KYpHHAlH.

Ykysuu aucddepenunan TeHrnamanap KypcH OGaéuupa. xap Oup
MaB3y MHCOA Ba Mmacahanap OujlaH TABMHHAAHTAHAHTHHH Ky3aTaldM.
Mucon Ba mMacananapHH KeNTHPHLWIAA X3aMAa yJAapHH €UHL YCYAJlapHHH
KypcaTHwaa, aBBaJ COALA, KYHHKMa XOCHJ KuJrau MypakkaGpok
MHCOAJIapra yTHLW MPHHUHMHTA aMas KHALHK. '

Myaaandpaap KuTo6 KyN€3MacHHH YKHOG YHUHr cHATHHH sHaAa
axwuaaw Gopacuaary ¢GHKP Ba MyJaoxasagapH yuyH Y36eKHCTOH
Pannap AkaleMUACHHHHT Myx6up ab3onaps, npodeccopaap L. O. Aan-
MoB, H. l0. Catumosaapra ¥3 MUHHATAOPUHIHKIAPHHH H3XOP KHAaAHAAp
Ba KHTOGHHHI KaMUHAHKAADHHH 6apTapad 3THWra oua TakAudaapH yuyH
KHTOOGXOH/Mapra aBBafjaH TalWaKKyp Ouaaupainnap.
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-6 0 B
AHHKMAC HHTEIPAJI

Kyn xoanapaa QyHKUHAHHHT XOCHJAcHra Kypa uwy QyHKUHAHRH
TONHI MaCaNaCHHH XaJ KHJAHW J03KM Oyaaad. by sca ¢yHkuusnnaphu
HHTEerpaanall TywyHYacHra oiHb Kenalw.

Yuby 60612 GyHKUHAHHHT aHHKMAC HHTErpajH, YHHHI X0CCaJlapH,
HHTCrpaJnaly YyCyanapd Xamiaa HHTerpaanapHd Xxucobhaaw Gunad
WYFYANAHAMH3,

I1-§. BOWJIAHFHY YHKUHA. AHHKMAC HHTEFPAR
TYWYHYACH

s y=[(x) dynkuua (a, b) uHTepBansa GepuaraH 6YNCHH.
I-tabpuod. Aeap (a, b) unrepsarda dupgpepenyuarranysuu F(x)
pynkyuanune xocuracu 6epuncau f(x) ea Tenz 6jaca, ABRU

F'(x) =f(x)

* 6gaca, y xon0a F(x) ¢pynkyus (a, b) untepsasda f(x) nune 6ownanru
Pynkyuscu Oeliunadu. .

Mucoanmap. l. f(x)=x* oyskuuauuur (—oo, -+ oo) Jparr
6ownanFuy QyHKUHACH

F(x) =i;- ,

Gynaau, YyHKH
P =(5) =r=Ho

. i
2. f(x) =cosx (PYHKUHSAHHHT GOWNAHFHY QPYHKUHACH F(x)=sinx
6ynanu, YyHKH

A F’(x) = (sinx)’=cosx=f(x).
3. [(x) = /1 —x oynxunsaunur [—I1, |] opaankaaru GowaaHFuy
PyHKuUHACH | SR
F(x) = —=/(1—x)’

L] - '
o Oynank, YyyHkH AN |

Flo=(—3V(=0%)=—% [(1 —x)7]=

_ ' 3
=__§_.‘.g_(1_x)= o (—=1)=+l1—x=Ff(x). .

. 4
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Arap F(x) dyukuns (a, b) nutepBaina f(x) HHHT 6olAaHFHY ¢yuxuuﬂéu |
6yaca, y xonna F(x) 4 C xaM f(x) QyHKUHAHHHT GOWNAHFHY QYHKUKACH
Gyaanu, 6ynna C — yarapmac con. XaKHKaTdH XaM,

. F' (x) =[(x)
6yaHiunaan GoHaaTaHub

IF(x) +CY=F"(x)=f(x)..

F(x) + C dynkunst f(x) nuur’ Gownanruy QyHKIHACH 3KaHWHH TONAMH3.
“dJevma. Aeap F(x) ea (O(x) ¢pynxyunrap (a, b) untepsaada [(x)
ynkyusanune 6owaanrud  Pynkyuacu 6gaca, 6y F(x) ea @(x)
Pynkyuarap 6up-6upudan jj3zapmac conea gapk Kuaaou.

Hc6oT. F(x) Ba D(x) PyHKUHANAPHHHT Xap Oupu f(x) HuHF

s

6ownanruy PyHKUHsACH OYICHH!
| F'(x) =[(x),
@ (x) =f(x).

by Tenraukaapaan ..
’ F (x) =D"(x)

GMMJG MHKALH. e ' .
Epnravau — T - i
glxr=D(x) —F(x) - (1)

dynkunann Kapaitmus. Paswankn, 6y dyukuus (a, b) HuTepBania
Gepuiran 6VanG, Vi€ (a, b) 1a yHHHr XOCHA3CH
¢ (x) =[D(x) — F(x)} =0 (x) —F'(x) =0 (2)

_6;’.'1311”.
(a, b):nHTepBaala HXTHEPHH X BA TANHHJIAHTAH Xo HYKTaJapHH oaH6,
[xo. x] €ku {x, xo], cermentun kapaiimus. By @(x) dyukuna Jlarpanx

TeopeMaCHHHHT 6apua uapTaapHiH KaHoaTAaHTHpaaH. JlarpaHx Teope-
MAacCHI'a Kypa

Plx) —g(xo) =¢'(c) (x—x0) (ro<c<x)
ﬁinanu: (2) rewranknau doinananu6’
. ¢ (x) —q(x0) =0,
ADHH
¢ (x) = p(x0)

GyanwHHA TonaMu3. 3HAK @(xo) ==C ne6 onamu3s. Yuaa (1) TeHrankka
O6nHoaH (M (x) — F(x) =C 6ynany. Byunnau

® (x) =F(x)+C

6ysiniuM Keaub unukaau. By 3ca nemMmanu ncGoraaiau.
IOKopuaa antuarasnapiaas: :

[) (a, b) uutepBanna Gepuarar f(x) DYHKUMAHHHr GOLULIAHFH
QYHKUHARADH YEKCH3 KYN GYIHIUH, -

2) f(x) OYHKUHAHHHT HXTHEPHA HKKHTa 6OWNAHFHY QYHKUHACH OHP-
OupHaan y3rapMac CoHra Qapk K.JIHWH Keau6 Yukaiu.

5
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. Hemak, F(x) dykHuus [(x) HuHr (a, b) uHTepBanaary GouLlaHFHY
¢yukunacn 6yaca, F{x)+C (6ysaa C — HXTHEPHH y3rapMmac COH)
* KYPHHHIIKAATH Xap OHD QYHKUHA XaM f(x) HHHT Gom.naumq PYHKUHACH
6yau6, yaap {F(x) 4 C} TYynaaMH4 TaIUKKHA 3TalH.
2-Tabvpud. f(x) Pynkyusnune (a, b) unrepsardazu Gapua
bowananruy Ppynkyusrapudan ubopar THNAAM YHUHE AHUKMAC uKrTezpa-

au dedusradu sa Sf (xYdx xabu 6ercusranub,

{f(x)dx=F(x) +C, (C—const)

KYpHHHIIAA é3unadu. Byuaa | — uHterpaa GenrucH, f(x) HHTETpan
octHaark ¢pyHkuua, f(x)dx s3ca HHTErpas oCTHIarH Wdolda AeHHNANH.
Mucoanap. |. Yoy
S x%dx

aHHKMAC HHTerpasiHu TonuHr. By aHukmac mrrerpa.n WyHAa# OYHKUHSA-
KH (aHHKpOFH wyHAaH OyRKUWAAAP TYMIAaMHKH) 6y QYHKUHAHMHT
XOCHJIACH (Tynnamnaru Xap OHp QYHKUHAHHHT xocu.nacu) HHTerpan
octuaaru QyHkuua x'° ra Teur. PaBlwaHku, arap

il

1 - F(X)=x—”"“ *

6ysaca, yHaa

, Ll llxio
) Fiix) = (u)_ ="

6ynaau. Ilemak, aHHKMac HHTerpan TabpHpHra Kypa

S '"dx-——+ C, (C—constU

2. Ywoby
Sea’dx

' “ 1
aHHKMaC HHTerpaJHH TonHHr. Kyhuaaru F(x)=—3- e ¢GyHKuua yuyH

riey ) o3y __ L a3 en
F (x)—(ae )-_ 3 € 3 ==¢’* 6ynann. Hemax,
S edx =—e*+C.
3

KeittH4anuk, auHKMac uHTerpan HOopacH ypHHra, KHCKaua, HHTerpa.n
CY3HHH XaM HluaTaMH3.

Kynunhua F(x) q)yHKLlHﬂ f(x) HHHI GOULTaHFHY ¢yuxuuﬂcu 6ynaauras
(a, b) nuTepBaa KypcaTuamanau. Bynaai xonaa opanauk cudarnaa f(x)
GYHKUHAHHHT AHHKJAHHLE COXAaCH TYLWYHHNAAH.

Onatha, QYHKUHAHHHT XOCHJAacHTa KYpa YHHHT Y3HHH TONMHW, A'BHH
OYHKUHAHHHT aHHKMAaC MHTETPaJHHH TONHLU UNTE2PAAAGWE NERHNARH.

Hemak, dyHkuuanapiu uHTerpaanaw amadax AxHpdepeHunasna
aMaaura HucbataH TecKapH aMaJ 3KaH.

6
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2.§. AHHKMAC HHTETPAJTHHHT ACOCHA
. XOCCAJIAPH

Kyfinna anuKMac HHTCrpadunur Xoccasapuiy KeATHpaMHK3.

I°. [(x) OYHKUHAHHHT anuKMaC WHTErpaaH {f(x)dx Huur xocuaacw
f(x) ra, nudpoepenunaan sca f(x)dx ra Teur: '

[

({feodx =fx), d({f(de =flxydx.

_ Hc6ot. Alitaitauk, F(x) dyukuun f(x) HuHr 6omnaanFny pyHKUHACH
OyncHH: - ‘

F(x)=[(x).
S[(x)dx:F(x)+C (C —const)

6yaaan” Wyun yuTHOOpra oanb Tonamua:
(\ixdx)' = (Fx) +C)'=F(x) =[(x) ,

d( Si(x)dx)=d[F(.r) + Cl=dF (x) =F'(x)dx=f(x)dx .

Y xoa1a

by 3ca 1°- xoccanu HCOOTAANH. -
2", ®dyuxuua auddepeHiiHaNMHAHT AHHKMAC HHTerpann wy oyHk-
UHA GuAaH y3rapmac cod HUFHHAMCHTA TEHT!

\dF(x) =Fx) +C.
Heb6oT. F(x) dyukuus f(x) HHHF GownanFay GyHKUHACH GYACHH:
F'ix)=[(x). ¥ xonaa.
{itndx=F(x)+C (3)

Gy'ﬂaﬂﬁ. ‘Ar‘ap S f(X)dx= SF,(x)'dx= SdF(x)‘ (4)

Y

IKAHHHM IBTHOOpra onicak, (3) Ba (4) TeHrsinknapaas

SdF(r):F(x) +C

6yauiuy KeHO YHKALK. |
3°. ¥3rapmac CoHHH HHTerpaJa 6e1rHCH OCTHAAH YHKAPHUI MYMKHH!

S kf(x)dx=k S f(x)dx (kB — y3rapmac coH, k5£0).
Mc6oT. ®apa3 Kuraiauk, F(x) GyHxuna f(x) HHHT GownaHFHY
byHkuusicy 6Vacun: F/(x) =f(x). Yuaa
Sf(x)dx=F(x)+C
6ynus, . )
k S f(x)dx=kF (x) 4+ Ci (Ci=kC) (5)
6yaaau. Paswanky, kF (x) ¢yukuus kf(x) HUHr GownanFuy QyHKUHACH

O6Vaalan, YYHKH
(RF(x)) =kF'(x)=k[(x).

7
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?

Hemak, '
S kf(x)dx=kF (x) +C: . (6)

Hatuxana, (5) Ba (6) MyHocaGaTnapra kypa
S kf(x)dx=*k S F(x)dx

ﬁynumnuu TONaMH3.

4°, UKkH PyHKuuna anre6panK AHFHHAIUCHHHHT aHHKMaC HHTerpan
wy QYHKUHANAP aHHKMAaC MHTErpa//apHHHHT aiare6pank HHFUHAUCHTAE
TEHT:

J 70 2g(0)lde= § fdrs {g(xdx.

Hc 6 oT. AliTaltnuk, F(x) prHKLl.Hﬂ f(x) HuHr, G(x) (GyHKUHS 3ca g (x)
HHHT 60mnanmq OYHKUHACH OYJICHH:
Friy=[x), G'(x) =g(x).

YHna |
Vidx=F(x) +C, {gx)dx=G(x)+Ca.
6yau6, .
{Fnydet § g dx=[F(x) £G(0)+ (Cix C2) (7)
6ynaau.

PaBwanku, F(x) +G(x) ¢yHkuus f(x)4=g(x) HHHr GowAaHFHY
byHKUHACH 6YNalH, YYHKH

[F(x) £G(x))=F'(x) £ G’ (x) =f(x) £ g(x).
Hemak,

§ () £g()Jdx=F (x) £ G(x) +-C. - ®)
(7) Ba (8) myHocabaTaapaau ‘
J(F(x) £g(0ldx= [ Fodex {gxrdr.

6yaHWH Keanb yukanm.
Mucoa. Yuwby S(3x2+233x’)dx

HHTErpaJiHH XHCOBNAHT.
Uurerpanuuur 3% sa 4°- xoccanapuaan ¢oiinanaHu6 tonamus:

{32426y dx= § 3%dx+ | 2¢¥dx=
=3 S x’dx+2§ es‘dx=3-—%3—+2~e3‘-—:|;+6=x3+—§- e*+C.

3-§ AHHKMAC HHTETPAJINIAP )XAABAJIH.
MHCOJIJIAP.

Yw6y naparpadaa KefHHuUaIHK xyn ¢ oitganaHHaaiiral HHTerpaJ-
JIAPHK KeJATHPaMH3.

1°. SO-dx= C, C—const;

2°, Sl -dx= de=x+C;
8
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3°, S —1);
4°, S—ldx S =lInlx| +C (x#0) ;
0 l dx —_ t C:
9" Sl+x’ S|+x’ arch+ :
6Y. | dx= < arcsinx4C;
S VI—X2 S '\/l—
7°. - S ‘dx——a"+C (@>0,a5=1);
8°. Ssmxdx— —cosx+C:
9°, Scosxdx-smx+c
IO° S——dx S d‘; = —ctgx+C;
smx sin"x ' .
19 S———dx S =tgx+C; ‘ ‘
cos cos’x _
129, Sshxdx =chx+C;
13°. Schxdx—shx+C |
0 —_ dx =:!_ tf_ C (a0 v
. [t [ = arct € (020 |

150. S—W—:;;= arcsin—g--l-C
By HHTerpaJijlapiaH GHPHHHHI‘, MacaJjiaH

HHHT TYFPHAHTHHH KYypcataMu3. DyH#Hr yuyyH TEHIJIHKHHHT YHr
TOMOHHAATH (PYHKUHAHHHT XOCHJIACHHH XHCOBJaiMH3:

(% arctg %+ C)' = (—; arctg —z-)'=

Hatuxxaga (9) TeHrJIHKHHHT 4an TOMOHWIATH HHTerpan OCTHAArH
PYHKUHA XOCHA GYAaH. ﬂemax (9) TEHFAHK YPHHJH.

IOKopHna keatupuarau 1% — 15° dopmynanap xadsas unrezpasra-
pu DeAHAAAH.

’
L]
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Auukmac unterpaannur 3" — 4°- xoccasapiaan xamia uHTErpad-
Aap KaaBaauaaH PorAajannd, uHTCrpaaapuit GeBOCHT XHCOOqgaut
MYMKHH. '

Mucoaaap. 1. YOy

S (1 +sinx+2%)dx
HHTerpanHs XHcobaaHr.

S (1 4 sinx 4 2%) dx = S | .dx+ Ssinxdx+

+ S?‘d.r:x—cosx + -l-"%-l-C

2. Ywb6y
x4
S —_—— ;—‘- dx

V-

HHTerpaaHu XHucobaaur. Unrerpaa octHaard QyHKIilMaIHH

xz+x+l ;
vy =X +x + x

KypuHnwaa €3n6 onamu3. Hatuxaaa:

. x4l , - SR
) S - \/-}-——-dx-- S (x*4x"+x “)dx=
h 3 1l B —:—-H _ -%-H %+|
=Sx’dx+ Sx’dx+§x "’dx=-‘;— + f 4+ 7 - +C=
| G — 5+

_+3§i+2-x’1" 2\/x( + I41)+C.

3. Yw6y
S dx
.2 2

S5TX - OS5 X
HHTErPaJHH XHCOOMAHT.
HuTerpan octuaarn
I
sinx - cos’x

Ppyukunsann sinx4cos’x=1 ainustaan Goinaranut

' 2 L2 h
I o sin x4costa | + {
sinzx-coszx sinzx-cos?x cos?x sinx

KypuHuuina é3u6 onamus. Hartwxkama: =~
dx - d d .
V= =1 % + {5 =ter—ctgxtC.

sin“x « cos“x cosx sty

10
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4. YuwOGy

n -
Sx Vxdx
HHTErpaJHH XHCOOGJaHTr.
Hurterpaa octHaard GyHKUHAHH

! l+-|- a1

n_. —
x~\/x =xX"=x "=x"

Kypuuuina 83u6, cynr 3% dopmynanan ¢oiinanann6 TOnaMu3:

a4

a4l " +1 —

Sx{/}dx= Sx " dX=—r;x":'__“l—;'+C=

n

2z +1

— s LN 2"z
== x +C—2n+lx Vx +C.

- 4-§. MHTEFPAJINALL YCYJUIAPH

Bepuaran ¢yHKUHAHHHT GOUMAHFHY DYHKUHACHHH TOMHIUARA, SBHH
aHHKMaC MHTETPANHHH XHCOO/A3lAa Typay ycyanap MasXyA. Kyﬁuna
y3rapyBUHHH aJMalWITHpHIN Xamaa Oyaaknalb wHTerpaasaiu ycyanapu-

eNTHPaMH3.
w VarapyBuyuvu ANMAWTHPHLW ycyau F(x) dyukuns
f(x) HHHT GowWNaHFHY PYHKUHACH GYJCHH: _ ,
F'(x) =[(x). (10)

J .
f(x)dx=F(x)+C
6ynaan. SHAK X y3rapyBud

YHna

x=q@(!) .

Mynocaﬁar €pAaMHAa t yarapyBuu GusiaH GOF:1aHTaH 6y.ncm{ 6ym1a ()
y3nyKcH3 @’ () xocuaara 3ra 6y.nrau cpyHKunﬂ : '
Jlemma. Yuwby

Vo) -9 (dt=F (o)) +C

MyHocabar gpunau.
Hc60T. Dy TeHIMIHKHMHT YHF TOMOHHAA ‘ryprau F((p(t))+C
(QYHKUHAHHHT XOCHJACHHH TONAMH3;

(F(e(t)) +C) = (F(e(1))' =F'(9(t)) -9’ (¢).
(10) TeHrankka Kypa

F (o)) -9 () =F(e(t)) ¢’ (1).

Hemaxk, F{@(t)) dyukuna f(@(f)) - ¢’ {¢) HuHr GownanFuy GyHKUHACH
Oynann:

| Ie) o' (hat=F(e(t))+C.

Jlemma uc6or 6yaan. .
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JleMmara Kypa Sf(x)dx HHTerpatHu Xucobuall Sf(qn(t) )¢’ (1)d!l nurer:
pajHH XHCoOaalTa Kenap 3IKaH: _

, | Fydxe= {flo()) ¢ (1)dt (1)

(11) ¢opMyna aHHKMAcC HHTErpaiAa §32apySunu QAMGUITUPUU
¢popmyaacu nennaans. :
Mucoaanap.l. Yuwby

S (24 3x) "%dx

HHTerpasHu XHCOOJIAHT.
by nmerpannaxysrapyaqu x HH 24 3x={ Tap3uila aaMalITHPAMH3.

byuna x=1Z% 6y.nu6 dx = —dt 6vaanu. Hatxkana:

| §(2+3x)'°°dx= [ dar= §ronar=

ol
st C=-—-——3:B (24-3x)"" 4 C.
2. Ywoby o

HHTEerpasHu XHCOOJIaHT.

by nHTerpanaa x= \/_t aaMailuTHpuul 6axapub, yHH xucoﬁnaumua.
Pdmuauxu dx = Jadt. Hatnxana '

S  dx S Vadt _ S J‘d:
Va—(Van® \/‘\/_

.—__-S di__ _arcs1nt+C-—-arcsm-—-\,=

Viee

3. Y6y
S elrctgx dx ;

1422

\
HHTErpaJHH xucoﬁnaur '
by uuTerpanna arctgx={( aamawtupuw 6axapamu3. yﬂna

dx=d!

d (arct =d! I
(arctgx) => o

6ynAu6, HaTHXKaaa

lrdg,t —_ o .= L L= arcigx :
S mdx Sed! e+C=e +C.

4. YwoGy

S dx
cos'x

HHTErpanHd XHcobaaHr. - - : : N
12

www.ziyouz.com kutubxonasi



ABBano l, =14tg% skauunu 31pTHOGOpra anub, GepHAraH HHTer-
cCos x '

" pajHH

S dx =S l2 _dx S(l+tgx)»

cos'x’ cos?x  cos’x cos’x

Kypunnuma e3n6 onaMu3. CyHr tgx~——t aAMalITHPHIL GarXkapaMu3s.

Hatnxana dx = dt 6ynu6
COS X |
Cos X
x e
_ =f+"§'+t:=tgx-|-—-+c .

6ynaau. Ilemak, -

S d: = _{_tg’_x+c

COS x

b Y

“2“ Bynakana6 unrerpannaw ycyan
Papas KuaanaHk, u—u(x) Ba v=v(x) ¢yHkuuasap Oepuara

6yau6, ynap yaaykcus u’(x) Ba v’(x) xocuaanapra sra 6yacHH. MKku

PYHKUHA KYnaATMacHHKHT AH(PPepeHUHANHHH TONH LW KOHAACHTa KYpa

d(u-v)=u-dv‘+v-du
6ynann. KeiimHrd TeHravKaaH
' u-dv=d(u-v) —v-du

6ynuwK Keanb unkaau. PaBuwanku,
S u-dv=\[d(u-v)—v-du].
AHHKMaC HHTErpasHUHI xoccanapugau q)oﬁnananué TOIIaMH3:
S u-dv= S[d(‘u-v)_—-vdu‘]= S d(u-v) — S vdu=

, =u--v—Sv-du.
Hartuxana vwoOy
S udv = uy — S vdu (12)

¢opmy.nara kenaMu3. (12) ¢popmyna 6jjraxkrab unreeparsaw dpopmyaa-
cu nenHaanH.

Bynakna6 uuterpannatiu q)opmy.rlacu Sudv HHTErpafHH XHCOBJAALILHH
‘fodu HHTErpaJHH Xucobnawra kentupanu. by dopmynrasan ¢oiaana-
HHIW YUYyH HHTerpaa octHaard udomra u xamaa dv Jaap KynanTMacCH
T KypuHHwMAa €3u6 onHHanH.
Mnco.n.nip. 1. Yuby

| Sxe"dx.
HHTerpaJjiHiu XHCOOJaHr. \
' 13
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~ HWurerpan octunarn udona xe* Ha u=x, dv=e*dx Nap KynaRtTMacH
ne6 - onamu3. Y xonga du=dx, v=§e’dx.._e 6yaanu. Bynamaﬁ
HHTerpaadail ¢opMysnacuaal ¢pofnanaHuG TonamHa:.

S xe'dx=xe"—§ fdx=xe*—e"+C=(x—1)e*+C.

Scharma. Arap S xe*dx wuterpanaa u=¢", dv =1xdx 1e6 onunaanran 6yaca, ynaa

2
du=e¢"dx, u=—%— 6yAnG, Gynaknalb HHTerpanrnams GoOpMyaacHTa Kypa

S xe‘dx=§ e"—-—-;z—s x*e"dx

6§nann. Bynaan xypHHaAHKA, Kapanaérrafa HHTETPaAHH XKCOGAaW yHAAH MypakkaOpok
Sx%‘dx HHTETPaAHH XHCOGNAUIFA KeNAAH. :

Ilemax, O6%naknalb HHTerpannaw ¢opuynhcnnan dofnanannmaa u Ba dv NapHH
TaHJall MYyXHMAHP.

2. :
Y w6y S xsinxdx

HHTErpanHy XHCOOJAHT. -~
by xonpa u=x, dv=sinxdx ne6 onamu3. Hatuxkana

du=dx, v= S sinxdx= —cosx
6yan6, (12) ¢popmysnara kypa:
S xsinxdx = — xcosx + S cosxdx = —xcosx+sinx+C
y 3. YmGy Sx?lnxdx \
Hurerpanuu xncoﬁnaur T

By uuterpanaa u=Inx, dv=x*dx ne6 onamus. ¥ xoiaa

du=7dx, v=—'5:— 6yau6, (12) dopmynara Kypa

. .
Sx’lnxdx=i3- . Inx— S —;i . —ldx:—%a-lnx—%x“-}-c.
4. Yw6
oy S arctgxdx
HHTEr paJjiHH xucoﬁ.naﬁr. v
Arap u=arctgx, dv=dx Jne#nica, yHna du= e dx, v=x
6yauo, _ p
arctgxdx = xarct —S = =
S s & 1+ 2

d(l+5%) 1
TG =xarctgr—— In(1+x?) fC.

J _S dx  (n=1,2,3,..)
) (e, (a%0).

6ynanu. =x.arctgx — S

5. Yuby

-HHTErpanHH XHCOONaHT.

14
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ABBano n=I- 6yaran xonHvu Kapahauk. by xonaa

dlx
| (a ) | x N
=— S — i u=garctg >+C
1+
- a
6ynanu. lemak,
dx | X
J,—S x2+02=—a_rctg —4+C
dx i
=\ 2 = dvuv=dx ne6
duan Gepuarau /, S e HHTerpaana REFwE v=dx ne
onaMu3. YHaa ! '
| 2 2y ~n
=d{ —-———. y=d =
du d( (RH.,),,) [(x*+a%) "]
g, 2 2 —“_Io L] —— 2!13’ d
= —n(x*4a°) 2x-dx ) X,
- v=x -
6yan6, (12) dopMyaara kypa N 2
X
/s (+a%)" ns Erayrt -

r'4
Gynanu. By TEHrTHKHHHE YHF TOMOHKAATH MHTErpajiii KyHHAArH4a €316
ONaMH3: :

< _( Ptd=d
S (< +a')" ! *= &4y =
_ & T a? N W
. _S (x’+a’»"+'dx- S (r"+a")“+'dx_ S (:r’+c:r’)"a!'llr

|
—a? |-t

(iz_'_a:,’"“dx:l,,—-a’!”,

Yuna (13) tenraux ywoGy

TEHTAHKKa KeaalH. By TenraukapaH sca

I x 2n—1. |
Jpi1= . S = =/, 14
"+ ong? (x’+a‘)"+ t14)
Kkean6 unxaau. (14) TeHrank pexxypenr ¢opmyra pedunagu. Madb-
AYMKH, n=1 na o

.I,==—:1 arctg%+C.

15
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(14) dopmyna Ba J| HuHr Gy KuimaTtHaaH ¢oinanawnb J» TonHaaax.
(14) dopmyna Ba J2 HHHT KHAMaTHAAH oisanaHnG J3 TonuaanH Ba X. K.

MacaanaH, -
dx __ I ] ) 4 | —
Jy= S .(12-}-02)2_ 28® 2P+a + 242 1y

] x i X
— . — C .
2@ By Ppgorcte,t

ScaaTwma. Yuly
S x*Inxdx, S xarcsinxdx, S x"arccosxdx

S x"arctgxdx, S x"(arctgr)?dx, S x"sinxdx
S x"cosxdx, S x“;:"dx.s & eosbxdx -
S e™sinbxdx, S sin(Inx)dx, S cos(Inx) dx

Kabu HHTerpaasap OGynaxnal HHTerpansau: ¢opMmynacH é&paamuaa XucobaauuG,
yrapHHHr Gdb3HaapH yuyH Oy popuyna OGHp Heua MapTa KYANAHHIUH MYMKHH. ‘

5-§. COONA KACPJIAP BA YJIAPHH HHTErPANNAW

Yuby
A A Bx+4C Bx+4C
x—=a' (x—a)™' P4pxtq (P4pxtq)™

KYPHHHILAATK GyHKUMANAP co0da kacpaap nefnnann. By epaa A, B, C,
p, g — y3rapMmac CoOHaap, x2+px+q KBaapaT yuXald 3Ca XaKHKHH
HAAHK3ra 3ra 3Mac, AbHH

pz

- —9<0. ] (19)

Canna Kacp/iapHHHI aHHKMAC KHTErpaJjfapHHH XHCOOMaAMH3.

1°. cofja KaCpHHHT aHHKMac HHTerpaJiu S—;é?dx HH XHCOO-

X—a
Jall yYyH x —a==1 aAMaWTHpHiu GaKxapamui. Yiaa dx=dt 6yau6,

{Zrax={2E =4It + C,=A-Inti—al +C,

X—a
6ynaaH. ) '
20, o CORAA KaCPHHHT aHMUKMaC WHTerpanM Kyhuaaryua
X—a .
XHCOGNaHaAH:
' A d(x—a) _
— dx= —_—— = — "d(x—a) =
S oy 9% A S o) A S(x a) ~"d( ) =

. !
. =m (x—a)

— +C, (m=1).
16 _ -
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- 3% Oumn -, A . -
Bx+4C

L4px+q

COMAA KAaCPHHHI aHHKMaC HHTerpajHHH XHcoBaaiMH3.
ABBa/NIO KaCPHHHT MaXpaXuiars x’--px-+g KBaApaT YUXaAHHHT .
KYPHHHLIHHH y3rapTHPHO €3aMHu3: '

) 2
2 prt =242 Lx+2 +q——3’i-~ x+-§)2+q——";,—-

2 .
(15) waprra kKypa q._——’:—>0. YHu a’® opkain Gearunaimui? a’=

2
=q—-—%— Hemax, KapanaéTraH COMAa KACPHHHT HHTETPAiH YUuyH

S Bx+C S Bx+4C dx
?+px+q (, ) :
G6ynann. KeAunru HuTerpanaa x+?= anMaluTHpHll  GaXkapaMu3i.
YHna x=t-—-% Ba dx=d! 6yan6, '
| | o\
S' Byt dx""s B(‘ A dt =
2 == =
Ay R
' (16)
] _ dt ' i
——BS ‘2.+a +( S£2+02 ' v

6%nanu. DBy TeHrIHKHHHC YHI TOMOHHAATH nm-erpa.n.nap KyHAHpariua
XHcoONaHanH:

S,,“" = S-—-————"‘::"z’ 5! A () + =
(17)

_%. ((x+ p) +q——)+C,=——ln(x +PX+Q)+Cn

5,2_‘;‘0 L arctg £+ C,= -arctg (i8)
ARM 61

(xapancun — 4- §, 5- mucon)
2—690
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(16), (17) Ba (18) mywocabaraapnau ¢oinananub Tonamus:

J ot dx=Zin (x4 pr+q) +

X +px+q
wa P
X 4—
2C—-8 .
+ 4 -arctg 2 +C (16)
2 2
2 ~r -7
4 4
(6_vué13 C* — y3rapmac coH).
4°. Yo :
y Bx+C . (m>1)
(< +px+q)
COM/A .KACPHHHI HHTErpaaH
S' Bx+C
(£ +px+q)™

HH XHcoOnawna 3°- xonaarw KabGu OGe/irHnall Ba aJaMalUTHPHLULIAP

Gaxapamn3. Hatuxana:
s Bx+C "'S B‘+(C'“2-Bp) di=
(P+pxtq” (#+d)"

(19

=8 u’+ +(C_.’;-p ) (F:'a”)“"
PaBuialkH,

_ e dif4d) 1 —mi(24 o) —
S (P+aH" 2 S (l2+a )™ S(t +a ) d(f’'+a’) =
|

. |
=2 I—m (12_{_0 =1

. dt .
(19) TEeHrAHKHHHI YHT TOMOHHAATH S—(FI—?F HHPerpaa sca 4-§ aa
. a

KeATHPHIATaH 5- MUCONAarH PeKKYpPeHT (hopMy/1a OPKaaH XHC oG 1analH.

.

8-§. PALHOHAN SYHKLUHANAPHH HHTEIPAJJAU

Paunonan cpyuxuua.napun HHTerpaanawHy O6aéH 3THWIAAH aBBan,
PaUHOHAA QYHKUHANAD TYFPHCHAZ Gab3n Onp MabiyMOTAapHH,
MIYHHITAEK aAreOPaHHHr KYNXald Ba YHMHI WIAH3JIapHra OHA Teopema-
JapHiu HCOOTCH3 KeNTHPAMH3.

1" Pauuonaa pyukuunaap. Yuby

P, (x) =ao+aix+axx’+ ... 4 a.x" (20)
Gyukuwitst OyTyn pailnoan ¢yHRuxs (Kynxaa) AeG aTtanap 3i4M.
(Kapancun [1), 1-606). Byuna ao, Gi,..., G, — y3rapMac XaKHKHil

COHJap, n — HaTypaa cod 6yaun6, y (20) KynxaaHKHHr Aapa’KacHAHP.

Ukkuta '
P, (x) =ao+aix+a:xX’ 4 ... +a.x"
’ 18
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RIDHY

Qnm (x)—bo+b.x+bzx’+ .+ bmx"
CyTyH paunoHan dynkuusnap uucbath
Polx)  aytax+ax’+..tax"
Q"'(f) T byt byxtboxy ... b, 2

xamaa

(21)

Kacp pausoHan ¢yHkuus ne6 artaaap s3au. (Kapaacuuw {1}, 1-606).
Bywna ao, ay,...,as; bo, bi,...,bm — y3rapMac xakHkui coHaap, n€N, meN.

Arap (21) kacpaa cypaTtaaru KynxaaHHHT AapaaCcH Maxpa’)kaaru
KYNXaAHHHT AapakacHaaH KHYHK 6Ynmaca, AbHH n>m 6yaca, y XonAa
(21) TyrpH kacp nefnnaan.

Arap (21) kacpaa cypataark KynxagHHHI Aapa’KacH Maxpax(narn
KYNXaAHUHT AapakaCHaaH KHUYHK Gyaca, AbHH n=m GyJca, 'y xoana
(21) HOTYFpPH Kacp AefuaanH.

2° KynxalHu HAAK3AAPH OPKaaK HPoaaaaw.

AWTalAHK, N
Qm (x) =bo+bix+box*+ ... 4-bmx™ (22)

Kynxan Gepuirad OGYACHH. A.nredpaunur acoCHAA Teopemacura Kypa 6y
KYNXai m Ta HAAH3ra Jra.

1) Arap ai, a2,..., @m COHNAP (22) KYNXAAHHHT xalmk.uu HAAH3J1aPH
6yaca, y xoaaa Oy xynxan

Qm (x) =bm(x—a1) (x—a2)...(X—an)
KYpHHHWAA HoLaNaHANH.

2) Arap ai, ay,..., @s CoHjap (22) xynxaaHHHF MOC paBHUIAA kl,
k2,...,ks Kappaau XaKHKHW HALH3NADH Gy.rlca y Xouna

Qn (x) =bm(x—c1) v (x—a2)*...(x—as)Rs

(k|-1-k2+ .+ ks=m) 6yaanmu.
3) Arap a='a -+ iff KOMIJIEKC COH Q,,.(x) KYNXagHHHr uaau3un 6yJca,

y Xan4a a=o —if (KOMIJIeKC coHra Kyuima Gy/Arai KOMIJIEKC COH) XaM -

Wy KYNXaAHHHT HAAH3H 6YaanH. By xonra Qm(x) Kynxaa mponacnna
(x—a) (x—a) kynadtyBun ywoy

(x—a) (x—a)= lx—-(a+tﬂ)l lx—(a—lﬂ)l-
=x’—20x+a’+p’=x"+pr+gq
‘ L (p=—2a, g=a’+p’)
KYpHHHWIAA KaTHAlWIaAH.
4) Arap a=a+if Komnaekc CoH Qn(x) KYNXaAHHHI R KappaiH
HAAK3H 6yaca, g=oa —if xaM wy Kynxammur k kappaau uanu3u 6yauob,

Qm(x) uuur udonacuaa (x*+px+q)* xynamyaqu KaTHallaaH.
Mucoananap. |. Yuby -

3x243x—6
Kynxag ai=1, 2= —2 naauanapra sra 6yaraHauru caGabau:

3 +3x—6=3(x—1) (x+2).
19
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L

2. Ywby ' app2
X —

Kynxald ydyH &1 = | HKKH KappajH HIAAH3 Ba @2 = — 2 GYAraHNHIHAAH!
X —3x4+2=(x—1)% (x+2)
4 —x—1

KYNXanHHHF HALK3NAPH x1=1, x2=—1,

3. Ywoby

we= =g+ P r= g
6yau6, y ' |
x'4+x3_x_1—~_—. (x—1) (X+l)[x'_(—';_+_2ﬂi)]x

X [x— (——;—-—?i)]z(x—l) (x+1) (x’-f—x-l—l)

KypuHuwaa 6ynanu.
®apa3 KuaaAaHK,

Qm (x) =bo+b1x+ b2+ ... 4+ bnx™, (bm5£0)

Kvnxaa 6epuarak 6yau6, a, az,..., Ga,... 1ap YHHHT MOC PaBHIUAA A, Az,...,
Ar KappanW XaKHKHA HAAM3NADH, hi, Ra,.,., ks (Rj=c;+id;, j=1,2,...
s) nap 3ca Qm(x) KynXaaHHHr MoOC paBHlIZa Yi, Y2,...¥s KappaJiH
HAAH3NAPH OYACHH.

I-teopema. Yuby Q.(x) xynxad
Q.(x)="b (x—a ,)*'(x— a z)’L’...(x.—a .)*' X
X (24 pixt @) (%4 prxt @)% (0t P X+ G )™

" kgpunumda ugpodaranadu, 6ynda »
AAeh et it 260 Ay o v )=m

6§aub, ¥+ px+ ¢=0 (j=1,2,.../s) xsadpar renzaamarap xaKuxud

uadusza 3za smac.

3% TyrpH KacpnapHu Conla Kacpaap opkaaH Hdo-
nadaw, Ywly nyHKTAa TYFPH KacpAapHHHr CO/La KacpJap OpKaJjiH
HponaNaHHIWIKHHK KypcaTaauraH TeopeMaHy HCOOTCH3 KeATHPaMH3.

Papa3 KHNAAJHK, :

- Plx) ag+ax+a? +...+ a 1"
Qul®) byt by x+b,2 4.t byx™

TYFpH Kacp (n€EN, mEN, n<<m) Gepuaran 6yau6, yHHHT Maxpa>kHAarH
Qn(x) Kynxan uanuanapu opkaau (2°- nyskraaru CHHrapH)

Qum(X) =bm(x—ai) M (X —a2) b= ... - (x—aa)™* X

X (X2 4pux+q)r (x2+pxtgr-.. (X’ +px+g)m
HPOAENAHCHH.

20
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2-teopema. Yuby
P.(x)
Qn(>)

Tgrpu Kacp codda xacprap durunducu opxaau xyiudazuda ugodara-
Hadu:

(1)
P.(x) A" Y 1 A
Q.(x) x—a s _L"ﬁ +
m 1 (x—a,) (x—a,)
A A AP
- s+t —0 +
x"“z-L_ (x—az) (x—a,)k' '
A A +
(%)
Y A A
+ + ot — +
x—ay ' (x—a,)’ (x—a,)’"'
N L . s N
x’+ P x+ q, (F+ pyxt 9.)? (4 pyx+ a;)"
B(Vyxy CIP B{ x4 C§V Bzt €D
Ltpprt g (L4t q) (P4 pyxt q3)"
o e e e +
B(* x4 C{¥ B{* x4 C” . Bxp LY

+ ...
ot (£+ px+ q,)° (P pxtq)"

By epaa AV ,..,A%: BV ..., BS; CYV ..., CY) ysrapmac connap (ko

spdpruHeHTAAD). -

(23) TeHrnaMKaard y3rapmac:.COHJap (nomawym Ko3¢pdHunenTaap)
KyAHAaryua ToNMHJadH.

(23) TeHrAMKHHHT YHI TOMOHHAArH COAAA Kacpjap HHFHHAHCH
YMyMHH Maxpaxkra keatupuaaand. Hatuxaza

Px) q,(x)
Q.(x) Q. (x)

TeHIIHK XocHA 6ysnaau. Bynnas
Pa(x) =4a(x)

TEHIHKKa KesaaMH3. By TeHrauk 6apua x nap yuyH ypuHAKR GYAraHAHIH-
AaH YHHHT Xap HKKH TOMOHHAArH -x HHHr OHp XHJA JgapaxaJapH
O1AHAarH Ko3pPHUHEHTNAPHHH TeHrAawTHpnb, HOMabBAYM KOIPPHUM-
EHTJapHXH TOMHIN YUYYH TeHIVIaMalap CHCTeMacH XOCHA KHJAHHalH.

21
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HuxostT, wy cHcTeManaH HoMabiyM Ko3Q@uUHEHTAAP TOMHAANH.
Muconnap kapaitmus.
1. Ywby
S5—T7x

L=2"—x42

TYFPH KaCpHH COAAA KacpJlap opkKaJau ndoaanaHr.
ABBano GepuaraH KacpPHHHI MaXpaXXHHH KynafATyBuuaapra axpa-
TaMH3: '

B2 x4 2=x(x—2) — (x—2) =
=(x—2) ('~ =(x—1) (x+1) (x—2).

Yuaa
S5—T7x 5—7x

S—22—xt2 (=D (x+1) (x=2)

6ynaan. By TeHTrIHKHHHr YHr TOMOHHRArK TYFPH Kacp 2- Teopemara
Kypa
5—7x A B C
(x—=1) (x41) (x—2) = x—1| + x+1 + x—2

6ynann. YHH KyAupardua
5—7x A B8 C
x—1) (x+ 1) (x—=2) - x—1 + X+ 1 tom =
— Alxtl) (x—2)+8(x—1) (x—=2) +C(x—1) (x+]1)
(x—1) (x+1) (x—2)
KypuHHIIAG €346 anamn3. HaTuxana
5—Tx=A(x+1) (x—2)4+B(x—1) (x—2)4+C(x—1) (x+41)=

=(A+B+C)x*— (A+43B)x—2A+2B—C '

6yaaan. Mkku KynxaaHWHr TEHITHTHAAH

A+B+C=0
A+3B=7
—2A42B—C=5
keau6 uukann. By cHcremann eunb6 A=1, B=2, C= —3 3KaHHHH
tonamu3. lllyunan kuan6, GepuiraH TYFPH Kacp yuyH:
o—T7x 1 + 2 L 3
Pe2P—x42 x—1 ' x+1  x=2" )
6ynanu.
2. Yw6y

xt—1

TYFPH KAaCpPHH cOMLa KacpJjap OpKaad HoaanaHr.
22
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PaBulaKkH, -
A== (=1 (P 1) =(x—1) (x4+1) (x*+1).
Yupa 2- teopemara Kypa: .
l l B Cx+4+D

T W ey (e T T A

By TeHraukHu Kyfuaaruua ¢3u6 oaMn3:

| A+ P+ +Bux—1) (F+ )+ (Cx+D) (£—1)

O (e—=1) (x+1) (£+1)
Y xonga

l=A(x+1) (FZ+1)+B(x—1) (F"+1)+ (Cx+D) (£*—1),

AbHH

|=(A4+B+C)x*+(A—B+D)x*4+ (A+B~C)x+4+(A—B—D) .

Hatuxana A, B, C, D napufy Touum yuyn

(A4+B+C=0
A—B+4+D=0
A4+B—-C=0
| A—B—D=1
cHcTeMara KeaaMu3i. By cuctemann cunlb, A= -;—.B= —%
C=0, D= —'-12— 6yaninned Tonamu3. Jlemak,
SN SO S . DA SRS SLILI
H—1 4 x—=1 4 x+l 2 24y
3. Yuo :
oy oy
x(x—=1)"%
TYFPH KACPHH COANA Kacpaap opKadu wgoaanaHr..
IOKopuaa KeATHpHATAN 2- TeopeMara Kypa:
RS A B C D
x(x—=1)" +'x—l + (x—l)"’+ (x—1)%
By tenrinkin
R A= DT Brlr— ) 4 Cx(x 1) +0x
x(x=—1)* (x—1?

KYypiuhuingta ¢3u0 oaaMui. Y xoia
X 1=A (x—1)"4Bx (x—1)*4Cx (x—1)+Dx

H'LHH

HFI=(A4+M) = (3A4-2B—C)x* + (3A+B—C+D)x—A
* 23
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Hartuxana A, B, C, D Jtapuu TONHu yq.yﬁ

(A4 B=1
—3A—2B+4C=0
. 3A+B—C+D=0
cucTeMara KenamHi. By cucremann euw6 A=—1, B=2 C=I,
D=2 6yanwunu tonamui. Hemak,
S+l 2 ! 2
x(x—1)3 : T x—1 + (x—l)2+ (x=1)3

Suau OYyTYH XaMAa Kacp pauHoHa/d PyHKUHANADPHH. HHTErpaJallHH
KapaHMH3. , .

4° ByTyH pauHoHas OGYHKUHAHM MHHTErpaanauw.
AHHKMAC HHTerpaiHMHr CoAAa KoxJaJsiapHAaH XaMmaa HHTerpaJjnap
XKaaBanuaak ¢ofiranaiub

P.(x)= ao+a|x+azx ...+ a.x"
GyTyH ‘pauuouan (PYHKUHAHHHT HHTErPaAKHH TONaMH3:
SPn(x)dx'='S (ao+a|x+a2x2+_...+a,.x")dx=
= {aodx+§ aixdx={ asx’dx 4.+ anr"dx=
xﬂ+l

' x2 . X8
=6 +a, 5 +a8,F+..+ a7 +C
' ' P
5. Tyrpwu KacpaapHH WuTerpaanaw. Yuwby C;(:J)r)
(] ' P "
TYFpH, Kacp Gepuarad 6yaHO, YHHHI aHHKMAC HHTerpaju S _bl(j—))- dx

HH XucobGaaw Tanab 3THACHH. Dy umerpa.nnu xHcobaauw yuyH
P,(x)

Qm(x)

Kacpnap AHFHHAHCH cHdaTHaa Hponanab onuHaau. Hatuxkana TYrpu

KaCpHH HHTerpaajall coAlda KacpaapHH HHTerpaJjjatura KeJaalH.

Comna kacpsiapHH nmerpan.natu 3ca 5- § na Gatadcua 6aéH STHALH.
Mucoananap. 1. Yuby

TYFPH KacpHu (OKOPHAA KypcaTHAraH ycya 6uaaH) coaaa

. dx :
(x+2) (x—1) (x—3) b
AHHKMAaC HHTErpaJiHi XHCOOJaHT.
|
ABBafno HHTer T r FPH Kac HH col-
erpajs OCTHAAarH TYFp a p GE =D (x—3)

Ja KacpJqap opkaJu ndoaananMH3:

! A B Cc
(x42) (x—1) (x—3) x+2-+ x—1 + x—3 !

24
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By TeHrJMKHHHT YHr TOMOHHAArH KacCpaapHH YMYMHH Maxpaxra
KeJTUPHO, CYHr CypaTaars KynxaasapHH TEHrAaluTHPHO

=A(x—1) (x—3) +B(x+2) (x—3) +C(x+2) (x—1),

ADHH

l=(A+B+C)x’— (4A+B—C)x+ (3A—6B—2C)

TEHTJIHKKA KeJlaMH3. . -
Hatuxana A, B, C aapuu-TonHw yuyH ywGy '

V' (A4B4+C=0

—4A—B+4C=0
' 34—6B—2C=1 .
' cHcTeMara kesamu3. By cucteMaHH eun6, A='-l—*5—, B=—-:5—. C=Tlé'

OVAHILKHH TOMaMH3. ' ‘
lynnait KHAKOG, .
1 I I 11 1 i

6yauob,
dx _ b g dx g dx
S (x+2) (x—1) (x=3) 15 S x+2 6 S x—1 +
| ¢ dx 1 ! '
+5) 5= In 15 +21 —in 'f'“”"'
1 1 (x+2)21x—3/°
+-13|q|x—3|+c_ B o tC
2. Yuwby
S dx
x3+l

HHTerpaJHH XHCOOJIAHr.
|

Hurterpan octuaars 3-li-l TYFPH  KacpHH, x3:|-l=(x+l)x
X

X (x*—x+1) skaHuHH 3bTuGOpra oaub, KyiHaarnia 636 onamus:

1 _ A2 —x+1) 4 (Bx+C) (x+1)
241 (x41) (P—~x+1)

YHaa _
1 =A1r2—Ax+A 4+ Bx*+ Cx+Bx+C,
S'BHH . .
l=(A4+B)x*+ (B4+C—A)x+A+C.
25 /
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"Hatuxana A, B, C napra unc6atan

A+ B8=0
B4+C—A=0
~ A4+C=1
cHcTema XocHa Gynann. By cuctemanu ednt Tonamus:
i ] 2
A—*i*. B__-E' C_—f}-. ﬂCMaK ‘
ol b x-2 ’
D41 3 3 2—x+41
llynaat xuaub
dx | dx 1 ¢ x=-2
St 3 S x+1 3 S,r?--x+-l d.
PaBuwaHks,
S-;—————In |x+II+C
Bx+(‘ .
Ma3kyp 606HHHT 3- § na Tt -. CO/LA KACPHHHE ANHKMAaC uHHTer-
+-px+

paau Tonuaran 3au. Ywa (I6) popmysanan ¢oinasaunt (B=1,
C=-—2,p=—1, g=1) Tonamui:

x—2 1 2 g —441 2 —_
EETR S A Y i Y
4 4
' < 2x—|
=—In | x? —Jvc-l-ll—‘-\/3 arctg NE +C,

Hemak,

a5 _ 1 jnlxd1] —LInlxt—
S-;a—_—*—-l—_alnlx+ll 6Inlx x4+ 1|+

+— arctg +C‘=

\/3 Vs

I (x+1)? I
=—| — -t arctg ZZL 4
5" T T VB RT3 +
6°. HoTyrpu KacpnapHu uuTerpannaw. AiTalank,
P(x)  mtaptax’t.. tay

el el s oSN 24
' Qul®) ~ bgtbxtbyr+ ... +b," (24)

26
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Y

pYHKUKS HOTYFpH Kacp (CypaTAars KyNXaAHHHT JapaXacH Maxpaxaa-
IH KYNIXaAHHHT Aapa)kacHOaH KaTTa €KH TeHr, AbHH n=>m) GYAcHH. Dy
XO/Nla CypaTAard KymxagHH Maxpaxaari Kynxaara 6yau6 (kynxantu
Kynxaara 6yanw xonaacuaan ¢pofinanauub) GepHAraH HOTYFPH KaCpHH
6yTyH paunHoHan (PyHKUHS XaMAaa TYFPH Kacp AHFHHAHCH KYPHHHIUKHAA
KyAHaarsua \
P,, (x) S.(x)
Qm(") —-q(x) + Q,,,(x-) ’ k<m

4

xz—x+l

raH 6yacun. By kacpuuur cypath x' un maxpaxu x’—x-+1 ra 6yau6
TONaMH3!

Hponanab onrunaau. MacanaH, 6u3ra HOTYFpH Kacp Gepua-

x* xi—x+41
W T S
\ X'—x'4-x x4 x
x3__‘x2
x3—xl4x
—_—X . .
" 1
IleMmak,
x" __x2+:x. X
A—x+1 L P—x41

Iiynnakt kuaub6,{24) HOTYFPH KacCpHH HHTerpaasais OyTyH pa-
UHOHa/A GYyHKUHA XaMla TYFPH KaCpHH HHTerpaJJiallira Kenaau: @

P‘(I) S‘(I)
S Q. "x=8‘7(")“"+s 2. n ¥

byTyH paunoHan ¢yHKUHA XaMAa TYFPH KacpHH HHTerpasanau
jokopuaaru 4° a 5° nyuktaapaa keaTupuarau 3au.
M coa. Ywby ,
x3+x+l
—dx
241
HHTErpajHH XHCOOBJIaHT.

3 .
ABBano uHTerpan ocThaaru -Hotyrpn Kacp ——2XL wuur cypatuun
4'2+
Maxpaxura 6ysamu3a:
2
. oL x4l 4]

*4x £\

27
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.3 |
iﬁ.ﬂ:x.{_

! . l -
6yau0,
- Hatuxana 21 Y yaH
x3+x+l 2
S——-—x2+l S(x—{— )dx._ x4 arctgx+C .

7-§. BAB3H HPPALLHOHAJI ®YHKUHAJIAPHH HHTETPANJIALL

Buz 6-§ na pausoHan QYHKUMANAPHHHT HHTErpaIaHHUIMHH
Kypauk. HppailiuoHan ¢QyHKUHanapHH HHTerpajaiailila 3Ca Ba3HAT
OupMyHUYa Mypakkal Oynanm.

Yw6y naparpadna 6ab3n HppauHoHas (QyHKUMAJIADHH HHTerpaJ-
Aaw Guaan wyrFyanaHaMmu3. Bysaa acocad uppauuoHan QyHKUHMAAAPHH
HHTErpaJaall MOC ajAMallTHpHiUNap épaaMuia pauHoHad QyHKUHA-
JAaPHH HHTErpaJjJallra Ke/JTHPHJAAIH.

1°. ®apaa xuaaiauk, f(x) OYHKUHA X. Ba YHHHT TypJH Kacp
AapakanapH; (paUHOHAA japaXKajapW) YCTHAA apHPMETHK aMajnap
Gamapunumunan 103ara kearah gpyHkuua O6yacui. MacanaH,

) Hx)=

x +x3 ©t
=V .
2) f(x) T
3 ' = 1
) [(x) AT

PaBuwaHkh, Sf(x)dx HHTErpail HpPaUHOHan (QYHKUMAHHHT HHTerpaju
6ynanu. By xonaa, aBBajo f(x) udonacunaru x JapHHHr napakanapHaa
KaTHalIFaH Kacpaap MaxXpa)J/apHHHHT 3HI KHUHK YMYMHH GYyJNHHYBYH-
CHHH TonnamMHu3. AATafiauk, y ¢ 6yJcuH. Arap .g f(x)dx unterpanna x=1¢°
anMawTHpUw GaxkapHujca, y Xonla HppauvoHas QyHKUHSHH HHTerpas-
Jail pauHoHaN QYHKUHAHH HHTErpainallra Keaaa.

Mucoaanap. |l. Yuby

S dx X
(1+ Vx)Vx

A)

HHTerPaJHH XHCO6AaMAMHK. |
Hurerpan octhaary ¢pyHkuus -

l | a

' (4 ¥ )\/' (1457) 7

. .o
HdoaacHAArd x HHHI RapaXanapH -13 Ba - 6yan6, 6y Kacp Maxpax-
naph 2 Ba 3 HHHC 3HT KHYHK yMyMH# GyauHyBuncH 6 ra Texr Gynans.

28
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’ ~

Arap Kapanaerran HHTerpanaa x=1° aamalTHpuw GaxapHica, yHAa
dx=6t°dt 63au6,

(2 | a
A+ ¥x)yx 2 0+L202 ) (148) P8

6Fnann. HatHxxana uppauroHasn PyHKUHAHH HHTerpa/jaall pauxoHan
(PYHKUHMAHY HHTerpasjalira KejajgH.

PaBuiaHkH,
60°dt 2 |4 £2—
S 4+ Ff GS |42 di= GS +t’ t=
=6[S dt_s ‘:_‘I, ];6(-—Garctgt+ C.
Hdemak,
\ dx 6 6
=6 —6 arct C.
\ (14 V) V= vE = EVr+
2. Yuwoly (x—1)dx
' 3
(VE+ Ve )z

HHTErpanHH xncodnanr
By unrerpanaa \{'-—-t aNMalWTHPHI GaXKapaMu3. YHna x==(°

-J—=t31 .v_-=t‘o dx= tsdt 69“"6,
S (x—1)dx S 6(F—1) - dt

3 = =

(VE+ V&) e+He
£ ¢ =042 —P4t—1
=6} davn 9=) ¢ at=

£ Ly .
_ Vi_ s 6 | _ ! !
6(_ Vx +In \x + = 23[_+ VE )+c.

2°.. ®apa3 kuaahauk, f(x) GyHkuus ax-+b MKKWXaaHWHr (@, b —
y3rapMac COHJAap) TYpPAH Kacp [apaxanapH YCTHA3 apPHPMETHK
aMaanap GakapHiunaaH XocHa O6yaran ¢pyHkuns G6yacuH. Macanay,

)

1) f(x)=wé=ﬁ; |
2) f(x)= 'l: ‘g_ ‘l;
9 1=
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by xonaa xam Sf(x)dx HHTErpajiHH xHcobaall ydyyH asBano f(x)

ubonacuaarn ax-+b AapHHHT Aapa)kanapuia KaTHaHWIFaH KacpJaap

MaXpaK1apHHHHT 3HI KHUHK YMYMHA GyNHHYBUHCH Tonunaau. AWTaR-

AUK, Y © ra TeHr G6yacuH. Arap \[f(x)dx unrterpanna ax+4-b={¢°

anMaiuTHpuw 6axkapuiaca, HppautHoHan (QYHKUHAHHHT HHTErpaJHHH

XHCco6nall pauHoHan QYHKUHAHHHT HHTErpaIHHH XHCOOaalura Kejaau.
Mu coa. Y6y

,S dx
(V3FT —1)- YT

HHTerpaJHK XHCoOJNaHT.
by HHTerpana 3x+ 1 =1° anmauitupuwnn GaxapaMmus. Yuaa

dx=—3— -6-£%dt, -\/3x+ = \/3x+l =¢3

-

65’m’lu6: . ‘
S dx —S 205dt _
(VEFT -1 yE=+1  J (#=1nf

"“28 :24: S _'_+'dt_ [H‘Sﬂ ]_
= (t_—S(t+l t—l) dt) 2(t_'_;_|n :tll )+C—
=2(w“3x+'| —In gz:‘lf_'" r )Fc.

3°. dapa3 KHAAMHK, [(x) PYHKUHA Iz

y3rapmac connap, ad #bc) TypJan Kacp AapaxanapH ycTHaa apudpme-
11;:\"( amaanap 6a>«apmumnnau Xocua OyaraH ¢yHKUus OYACHH.
acanad,

1) f(x) =+

2) [() =\ f2EX,

2+ @3—x) V3—x

3 =g\t

l—x"

HHHE (@, b, ¢, d—

by xonna xam, .‘::_':2 JAapHHHT Japa)kajapuia KaTHauiraH Kacp-

Nap MaxpaXJ/apHHHHI 3HI KHYHK YMYMHH GYAHHYBUHCH O AeHdH)Ca, YHAA

yui6y :’Ij—t" aJMALITHPHU HATHXACHAA HppauHOHAN (PYyHKLUHSHH

- HHTerpajhaut pauuoHal (QyHKUHAHH HHTErpa/jialura KefalH.
30 ‘
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Muconnap. 1. Yuly
S..!. l+xdx '
X 4 .

HHTErpanHH XHcobaaHr.
i

By uurerpanaa —l-':—'l'-=t2 aaMaWTHpHiL Gaxkapamui. Y xonaa
l+x=12___>x= 2| i
X -1 '
21dt
dx= 0
6yans, ,
_l_ 14-x _ ?_ -2
S x x dx—S(t h (t’—l)2
=-—2S-——-—dt=—2t —In |47 |+ €=
T+x T+ _ ¥
-2\ (- [
2. Yuby

<

HHTErpajHH XHCOBJAHT.
By nHrerpanna \E =={ aAMaWTHPHIU 6aXKapaMH3.. YHAa

_' £—| e _Atd!
241" (2+1h?
6?-"“6. g , .
S [T¥x _dx 2S 2dt
Vi—x TT—x e

Gynaan. PaBulaHKH,

2
d
S‘;_;‘l ={—arctgt+C. -

Vi e
| —x —X
‘ . =2('\/E-arctg‘\g¥)+c

Iemak,
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4°. dapa3s kunanauk, f(x) GyHKuxa x Ba \/ax’+bx'+i:.nap YCTH-

Aa apudMeTHK amaaniap O6aXKapH/AHWHAAH XOCHA 6yaran GyHKUHA
6yacuH. Macanaah,

1) f(x)=m;

\/x’+x+1—l
2 1) = 2 V2 —x+1
3 _ I —.,
) 1) 22+ 1) V2414

Paswauku, 6y xoana {f(x)dx unterpas Hppaunonan GYHKUHAHHHT
uuterpaan 6ynaau. Kyidumaru yu XonH4 Kapahmu3.
‘Bupnuun Xoa. Arap a>0 6yaca, kapa/saétraH HHTerpaaaa

Vm2+ bx+c —x'\/a =1 | (25)

aaMawTHpuil  Gaxkapuaca, HppalHOHaa QYHKUHAHH HHTerpaanaw

PauHOHa/I PYHKUHSHH HHTerpaifallra Kejals.
Mucoan. Yuby

S \/x’fﬁx+5

HHTErpaJHH XHCcobaaHr.
By uuterpanna, a=1>0 6yarananru yuyn (25) kaGu

Vx4 6x+5 —x=t

anMalWTHpHIIKKY OaxkapaMu3. Hatuxana

‘\"/x2+6x+5 —x=t¢x2+6x+5%xz+2fx+‘2=> X= ;2:25;"

de=2 —P46(—5 ‘ '\/x2+6x+5 o —246(—5

(6—21)? 6—2t
6yau6, ‘
S qx _ S 5—2: 9. .—-12-{-6:-—5 di—
V24645 I —£2461—5 . (6—20)
' 2dt
= | &= —tnI3—tl +e.
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llemax.. | |
& o In|34x— X+ 6x+5 e
S m ] nl +x Vx + x+ +

MKkkunuu xoa. Arap ¢>0 6Yaca, KapanaéTraH HHTerpa/na '

Vax*4bx4c=xt++c (26)

anMawTHpHw GaXapuaca, HppaLHOHAN (PYHKUHAHH HHTerpaasaul
pauHoHaa GYHKUHAHH HHTerpaJnallira ‘KejalM.

Mucoa. Yugy
S dx !
V—x’—31+4_
HHTErpajiHu XxucobJaHr.

By nurerpanaa c¢=4>0 6yaranauru ydyd (26) a.nmam'rupumnaﬂ
doRnanaHaMH3

\/—'—.x2—3x+4 =xt+2.

Hatuxana

V—x'—3x+4 =xt 4 2= —x*—3x + 4 =x""+4xt + 4=

I

- 443
> —x—3=xt’+4l=>x= — .
* + +¢
20 43t—2 i
= dt
dx=2 ) ,’
2
T araa— 20432
\/ x‘=3x+ g
60,
S S_ Py 920430—2 4
V- ﬁ 3x44 28 4+3t—2  (£+41)?
= — S ;i'] = —2arctgt+c.
Jlemak,
S = — 2arctg V_;_3x+4'_2+c.
\[—x’ 3x44 x |

3—690 o 33
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YuynHuu Xoa. Arap b2 —4ac>0 Gyaca, y xonaa
ax*+bx+c=a(x—a) (x—B) =0

KBaApaT TEHrjiama a Ba B HAAH3NApra 3ra Ba KapaJjaérraH HHTerpaJjaa

Vaxi4bx+c =t(x—a) (27)
aJMalITHpHLW 6aXKapHjica, HPpalHoHaN d)'YHKIJ.HﬂHH HHTerpaJialw

pauHOHaA QYHKUHAHH HHTErpa/iallira KeAaju.
Mucoa. Yuby

S .dx
V—<2+4x—3
* HHTerpafHH XHCOOJaHr:

by xonaa
’ b’—4ac=4>—4.1.3=4>0,
—x?4x— 3--(x—l)(3—x)

6ynanu. Bepuarau uHTerpanna

V= +4x—3=/(x—1) (3—x) = (x—1)¢

anMawTHpuw GaxkapaMH3. YHAa

ViE—=1) B—x) = (x—1)t=>(x—1) B—x)=(x—1)t>
= (3—x)=(x~ D= (4 DNx=<1t?4+3=>

2
=) = ! +3 (= 'ﬁ)’
l2+l x—]

‘ 2 \
dx = (‘2’“3 )'dt — 2,
41 241
1 -_ 2 4 _3 _ 2
: \/ X'+ 4x 241
Gj".nnﬁ,
dx
= di= -
S V —244x—3 (:2+2)2)
= —2 S i = — 2arctgl+c=

= —2arctg "\ /:zzzf +c. .
34
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8§. TPHTOHOMETPHK OYHKl_lHﬂJlAi’HH HHTErPAJJIALI

dapa3 Kunadank, f(x) OyHKUMA sinx XaMmia COSx GyHKuHanNap
yCTHAAZ AHAIHTHK aMma/niap 6a)KapHJHLWHAAH XOCHJ 6VaraH QyHKUHA
6yackuu. Macanan, .
_ | ,
h “x)_-2sinx—cosx+5'
SiNX-COSX |

2) fx)= sinx4cosx’

3) f(x) =—7y 2

cosx \ sin“x

Bynaait [(x) GYHKUHAHHHT HHTErpanH Sf(x)dx HH XHCOOAalll YyYyH

tg-g-=t (x=2arctg!) aavawTupuw Gakapuaaau. YHia sinx Xamaa

COosx nap | opKaJH KyHHAaruya

. X b 4 X
. 2sm-2~c0s? . 2tg—§- of
Sinx="'- “';“"—-—‘—;—= ———————— --—-——2--
2 2 2X 14t
St — 4-CO5 ™ — —
2 + 2 l+tg’2
cos"'—;-—sin2% l—th—;- 2
CoSx =ttt _’2; dx=L2dt
sin’3+cos2—§ ) +tg2% 141 [ 41
HpoaanaHHG, TPHTOHOMETPHK QYHKUHANAPHM WHTErpaanalll pauuo-
Hanl QYHKUMAAADHH HHTErpajnalira Kesajm. ’

Mucoanaap. I. Yiuby .
S_--.___Ex___
2sinx 4+ 4cosx 45 .
HHTerpa.THu XHCOO.1aHT. |
by uuterpaana tg —%=t anMalTHpuie 6akapamui. Yuaa

: 21 | —a? 2 .
SINX = ———, COSX= » dx=———dl 6yanb,
| +1 1472 14t
_2_41 ’
S 7 dx _ S |+ _
Isinx 4 4cosx+5 Y | — 2 =
3 +4-———+5
| 1442 I +1
' —_-QS ar_ =2S-_i’_’__-_-
6t 44(1 =) 4501465 2460+9
=2S (143) “H({+3) = — :_i'é' +C=——2_4¢
¥ 4
. 3+tg-5
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- 2. Ywo6y

S dx
sinx
HHTErpaNHH XHCODBAAHT. _

by uHTerpanza xam tg—;-=t anMawTupuw 6axapamu3. Hartuxa-

pa:

2 . -
dx (1442 Sg_ _
Ssinx_ ST‘{’— t_|n|t|+c_
/ |42
=In Itg |+C

dcnarma. AfpHM X0MN3apaa TPHrOHOMETPHK (YHKUHANAPHH HHTeFrpannaulila
{=sinx, /=cosx, ! =Igx aaAMaWTHPHWAAP Kynrah G6ynaau.

Mucoaaap. |l. Yuwby
S cos®xdx
sinx .
HHTerpajH1H XHcobaaHr.

By wuHTerpanana f{=sinx aaMauITHpuuW Gamapamna.- YHaa
di =cosxdx 6yand, :

S cos3xdx S coszx-cosxdx_ S (l—sin2x)cosxdx_ S (1 —£#)dt .

sin’x sinx | sinox £
—4 -2
{ { | | | l
= —— C=— . + C
4 -2 + 4 sin'x + 2 sin’x
2. Yuiby _ _ '
S dx - '
cos®x

HHIETPAJHH XHCOOABHT. _
By HHTerpaJma t=tgx aaMawTHpruul 6a>kapamMu3. Yxaa

dt—-———dx 6ynu6

COSX

36
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dx | dx - 22 dx
— . = 141 . =
S o S cos‘x_ coclr ,S( +1g°x) cos?x
={a + 1)t = 04200+ tyde=
=r+-§-t"+—é~t5+c=tgx+—:?;—tg3x+-;-tgsx+c- ’

Jcararva. Yuby S sinmx - cosnxdx, S cosmx-cosnxdx, S sinmx-sinnxdx. Kypu-

HHILEAATH HHTeIpdadapHY xucobaawaa

cos{a —fi) —cos{a+B)

sina-sinf= 3
coS - CoSf = cos(a-B) +2c0r5(a—B) : ~
sinzcosp= sin{a 4 ) -{;sin'(a.—ﬂ)

dopmyaanapaan doiaarannul Makcaara mysoduk 6yaanu.

Mucoa. YuoGy

Ssinx-sin3xdx
HHTerpaJaHy XHCobJaHr.
PasiankH, .
’ . ) )
. : 1, .
sinx - sm3x=—a—(cos2x-—cos4x) i
Hartvxkaaa: “
: . | | sin2x sindx
Ssunx-sm3xdx=—§-Sc052xdx-—?Scos4xdx==- i -—8—+C.
!
7’ ' ,
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9.50B
AHHUK HHTEFPAJI

1-§. AHHK HHTETPAJ1 TYWYHYACH

OyHKUUAHHHT  aHHK HHTerpaiuHd Tabvpubdaawgas assana Oy
TywyH4ya OunaH GOFAHK OyAraH 3rpu UH3HKAKH TPANEUHSHHHT I03HHH
TOMHU! MAaCaNaCHHH KeJATHPAMH3.

|. IrpH YH3UKAKH TPAaNCUHAHHHT W3H. [(x) yvHKUHA
[a, b] cerventaa anukaaHraW, y3ayKcH3 Xamia Vx €[la, b] aa
f(x) =0 6§acun. IOkopuaau f(x) pyHKuns FpaurH, &4 TOMOH1a pPHAAH

X=a, x=0b BepTHKan uYH3KKNap Xxamaa nactaadH Ox — abcuucca
YKH Guaan yerapanaHraH WakAHK Kapauauk (1-unama). Onataa Gynnau
IMAKAHH 3epu 4u3uKau rtpaneyus ne6 artaaann. bui keitnuru 6o6aa
TEKHC IMAKAHHHHT, XYMA2aNaH 3TPH  UYH3HKTH TpaNeUHAHHHT 103H
TywiyHuacy Ba y OHaan OoraukK Oyaran Macalanaphiu Gatadce.
ypraHamus. :

Arap f(x) ¢ynKuus [a, b] cermentaa ysrapmac, sibHu
[(x) =C =const
6yaca, y xonaa aABb waka TyFpu TYpTOypuak Gyau6, YHHUHC 1034 -
S=C-(b—a)
dopmyna GunaH aHHKAAHAIH.

. Arap f(x) ¢ynkuus yuyn f(x) s=C=const 6yaca, y xonna aABb
WAKJIHHHT 103HHH TONHW yuyH [a, b] CerMEeHTHH

a=x0| xlv x'z: ey xﬂ—l» xﬂ___b (Xo<x|< <x")

HyKTanap GuaaH n Ta 6y.nakka 6yaaMu3 Ba Xap 61p [x., Xz+1] (R=0,1,.
n—1) cermentia UXTHEPHA Eu(Er € fta, Xi4+1]) HyKTa Ontamu3. Xap an
[%x, xx41] (£=0,1,2 ..., n—1) cermentaa [(x) QyHkunanu y3rapmac sa

yHu f(Es) ra vewr KHAHG OACaK, Yy Xonda xx Ax B Xa41 3TPH UH3HKAH
TPaneuHsHHHT 103H

[(Er) - (Xe41—xa)

ra SiIKHH 6yan6, aABb waxkauuur o3u S 3ca

[(Eo) (x1 —x0) +f(E1) (a—x1) + ... +
FF(E) (Kep1—x2) + ... FF(Eaeit) (Xn—Xn—)

ra AKHH MHKIOp OHJ3H aHHKNaHaaW. Hemak,
n—1
S~ 2 [(E)Axs - (h

kw0
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6yHAa A Xp=Xr+1 —Xr. PaBuiaiku, aABb 3rpH YM3HKAH TPAMELHAHHHT
103HHK, udonanosun (1) dopMmysa Takpubuit opmynaaup. IHAH
B, b] cermenTHH GYyAyBYH HYyKTaJapH COHHHH UIYHAA#® OPTTHPHO
Gopafinnkky#, GyHaa xap OHp CerMeHT Y3YHJAHrH Axy HOJAra HHTH/A

n-—Il

G6opcuH. Y xonna X f(%,)-Ax, AHFHHAHHHHT MHKAOPH XaM y3rapa
k=m0 :

Gopaan Ba 6y MuKaopaap 6opraH capu aABb 3rpH UH3HKAH Tpaneuus-
HHHI 103HHH aHHKPOK Hpoaasadan. YMymaH, Xyla Kyn MacananapHuHr
eYHMH oKopHaarn (l)ra yxwaw AHFHHAHJAPHHHT JHMHTHHH TONHLW

6unaH Xxan KHaAuHaad. Dynnallt ANFHHAKJAAPHHHT JHMHTH MaTeMaTHK
AHaMH3HHHT ACOCHH TywyH4ajapuiaH OHPH — aHHK HHTerpaa Ty-
WwyHuyacura onHb kKeananu.

2- yH3IMa

2. [a,b]cerMeHTHHHr 6YyAUHHW UK. MabaymkH, [a, b] cermenT
ywoy o . |
[a, b]={x ER:a << x < b}

XaKHKHIi COHAAp TYnnamMuaaH uGopaT. Y reoMeTpuK HyKTaHW-Ha3apRaH
TYFPH uHM3NKAa (conaap YKHAa) yurapH a Ba b HykTanapaa Gyarad
KecMaHH HdomananaH (2-ynima).
[a, b] cermenTaa
,xo.xl.xm .- 1xn

(ro<xy <x2<< ... <Xn, Xo=0, Xp=Db)

HyKTanap oJamu3. Dy HykTanap ‘cucremacHiu [a, b] CerMeHTHHHr
6ynHHHWH Ne6 aTaHMH3 Ba YHH

P={x0rx|lx2v .. Ixﬂ}
Kabu GearunaiiMmus.PaBwanku, [a, b]cermeHTHHHF P OYNHHHILH YHH 1t Ta
!
[xexi), [x1, %2} ..., [%6 Xa4a],- .., [Xa—1, Xa)

OynaKnapru aKpataiH.

Xap Oup.xp(k=0,1, 2,.., n) HYKTa P GYyNAHHHWHHHT GyJayBuH
HYKTacH, [xi, Xix41) Cerment (k=0, I,.., n—1) 3ca P OYNHHHWHHHT
6yaarn (6ynaxkuyacu) aehnnaiu.

P 6yauuuw GynakaapH y3yHankhapu

’ Ax..=x.+|—x. (k=0, l.... . n—l)
HHHF 3HI KaTTacH, AbHH ylly
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l=mgx {Axi)=max {Axo, Axi,..., AXn—1)

MHKAOP YHHHT OuameTpu neiiwnans. By A Muknop P ra 60orauk Gyaanu
(A=2,). Xycycat, [a, b] cermMeHTHU n Ta TeHr 6yAaKKa 6Y/IHILIAAH XOCH.

KHJHHraH yiuGy
P_={x0=a.x,=a+ °

OYNHHULWHHHT AHAMETDH

b—
x,,—a+n—n— b}

6ynans.

[a, b] cermenT OepuaraH x0.1a YHHHI Typan ycyainap Ouaad
HCTA/IraH COHIAarH GYNHHHILIADHHH Ty3ull MyMKuH. By Gyauuuwnap-
naH ubopar tynaam F 6VacuH:

P=(P} | |

3. Uuterpan #éurnudaun. [(x) oyHkuus [a,b] cermentaa
dHHKJIaHTaH Ba uJerapaJaaHrad OYJCHH, [a,b] CerMeHTHHHT HXTHEPHH
P 6yauHnwnKK Kapaiaurk; (a<<b). by 63’(.1mmu1ra MOC Ke.yBuy Xap 6up
E7% le] (k=0, n—1) opaaukaa uxTuépuit Eu(Ex €[xa, Xe41]) HykTH
04106, KyHHAATH AHFHHAMHH Ty3aMu3:

o=f(Eo) Axo+[(E)Axi+ ... +[(E)Axe+t ... +f(8ai) Axay, (2)
6yHAa

A-xo=x.—xo. AX1=XQ——X|, .. ey Ax;.=x;,+1—x.,. ..
AXp_ | =Xp—Xp—\.

Onataa (2) Aurunan f(x) QYHKUHSHUHE uureeepw! QaurFurducu ReAnnanm.
Yuu AnFuHan Gesirncu I OpKaaH KHCKaua KyHHariuya

o= 3 f(E) Ax, ' (27)
ko () )

XaM E3HL MYMKHH.

UHTerpan HuFHHAM O HMHT TY3WAHWHAAH KYpUHalukH, Y [(X)
¢yHKuusira, [a, b] cerMeHTHHHr GyauHuiuMra Xamaa xap Oup
[xx, x241] (=0, n—l) 6ysakuanaH onuHran £ HyKranapra OOFJIHK
6ynrand.

14 AHUK uHTerpan Tabpudu. f(x) pyukuus [a, b] cerMentaa
aHHKJIaHFaH Ba verapajaHraH OGYaCHH.

[a, b] cerMeHTHUHT WyHAa#

Py, Py, Py, ..., Pm,... 3 + " (3)
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(Pm€P, m=1, 2, . ..) GYAHHUUWINADHHH KaPAHMH3KH, YAaPHHHT MOC
IHaMeTPA2PHAAH TALWIKHI TOMNraH

ApyApy Apenihp, ...

KETMa-KETJIHK HOJITA HHTHACHH: Ap —-0

. bynnan Pn(m=1, 2,...) 6yaunuinnapra Huc6ataH f(x) QyHKUHAHHHT
HHTerpa,n MHFHHAHAAapHHH Ty3amu3. HaTtuxkana

Ulr 020 03"--1011!‘--- (4)

KeTMa-KeTJHK XOCH. OyaaiH. ' .

l-Tabpud. Acap [a, b) ceementnune xap xandad 6§aunuwaapu
keTma-keraueu (P,) osuneanda xam ynea MOC uHTeepaa GurFuHOu
Kudmaraapudan ubopar {om} xerma-kerauxk Ex HyxTasaprune ranaab
orunuwuea O6oraux byamacan xoada xamma 8axkT seoHa [ cowea
unruaca, 6y | con o durundunune aumutu O0eb araaradu 6a

n~—1

limo=1lim 3 f(£)Ax,=1 ~(5)

kabu b6eseunanadu.

(2’) AUFHHAH NHMHTHHH KyHHAaruya xaMm TabpHd/ail MYMKHH.

2-Tabvpud. Aeap Ve>0 con bepureanda xam wynoad § =38 (e) >
>0 con maexyd 6yacaxu, |[a,b] ceementnune Jdugmerpu Ap,<6
6garcanu xap Kandai P 6aunwiun yeyn TY3ur2an ¢ Gurunou uxtuépuil by
HyKTaaapoa .

[o—T]<<e

TeH2CU3AUKHU KAHOATAGHTUpCa, Yy xoada | con o duFunduHnuHe
Ay—0 dazu aumutu 0e6 araradu sa y roKopudazudex ((5) ra KapaHr)
6eaeuraradu.

3-tabvpud. Aeap A,—0 da [(x) Pynxyuarune unteepar durundu-
cu (2') vexau aumurea 32a 6jaca, y xoarda f(x) ‘pynkyus [a, b] cee-
MmenTda uxTeepassanysqu (PuMan MabHOCHAA HHTErpaajaHyBuH)
Jedusradu, ¢ duruHOunune 4exau aumutu | sca f(x) Pynkyuaruue
(a, b] ceementdacu anuk unrezparu éxu Pumarn untezpasu deb araradu
8a y

a
Kabu bearcusranadu.
Hemak,

(F(x)dx=limo=lim S F(E)Ax,

a p 0 1,—-0 ke
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Bynaa a cou unTezparnune xydu wezapacu, b COH 3ca unTe2paAHuHe
loKopu wezapacu, [a, b] cerMenT untezpasraw oparuru 1e6 aTanaiu.
Mucoapap. |. Y6y

[(x)=c (c =const)
byukuuanu [a, b) cermentaa Kapanauk, [a, b] cerMEeHTHUWHT HXTHEPHUH
P={xo, X1, X2, ..., X} (o<1 <X2< ... <Xn, Xo==@, Xn=b)

OyauHuwinHe OaHG, OepuaraH QYHKUHAHHUHT HHTEerpan HHFHHAHCHHH
Ty3aMu3:

o="% [(E)AKs

k()

Xap nonm
f(Ee) =c¢

6yaranu ca6abau

n—I|

o= Z c-Ax,=c-Axo+C-Ax|+ s +C-.'Axn-l=

kw0
=c- [(xi—x0) + (x2—x1) + ... + (xa—xn) |=

=C+(Xxn—X0) =C+(b—a)

6ynann.
Kefiunrn renrankna A—0 aa (A= max{Ax,)) AUMHTra §THE TONaMH3:

timo=limc-(b—a) =c(b—a).
A-«0 A=-0

Hemak, f(x) =@¢yuxunﬂ la, b] cerMenTna HHTerpannaHyBuH Ba
| b
Sc dx=c(b—a).

XycycaH, f(x) =1 6yaca, yHaa

b

Sl-dx.= de='b——a-j. :

. e
6ynaau. ' .
. 2. Y6y _ ’
- f(x)=x
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Q)ynxuuﬂnn la, b] cermenTna Kapafmnx. [a, b] cerMeHTHHHI HXTHEPHH
-.{xo, Xty ooy Xn) (o< X1 <X2<Z ... < Xn, Xo=Q, Xn=0) GYNHHHUIHHH
ONARIHK. YHuHT AHaMeTPH :

A=max{Axy} (=0, n—1)

6yacuH. By GYAuHHWIHKHHT Xap OGHP [xa, xx4i] OVNaruaa HXTHEPHE
HYKTaHH ONHO, GepHATaH QYHKUHAHHHT HHTErpa.l AHFHHAHCHHH TyBaMHS
PaBwakku, 6y xonaa f(t:) =Ea 6ym16

»
n—| n—1

0= 2 f(&.)Axk— Z EiAxy (6)

-0

6ynanu, 6yHaa Axe=xg4 | — X
DHau (6) AUFUHAHHH KyHHAArHya €3amua:

g—| n—1 X, 4 x X+ x '
o= 3 £, Ax,= 3 (._ RSl IR k+l).Ax‘=

kw3 kw0 2 2 .
n—I .
== Z\-ﬁ+;k+l‘Ax.+a. (7)
km(

GyHaa -

n—1| +
a= z (*_. a. {h—tE)AX*

kw0

(7) TeHrAMKHUHT YHI TOMOHHAArH OGHPHHUH XaAHHH XHCOOAaAMH3.

n=—1

‘AX = 2 (Xxp i XD (Xppy—x) =

e Ty
s 2 3 s

kem(}

ne]

=3 2 (=D =—,';1(x‘:’—x3) + (3—xD + .

2

+(xﬁ— n—l)] “'(x “xo) =T (8)

JuaH (7) TEHTAHKHHHT YHI TOMOHHAArH UKKHHYH XalHHH 6GaxoaaiMH3.
Arap

+"k+|

§t'€ [ Xpgrh —

€ fkn xk-{-ll

A= max(xH,—x,) (k= On—l)
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OyauuinHy 3bTHOOPra QJICaK, yHia

! a—l X+ x il X+ x
al= | = @25 Ay, (< 3 fa— 100 |ans
k=0 kw0 )
n—I a—|
< X max(x,p,—x)Ax,=A X Ax,=A(b—a)
km0 Kk k=m0
3KaHWHH Tonamu3. demak,
' lel <A(b—a). (9)
(7),- (8), (9) MmyHocaGatnapaan A—0 aa © HHFHHAHHHHE JIHMHTH
2 2
b ;“ 6VaniuHu Kypamus. By 3ca Tanwpudra kypa-
- 2
Sxdx= b ;_az

- 3KAHHHH 6u.nﬂ.upa11u\ : L

.2-§. AHHK HHTETPAJIHRHHI MABXYDJIHIH

f(x) ¢ynkunn [a, b] cerMeHTAa aHHK.JIAHraH Ba YerapaJaHrad
6yacuH. [a, b] cerMeHTHHHT uXTHépuii P={xo, X1, ..., Xa}. OYJAHHHILKHH
odaiauk. Xap 6uUp [xa, Xk+1] Opanukaa BXTHEPHA &x HyKTa 0AHOG, f(x)
GYHKUHAHHHT HHTerpas HHFUHHAHCHHH TYy3aMHa:

n—|

o= X [(§) 'Ax‘r

kem() '

Bepuanwnra kypa f(x) pydkuus [a, b] na yerapanaHrau:

m<fOSM (Vréla, b)) (10)
~Iemak, y xap '6Hp Xk, Xx4+1] Ra xam derapanaHrau. Yuma f[(x)
QYHKUHAHUHE [Xg, Xa4+1] 23 aHHK yerapanapu

me==inf {f(x)}, x € [Xe, Xa 41}, (k=0,n—'l) _ (11)
Me=sup {f(x)}, X €[xe, X241}, (R=0,n—1) (12)

MaBXya G6ynann. by coHnapaan ¢oiinanauub Kyihnaaru

‘ . |
S=m0AXo+m|AX|+ PO +m,,_1Ax,,_l= *EomkAxk (13)
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a—~]
S=MoAxo+M Ax\+ ... +M,_-Ax,_ = % M, Ax, (14)
. keu0
AHFMHAHAAPHH Ty3aMu3. Onatna Gy HHFHHAKWAAp Moc pasHwaa f(x)
GyHKUHAHHHT P OyauHuwira wucbarad Kydu xaMmiaa IOKOpH HHTerpan
HHFHHAKNAPH Aefiunafd. PasliaHkH,

s< S.
. o .
IOxkopunaru (10), (11) Ba (12) myHocabGarnapaan Gapua k(k=0, I,

2,...,.n—1) yuyH |
. m<me, Ma<M

XxamMaa
n=—1 -1
s= X m,Ax,>=m E Axy=m-(b—a),
R 1t F 279
n—| a—|
- ka0 k= .

OyAHWwH KeaHb unkaaH. Jlemak, ‘

m.(b—a) <s<SKM(b—a). (15)

l-nemma. Aeap [(x) ¢ynxyua [a, b] ceementda anuxaanean 6a
wezaparanzan 6§aub, P={xo, x\,..., xa} 3ca [a, b] nune uxtuépud

6yaunuwu 6gaca, y xoada wy b6jaunuwea rucbaran f(x) pynxyuanune
Kydu, 10KOpu Xamoa untezpar durundurapu yY4yw

sKLo<S

Tenacusaukaap Ypurau 64aadu. |

Mc6or. (1I) Ba (12) myHocabataapaau (pouna.nauuﬁ VEr €lxe,
Xp 4 |] Aa -

<[ (E) < Ms

6ynHwHHH  Tonamu3. DBy TeHrcuaaumknapHu Axp, ra KynadnTHpcak,
(Axp=xp41—xx>0) yHaa
melAxe << f(Er) + Axe < Ma- Axe

KeNHO uyuKanu. KefAiMHTH TeHrcusnuknapHu k Huvr k=0, 1, 2, ..
n—1 KHAMaTAapH yuyH €3HG6, CYHr ynapHH Xaanalb KyuiH6 Tonamus:

n=| n—I e |
X mAx< 2 fE)Ax, T M Ax,

kw0 k=0 ka0
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Hemax,
sKLo<S.
®apa3 KHNaHIHK,

Pi={xo, x1, X2, ..., Xa} (Xo<<x1 << ... <Xnp, Xo=a, xnl=b)

la, b] cermMeRTHHHT Oupop O6Y.utwinHKH O6yacHH. By OyanHHwIPyHT
G6YAyBUH HYKTasapu KatopHra 6utTta x* HyKTa (x* €la, b]) Kywuo, [a, b]
HHHT OouiKa P; GYAHHHWHHK XOCHA KHAZHAWK. AHHKJAHK yuyH Oy x*

HYKTa Xy XaMAa Xix4) J1ap OpacHia XKonlawrau G6yacuu. N
P2='1x0’ X1, * ey Xy xts x*'*'l! o vy xn}-
(o<1 < ... << <Xep1 << ... <Xn;Xo=a, Xa=b}.
2-nemma. [(a, b] ceementda anuxkaanzax sa wezapaaranead f(x)
pynkyusnune P, xamda P, Ofaunuwnapea nucbaran tysurean Kydu

 UHTecpaa duruxHduarapu S, S2 8a OKOPU uHTezpaa Udurunduaapu
S1, 82 aap yuyn

S;QSQ)
Si1=28:

TeHecu3auxaap §purau 6gaadu.
HcbGor. f(x) PYHKUHAHKHT P, xamaa P, 6y.rmumu.napura HucbataH
IOKOPH HHTErpas: HHFHHAHJAPHHH €3aMH3!

Si=MoAxo+MAxy+ ... + M Axe+ . . —|—M,;_;Ax,,_|.
Se=MAxg+MAx + ... + (Midxk+Midxi) + ... +
+Mnoi1-Axa_y,
OyHna

Mi= suplf (x)}, x €[ xe, x*],
Mi=supff(x)}, x €[x* x,

Ba Axk=x*—x, Ax¥=x, ,—x*

S: xamaa S; nuruHaunap Oup-GHpuaaH OuTTa Xaara dapk KHaul
Si na MaAxy KywnayByu 6yaran xoaaa S na yHra MOC KYLIHAYBUH

Mt Axi+ MEA XL

uonanan nbopataup.
PaBiuankn,

[% s x*lc [x, xk+l]'

[¥* X e ] (X0 Xasi):
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YHaa Mi<< My, MIS M, 6yauwnnu 3bTHOOpra oﬁcax, y Xoa1ia

M- Axi+ MEAXY =M (x* —x ) +ME (x4 —x*) <
SMp [(x*—x) + x4 —x*) |=M,-Ax,

6ynaan. Bynnan 3ca

.31232

TeHrCH3JAHK Keau6 uukaiad. XyaaHu WyHra yxtauw
SIS S2

6yaniuK KypcaTuaaan. Jlemma uc6or 6yaaH.

DHAKH QYHKUHA aHHK HHTErpanH MaBXYMJHTHHHHT 3apyp Ba eTapiH
WAPTHHH KenTHpaMu3. Acinaa GYHKUHSHHHI HHTerpasianyBuu 6yiau-
wH éKH G6YAMacauruHn TabpHd €paaMHAa TeKUIHPDHW MyMKHH. Jlekun
KYNUHAHK XOAJIapaa HHTerpajd AHFHHAHHHHT YeKAH JIMMHTra 3ra
GYNHIWIHHKA KYpcaTHll XyJa Mypakkal GysaiH.

f(x) dyHkuus {a, b] opannKaa aHHK/AAHTaH Ba uerapajaurad Gy/ICHH.

l1-treopema. f(x) Pynxyua [a, bl opasruxda unrezparranysuu
6aumu yuyn Ve>O0 osunzanda xam wyndaid 86=06(e) >0 con
ronuaub, [a,b] opasruxuunz Ouamerpu A, <<8 6§rzan xap xandai
P 6gaunumuza nucbaran

S—s<e - (16)
TenzCU3AUKnUK2 Gaxcapuauy 3apyp 6a erapaudup.

Arap f(x) GYHKUMAHHHT [Xx, Xi+1] (k=0,n—1) opanuxaaru Te6-
PaHHIIKHH Wy OPKANH Gearunacak, (we=Myr—ma), y xonaa (16) renr-
CH3JIHK

n—|

Y w,Ax,<e " (167)

k()

KYPHHHuira 3ra 6yaann. Kynuuauk xonnapaa teopeMavuur (16’) kypu-
HHWAArK WAapTH HUWIaTHAALH. .

2-Tteopema. f(x)pynxyus | a, bj oparuxda yaayxcus 6ijaca, y wy
opaauxda uxrezpassanyssu 6gradu.

Hc6oT. f(x) dynkuusa [a, b} cerMeHTaA y3JyKCH3 OYATaHAHCHAAH
Befiepwitpacc Teopemacura-Kypa y uderapasaHran O6yaanu. HKkunum
ToMoHAaH KaHTop TeopemacHra 6HHOAH Yy Ly CerMeHTa TeKHUC Y3NYKCH3
6ynanu. Yuaa Ve > 0 CoH oJiHHraHAa XaM WyHAaH & > 0 COH TONHABAHKH,
[a, b] cermeHTHH y3yHaHKnapH & naH Kuuuk Oyaran 6yaakaapra
aXpaTHaraina PYHKUHAHHHr Xap Oup Gysnarnaard TeOpaHHULIK yuyH

- Wr< €

6ynanu. llemak, [a, b] opanuKHHHr AuameTpiapu A,<<8 Oyaran xap
KaHgai P OyauHuwnaa .
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A= n—1|

kw0 k=m0

6yaaan. By 3ca (16°) ra kypa |[a, b] opannkna [(x) GyHKUHAHHHT
HHTErPasNaHyBUH 3KAHHHH OHAAHPALH. :

3-treopema. Azap [(x) Pynxyusn |a, b opasruxda uezapananzan
8a MOHOTON Gijaca, PynKyus Wiy oparuKada untezpasranyssu 6jradu.

4-teopema. Azap [(x) Pynxyua -| a, b oparuxda vezapasanzan
8a Oy OpaAuUKKUKZ dexAau cordazu wyxrasapuda ysdauwza sza 6§aub,
xonzan 6apva nyxrarapuda ysayxcui b6gaca, gynxyus wy opasuxda
unrezparsanyssu 6garadu.

Macanau-,
f(x) =sgn [x (1—x")]

¢yHkuua [—2, 3] cermMeHTaa uHTerpanfaHyBuH GYnanu, HYYHKH y 1y

CerMeHTHHHr x= —], x=0, x=1 HyKTanapuna y3ujauwra sra G6ysau6,
KojiraH 6apya HyKTanapaa ysaykcus Gynanu (3-un3ma).

IOKopuaa KeATHpPHATaH Teope-

MagaH KYpHHaaHKH f(x) ¢yHKuHA

Iy | HHTerpaanadysuu Oyaca, y Xonla
—_— I HHTErpas  HHFHHAHHHHT  JAHMHTH
. [a, b] cermeHTHHHT OYAHHHW YCYJH-
it g

2 7 0 T 2 3 X ra xam, xap GHp 6y/J1aKknaH QlHHTaH
Ey HyKTanapra xaM 60FauK 6yaman,

-7 A,—0 na sroHa

b

3- Yu3ama Si(x)dx
a

ra (coHra) uuTHaaH. Hemak, HHTerpaaiaHyBuu (QYHKUHA YUYH YHHHT
HHTEerpaJduHH TonHwWwaa xucobaawl ydyyH Kyaaw O6yaraH. Gupopra
OyAHHHW XaMaa TonuAraH §, sapra Huc6aTaH HHTerpajl HHFHHAHHHHI
AHMHTHHH XHcoOJaalW eTapan Gyaaau.
’ l
Macanan, 6n3ra Mabaym Sxdx HHTerpasHy Kapa#auk. [a, b] cer-

MeHTAa f(x) =x dyHKuHs y3aykcu3 Oyaraun cababau y 2-teopemara
Kypa #HTerpaadadHysud. Kapanaérran unrerpaaHn Xucobaaw yuqyH
[a, 6] cerMeHTHHHT |

b_a==ﬂ

vees Xp=a--n

b—a b—a
n peeey x*=a+k n
\

P={x0=a- xl=a+

6YNMHHHIIKWHK (OyHAa )L=_’.’__E£) xaMaa E,=a-+k- b—a

HH - OJ1aMH3.

) -
Yuna f(x) =x GyHKUHAHHHr HHTErpan AHFHHIAHKCH

. . 48
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n—| n—1| .
o= T (&) an= 3 (a+k--T*)-22=
k=m0

n
Awm=() ’

n=—| :
=2=9. 3 (a+r. b_a)=
k=0

n n

b—a b—a —_—
=2=2[n-a+-2 (1+2+...+n_1)]_
__b—a ‘b—a na(n—1)]_ b°—a®  b—a
,—n[n-a n'2]"2 7 »
6yanu6,
. [e’—d® b—a ]_ b2 —a’
imo=tin [£5 - 4504 = 5

~6ynann. lemak,

3§. AHHK HHTETPAJIHHHI XOCCANAPH

AHAH [(x) PYHKUHA AaHHK HHTErpaJiMHHHT XOCCaJlapHHH YpraHamu3
Ba ynapaaH 6ab3HNapPHHHHI HCOOTHHH XaM KeJaTHPaMH3.

1°. Aeap f(x) ¢ynxyiua |[a, b] oparuxda untezpasranys4u 6§aca,
y ucraszan [a, Bl [a, b] opasruxda xamx untezparranye«u 6§asadu.

2°. Aeap f(x) pynkyua [a, b] 0a unreeparranysuu bgaca, y xoada
c-f(x) Pynxyuna xam unrecpassanysvu 6a '

b b )
Sc-f(x)dx=e§f(x)'-dx (c=const)
a a f

Fl

TeH2AUK YPUHAU. .

Mc6ot. c-f(x) xamna f(x) o¢yukuusnapuuur VP 6yaunuwra
HHcGaTan uHTerpas AHFHHAHNAPHHH €3aMH3:

n—| n=1
0¥ = ‘Zoc-f(ﬁ.)-Ax.. o= X f(§)-Ax,

k=0
Yuaa
aA~=] " -
o*= "3 cf(t)-Ary=c- I [(£)-Ar,=c-0
" hm ko0
4- 690 - 49
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6yAHo, ,

b

limo*=Ilimc.-o=c-limo=c- Sf (x)dx

A~-0 A0 A—D a

6yaanm.
Arap

b

lim o*=lim nilcf (E) -Ax,= Sc-f (x)dx

A—0 Ae0 40

a
.

SKaHJ/IHTHHH 3'b'rn6opra AVICaK,

. §c-f (x) dx=c- §f (x)dx

OYNHLIHHH TONAaMH3. '

3°. Azap f(x) sa g(x) ¢ynxyuarap |[a, b] oparuxkda unrezpasaa-
nyeuu 6ijaca, y xoada [(x) g(x) Pynkyua xam wy opaauxoa
uxrezparranys«u 6§aadu ea

b b

b
V [F (x) 28 (x))de={f () dxx (g (x) dx

a a

TenzAuK fpurau 6§aradu.
Hc6ort. f(x) Ba g(x) dynkuusaap [a, b] opanukaa uHTerpanna-
HYBYH OYJTAHAHTH YUYH

. n=—1 b '
limo,=lim 2 f (£)Ax,= Sf (x)dx,
A0 A0 p ) a

lim 02=lim "i'
A—0 0 pu0

]
g E)Ar={g (x) dx

6ynanu.

Suam f(x) £g(x) GyHKuuaHuHr [a, b] opaauKaard Moc HHTerpan
HHFHHAHCHHH €3aMK3:

o= [[(t)+8(E)]-Ar,="

hwa()

a—~| n—1
= X [f(E)Ax,+ 2 g (E)Axy=0,%0,

Awm( kw0

50 '
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KeltnHry TeHraukaaH A—0 aa

b b
lim o =1im o,+ lim ¢,= Sf(x)dx;t Sg(x)dx
A== A0 A0 p A

(popMyaara 3ra 6¥namu3. by 3°-x0CCaHHHT YPHHAKIHTHHH KYpCcaTaaH.

Hartwnwxa. Arap f,(x), fa(x), ..., fa(x) dyukuusaap |a, b] opaank-
Aa uHTerpahaanysuyn 6yaca, y xonaa

. afi(x) +cof2(x) + ... +¢afa(x) ~ (ci==const, i=1, n)

~ QYHKIHS XaM Wy opajHKila HHTerpajnaHyBu Gynaau Ba

{ e fulx) +eafa0) + .. +eufalx) dx=

a
b b

=c {hdrte,{folx)dx+ ... e, (. (x)dx

a

LY

¢opmyaa ypHHIAH Oyaanu. _

By Hatuxauuur ncboru loKopuHaarn 2°, 3°- xoccanapaaH Keaub
UHKA1H. |

4°. Aeap [(x) 8a g(x) @yuxyusrap |a,b] opasuxda unrezparaa-
nysuu 6ygaca, y xorda [(x)-g(x) ynkyua xax wy opasukda
uHTeepasrranys«u 6gaadu. -

5°. Aeap [ (x) Pynxyusn |a, c] xamda |c, b) opaaussrapoa unteeparira-
nyeuu 6§aca, y yorda pynkyua [a, b opasruxda xam unTeeparsanyedu
byradu sa ywby

§f(x) cdx= §f(x)dx+ §f(x)dx

¢popmyaa gpunau 6§aadu.
6°. Aeap f(x) ¢ynxkyua [a, b] oparukda untecparsanys«u 6§aub,
Vx €, b] aap yuyn f(x) =0 6yaca, y xoa40a

b
{f(x)dx=0 (a<b)

6yaadu.
Hcbor. Vx€la, b] nap yuyn f(x) >0 6yaranauruaan
a—1 ’
o= X [(E)Ax,=0
k=0

51
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TeTTR e . e oens

. —— -

.

B4

limo=lim £ f(E)Ax,>0

A-+0 0 400

‘6ynaaun. demak,

b
Sf(x)dx>0

Hatuxa. Arap f(x) Ba g(x) ¢yuxuuanap|a, b] opaaukaa
uHTerpastanysun 6yau6, Vx €[a, b] yuyn [(x) <<g(x) TeHrcHaauk
yYpunau 6yaca, y xoisa

b

§f(x)dx< {a(x)ax

a

TEHTCH3/IHK XaM ypuuau 6yhaan.
7°.7Aeap [(x) ¢ynkyua [a, b} opasukda unreapa/mauysqu 6yaca,
y xoada |f(x) | pynxyus xam wy oparuxda untezparranysuu 6jradu 8a

4 b
| S [f(x)dx | < S 1f(x)|dx

TeH2CU3AUK ypw-um 6gradu.
8°. Aeap [(x) ¢ynxyusn [a, b] ceeuenrda Y3ayKcus 6ym:a y xoada

wyndad t(a<<t<<b) nyxra ronuraduxu

b

Sf(x)dx

f(E) ==

a

6§radu.
Hcb6or. f(x) QyHKUHRHHHT [a, b] cerMeHTaa y3AyKCH3 OYAraHAHTH-

NaH YHHHF Wy CerMeHTAa 4YerapaiaHraHiaurd kKeaub uumkaau. demak,

WwyHaa#h yarapmac m Ba M counap mapxyaku, Vx €[a, b] yuyn

m<f(x) <M

6ynanau. KelHHIH TEHrCH3NHKAAPHH HHTerpasnab TONaMH3:

& b ]

Smdxg_ Sf(x)dxg Sde:»

a a ) a
=>m(b—a) < Sf(x)dxgmb—-a).

32
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Dy TeHrcH3auKNapuu b—a ra 6yjacak, ywoby

TEHFCH3NHKAAP XocH.1 6Yaaan. Ilemak,
| b
SR T

b—a
[

MHKAOP [a, b] cermenTtaa y3aykeu3s 6yaran f(x) QyHKUHAHHHE 3HT KHUHK
KHHMATH m XaMmaa 3HT KaTTa KuiiMaty M aap opacuaa 3kaH. Y3aykcus
YHKILMAHHHT  XoccacHra Kypa [a, b] cermentaa wyHaa# & nykra

’ b

f(&) == {F(x)dx

b—a
a

6V.i1aau.
Onataa

&

e

MiKI0p f(x) dyuknusnuur [a, b] cermentaaru ypra kuiMatH, 8°- xocca
3Ca VPTa KHHMATH XaKuaaru teopema 1eb IOPHTHJAIH.
3uau [a, b) cermenT1a yanyKcu3 f(x) PyHKUHAHH KapaHInk. ¥ xoa.1a
Ov pvHKUHA [a, b] cerMeHTHHHT ucTaran [a, x| KueMuaa (a<<x<<b) xam
y3aykcu3 6y.aaau. buHobapuu, dpyHkumna [a, x] 1a HHTErpaJaNaHyBUK.
Paswatku, 6y uuterpan x ra Gorauk O6yauG, 6u3 yHH F(x) opraan
Oe IrHIananK: . |

» F={jna \7)

By (17) uuterpan IoKopH yerapaci §32apysHu aHuK unTeepas NCHHIaNN.
9°, F(x) ¢ynxyusn |a, b] ceementda xocuraca 3ea ea

F’(x) =(Sf(f)dt)’=f(x)-

6gaadu.
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Hcbor. [a, b) cermeHTaa HXTHEPHH Xo HUKH HYKTA 0.H6, AF (xo) HH
TONaMH3:

Io
AF(x)) =F(x) —F(x) = \[ (1) dt— ([ (1) dt=

8 G} Wy

= §f 0 di+ {1 () at= {f () di=
a X

Io
F (x) = F (x5) 1

. - — §f(t) dt (18)

X —Xq x—Xxg
*o

(18) TEHrIMKHHHT YHT TOMOHHAArH HHTErpajara ypra Kuiimar XaKHaaru
TeopeMaHu Kyanal Tonamu3s:

F(-\’).""F(xo)
x—xo

=f (§), (xo<<E<x).

PaBwaHk#, x—xo 8a §—+xo 6Y/HG, f(x) QYHKUHAHHHT Y3JAYKCHIIHTHAAH
t—xo na f(E)—f(xo) 3xkaHaurunu Ttonamu3. [emax, (18) TeHraukaa
XX JUMHTFA yTCaK, ‘.

F’ (x0) =] (x0)

-

6yaanu.
Xo HYKTa [a, b] CerMeRTHHHr HXTHEPHH HYKTach OyJaraHJavruiad

F’(x)=f (x) (x €[a, b))

6ynaau.
Harnxa. Arap f(x) dyukuun [a, b] aa yaaykcus 6y.aca, y xoma 6y
byuxuna |[a, b] cermenTaa GowanrFuy GyHKUKAra 3ra Gysiaas.
XakukaTtahn xaMm, f(x) ¢yHkuus [a, b] cermentaa y3aaykcus 6y.ca,
9°-xoccara kypa

F(x) = Sf(t)dt

dynkuns yuyn F'(x) =f(x) 6ynaan. by aca F(x) ¢ynkuus f(x) yuyH
OoWNalrHyY PyHKUHA 3KAHHHH OHALHPALH.

f (x) dyHKunsa [a, b} cermentaa y3ayxkcu3 6ysacuH. YHaa 6y GpyHKuus
[a, b)uuHr uxtuépni [x, b kuemuna (a<<x<<b) xaM y3ayKcH3 6yau6,

§f(t)dt

54
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HHTerpaa MasXyh 6yaaau. Yuu

b
D (x) = Sf(t)d!

opkaan Oearunauiauk. by Kviin uerapacu y3rapysun OVAraH aHHk
HHTerpaJaaup.
10°. O(x) pynryus |a, b] ceementda xocuracu 3ea 8a
O’ (x) = —f(x)

dopmynra gpunau.
U c6o0T1. Auuk HHTerpadauuir 5°-xoccacuiaaH goiinaciains Tonamus:

b
\f(tyde= §f(t)dt+ Sf(t)dt-—F(x) +d(x).

DyHAaH
b
O (x) = \f(t)dt—F (x)

6yAu6,
b
cD'(x)=(Sf(t)dt)'—f~"(x)=-—f(x> |

b
Oysnaan (4yHKH, (Sf(t)dt)'=0, F'(x)=[(x)).

4-§. AHHK HHTETPAJIJIAPHH XHCOBJIALL

f(x) ¢yukuus [a, b] cermenTaa Oepu.iaraH Ba y3JyKCH3 OVICHH..
PaBuiaHku, GyHKUHAHHHT aHHK HHTerpaJiu

b
{f(x)dx

MagXyaA. By uHterpaaun xucobaain GHAH WYFyLIE13MH3.
1°. HpwoToH-JleiiGnunu q)op\t).nacn 3-§ 1a KeaTHpH.IraH

¢opmysara kKypa
F(x) = Sf(t)dt

55
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|
pynkuns f(x) unnr [a, b] 1a Gowaanruy GyHKuUHACH 6YaaH. MabiyMKH,
f(x) DYyHKUHAHMHE UXTHEPHHA Oolunanruu GyHKuusacH @D (x) yuyH
O (x) =F(x) +c¢

OFaaan, Ovhiaa ¢ — HXTHEPHHA Y3rapmac cod. [emak,

4

O (x) = Sf(t)dt-}-c.

a

By Tenrankia x=a 1e6 a1x6

®(a) = Sf(t)dt+c=0+c=c,

CVHIN x==b 1e0 010,
b

D (b) = Sf(x)dx+c

a

OVaHHY TonaMu3. KelAHHIH HKKH Tedrankaat

b b ]
\i(dx=0 () —0(a) (19,

Oy 1Huln Keaub unkaau. /lemak,

b

\f(x)dx

HHTerpad Goirranruy Qynkuns @O (x) HUHr x=5b HyKTaldar4 KHAMaTHaaH
X=0 HYKTA4darn KMAMATHHHHI aHHPMACHTA TEHI 3IKaH.
(19) dopmyia HoioroH-Jlen6ull éKH HHTerpan XHCOOGHHHr aCOCHH

(pnp.'ulvslacn 1e6 oputiaaad. Onaraa @ (b) —D(a) anupmanu @ (x) |b
Kall: €3MNalu:
b
B (b) —D(a) =D(x) |

Yuaa
b

Vde=d(x) |

a
OVILaiN.

56
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Mucoanap. |. Yuby

xdx

(R N

AHHK HHTerpajdHH XHcobJsaHr.

2

Pasuranku, f(x) =x HuHr GounanFuy PyHKunacu (D(x) =-—x

taf —

6yaaau. Yuaa Hoiotou Jleiib6ruu popmyanacuiau doitnanatib volaMus:

Sxdx;- I

2. Ywby
) . \
Sx"dx
0

HHTerpaJHH XHCOOAaHr.

WUnterpaa octraaru f(x) =x" GpyHKUHAHHHT GOULIAHFHY (PYHKIHHCH-
HY TomMIu yuyH fx"dx aHuKMac uHTE[pa’HH XHCOBIaRMHS: S xX"dx =

xn-{-l nt |

=T Hemak, 6ountaufFHy QyHKIHS %FT Oy.aaau. Huworou-Jlenbnnu
n

dopmyaac.ra Kj’zpa:

nd_x"+*|l_ I
§x =aii o™ as1l At agr1
3. Ywoly

S—f—dx (@>0)

a+x

HHTerpaaHn XucobaaHr.

ABBaJ0 UHTETrpan OCTHAATH QYHKUHAHMHI GOULTAHFHY (PYHKUHACHHM
TONaMH3:

Pdx S dia*+2%) | 3. .3
= — L —=—1In (a’+4 x°).
S a +x 3 aa-i—x3 3 ( + )
Yuaa (19) dopmyaara Kypa
§- ddx | In (a4 x%) |a=—£—ln (a®*+d?) Lnat=
L 3t ngd=t
:-3ln2¢1 3lna 31112
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2°. YVarapysuuuu aaMamITHPHID ycyan Guaad a)-IHK
HHTerpaaJdapuHi xuHcobaai,

OyHKUHANAPHHHT AHHK WHTErPAJIapHHH Y3rapyBUHIAPHHH anMall-
THPHUL YCYJH ep.J.d\HiIld XaM XHcob.1aun MyMKHH f(x) DyHKUHAHKHT

AHHK HHTerpa.iu Sf(x)dx HH Xico6.aai Makcaauaa x=g(¢) MyHocabar
a
OnJaH x Y3rapyBuHHH ajaMalUTHpPaMH3.

S-Teopema. [(x) Ppyuxyua |a, b cezmentda, x=¢ (1) Pynxyus
aca |a, B ceementda anusranzan, yaayxcua 6§aub; tjszapyexu [a, ] da
Jazapzanda x= g (1) nune guimaraepu |[a, b nu Tawxus srcus.

“Azap (1) qbymcqu.a k, B] da y3ayxcus (p’( t) xocuraza sza 6§aub,
¢(a)=a, ¢(B)="> 6gaca, y x010a

b B
JHde= \i(o(1))-¢'(1)at (20)

-

TenzAux ypunau 6yradu.
Mc6oT. Llaprrakypa [(x) ¢pyukunsa [a, b]aa y3aykcus. bunobapus,
y Gowanruy ¢pyHkuuara sra. Yru’®(x) Guaan Genrunanauk:

O’ (x) =f (x).

Horoton-Jleit6Huu ¢popmyaacura Kypa:

b
Sf(x)dx-_-m'(b) —®d(a).

Juan |a, B} cermentaia ®(¢@(¢)) Mypakkab (yHKUHAHH KapaHJHK.
Pasuianku, ®(@(f)) dyukunn {a, B] na yaaykcus 6yan6, yHHHI XOCHAACH

[(P(p()) =D (9(£)) -¢"(¢)
6vaaan. Haruaana
(@ (@ () '=[(p(8))-¢'(D)

TEHIAHKKA KeaaMu3. By sca [a, B] aa @ (¢@(¢)) dynkuus f(e(f)) -¢'(¢)
PyHKUHAHHHT Ooll1aHFHY (DYHKUHSCH 3IKAHJIWTHHH Ouaaupand. $lha
Hbloron-ﬂeﬁﬁmm dopmyaacunan doitnanannbd Tonamus:

b

V(@) - ¢ (1 dt=D (¢ (B)) —D(e(x)).

58
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[LlapTtra kypa ¢(a)=a, ¢(f) =56 6GyaraHaurvaat

B .
(o)) 9" (N dt=1(5) ~D(a) (21)

a

6yaaau. (19) Ba (21) myHocabaraapaad

b ] .
{fxydx= {f(e(t)) -9/ (1)t

[

6yauwn Keawb unKaau. by sca TeopemaHn ucOornanim.
Mucoaaap. !. YubGy

1
Sx\/l+x2dx
0

HHTerpanHy XHCOB.AAHT.
By uuterpanasa x= \/t"’—l anMawiTupuir  6a)kapaMu3. YHAaa

x=0 na t=1, x=1 aa x= /2 6yan6, KapanaérraH aAMalITHPHL
[I. V2]cermentnn [0. 1| cermentra yTkasaan. PaBlaHks,

__tdf
2\/ 1 21

6Vnaau. (20) ¢popmynanan ¢ofirasaHiub TonaMus:

[ I V2 L
| 4 x2dx = 2—1 ..t = Pdt=
§x\/ x2dx Sl vV —— S.
_r f_M_L 2v2 —1
~ 3 3 3 3

2. YwOy
S‘*’\/a x*dx (a>0)

HHTEerpaiHu XHCoGAaHr.
by WHTerpanaa x=asin{ aaMaliTHPHL Gamapamm. Hartuxana,
(20) ¢dopmynara kypa:
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n/2 )
S 2\/a x3dx= S a’-sin%. \/az—a"'sinQI .acostdl =
0 .
n/2
=a* § sin’-cosdt.

By TeHFrAHKHHUHI YHr TOMOHHAArH HWHTErPaNHH XHCOOJAHMH3!

n/2 nf2 -
S sin’-cos’-dt= S 71‘(2sint-cost)2dt=
(1] 0
»/2 af2
= S sin%2t-dt = S';;‘”"—‘dt=
0 0

n/2 sm4t

1/?]

| nf2 n/2
=-é-|: S} dt — So cos4td! }z 3 (1,

i

3°. Bynakaa6 unHTerpaaaauw ycyan O6uJdaH aHHK
HHTerpaahsapHu XHcobGaauw.

6-teopema. Azap U(x) sa V(x) Pynxyuarapnunz xap bupu
|a, b] ceemenrda anuxnanzan 8sa ysaykcu3 6§aub, wy cezmenrda
y3ayxcu3 U'(x) xamda V’'(x) xocurarapza sza 6yaca, y xoada

Jlemak,

(Ux)av(x)=U(x)-V(x) |- {V(x)au(x) o (22)

Ten2aux ypunau 6§aadu.
HUc6o1. PaBuwaHkm,

[U(x)-V(x)f=U"(x)-V(x) + U(x) - V'(x).

llemaxk, fa, b] cermentaa U(x)-V(x) dyukuns U/(x)-V(x) +U(x) -V’ (x)
GQYHKUMAHHHT  GowniaHFuy  QyHKUMAacH Oyaanau. HbloToH-JledbHuu
¢popmynacunai poinnaaanub Tonamua:

b b
fW @) Vo) + U@ -V () lx=Ux) - V() |-
| 60
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!
KeHHIrH TeHrJauKAaH

b b

SU'(x)'V(x)dx+ UV ndr=U V(o) |=

b b
——*»SV(x)-dU(x)-{- SU(x)-dV(x)=U(x)-V(x) =

b

b b
= SU(x)-dV(x):U(x)-V(x) l——SV(x)-dU(x) .

s a ‘

Kenn6 uukanu. By 3ca TeopeMaHH HCOOTNaHAH.
Mucoanap. |. Ywby

n
§xcosx dx

HHTErpaJHH XHCOOJaHT.
By unterpanna U(x)=x, dV(x)=cosx 1e6 oaub, dU(x)=dx,
V(x) =sinx 6yaniunsn tonamu3. Yuaa (22) ¢opmyaara kypa:

chosxdx=x-sinx — Ssinxdx=0-—(——cosx) = —2.
0 0 0 0
emak,
chosxdx= —-2.
0
2.Y w6y
i
Sarctgxdx
0

-

. MHTErpajHH XHcoOJaHr.
by wuunterpanaa U(x)=arctgx, dV(x) =dx ne6 oaub, dU(x)=
=—~I—J‘3,dx, V(x) =x 6yauwnun Ttonamus. YHaa (22) d¢opmyaara
Kypa: ﬂ |
]
arctgxdx=x-arctgx I —
. 0

| .
l+x2 =-'4'———2-|l1('l +x’) (|)=—f:——ln \/2

(=L S e

1
S xdx n 1
0
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Hemak,
|

. ] ~
§arctgxdx=-;—— In /2.
3. Yuiby
© {(xeInx)dx

¥

umerpamm XHCO0AaHr. - :
by uurerpa.ama u=In%, dv=x’dx ne6 .onmuca, yuaa du=

=2lnx-;dx. U=-§i G6ynann. (22) ¢dopmyrasan doiaanauu6 Tona-

MH3:

4 xa [ 2 [ 3 2 [ 4
S(x-lnx)’dx=—3—ln2x —KSx"’lnxdx=—%—-é—Sx2-lnxdx.
! ]

. e
By TeHrMHKHHUHT YHT TOMOHMAArH szlnxdx wuTerpanga u=lnx,
l

dv=x’dx ne6, cyur yura ana (22) ¢opmynaHu Ky1.1a6 TONAaMU3:

[ 4

Sx"’lnxdx-—'———?lnx i —% §x2dx= :

L

, S 7
: 9

\
’

HaTtuxxana

< 3 | 3
2 e 2 (2 -1) Se° —2
S(x Inx)dx=7—3{F+3)="%

6yJaanu..

5-§. AHHK HHTErPAJNJAPHH TAKPHBHA XHCOBJIAWL

QaHHHHT TypaH coxajapHaa, aitHukca, ¢H3HKa Ba TeXHHKada
yupanaHraH MacananapHid Xxand KHAHW KYNHHYA .QHHK HHTErpasjapHu
XHcobsaw OuaaH GoriauK 6Gyaanu. Arap HHTerpaJ oCTHlarn (QpyHKIHS
Mypakkafb 6y.aca, paBLaHKH, HHTerpaanapHu Xxucobaaw Kuinuu 6ynalu.
byuaah xonnapaa ynapHH TakpHOHii xucobaamira TYFPH KeaaaH. AHHK
HHTerpaasiapHyd TakpuOHA xucobGaanauraH OHp KaHua ycyJaaap
MaBXyA. YOy naparpacdaa ynapaaH yutracuHu; TYFpH TypTOypuakaap,
TpaneuxHssap xamaa napabonanap (CHMNCOH) yCyanapHHH KeNTHpa-
MH3.

1. TYyrpwu TypTGyplLax.nap YCYJaH
f(x) dyHKUHs [a, b] cerMeHTAa aHMKAAHTaH Ba y3nyKcu3 Gyacuu. by
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b .
OYHKUHAHHHT aHHK HHTerpaJj Sf(x)dx HH Takpubuit xHcobBaanMu3.

[a, b]) cermeHTHH
a=Xxg, X1, X2, «. , Xn—1y Xn=2"0

(X0 <<x1<<...<<Xa) HyKTanap €palaMuaa n Ta TeHr OGynakka GynaMu3.
YHAa 3HHK HHTErpajHHHT XOCCaCHra Kypa:

b X Xy x, iy B
(fdr= (fdx+ {frdet.+ | fde= 3 | fxdx
a x5 ; x X ) e

Xap 6up Sj(x)dx (k=0,1,2, ... , n—1) HHTerpasara ypra KuHMar
XaKuaaru T:OPEMaHH Kynnab TomaMu3:

x.ilf(x)dx=f(7k) Axppi—x) =[(r) -Axy, (<Ta<<Xa4))
Paama;xu,

b—a
. x0=0, x|=a+ n °

§ ses p xn"'"-

=a+n- b—a s,

Aty=tpp—r=at (b D252 = (at ke 252 ) ==

uau

- xk+xt+| a

b—
f=—" et (k5 )
ne6 onno, f(ta) -Axa(xe<<ta<<xpx4+1) HPOLAHH KYyHHAATHUA

f(ta) - Axe= [F(xx) + (f(ra) —f(x2))-Axa=
=f(xs) -Axe+ [[(re) —[(x2) ]- Axa

€316 onamus. Arap f(x) >0 6yaca, _y Xonza f(xx) - Axx MHKAOP aCOCH [xa,
xH..] Ganauvaauru f(xx) 6y.nraH TYFPH TYPTOYPUYAKHHHI 103HHH HPoaa-
aanau. Hatuxana

gl

| Fode=flan) - et [F(xd —F(x)-Ax, -

x

(<< ;h<xu+1)

695&6
n—| - u—l
Sf(x)dx— 'S ) -Ant B (o) —F(E0 - An="22"% [() +R,

ke k=0 A0
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G6vaaau. by TeHraukaars

n—1

Ri= S [F(xd —FGn) |- Axs (e<Ta<xrs1), ,

k=0

f(x) dynxkuns [a, b] cermentia yanykcus. [lemak, y Wy cerMeHTAa TekHC
y31yKCH3. YHAa e>>0 COH ONHHranaa xaM wyHiaa# § >0 Tonuaaakky,
[a, b] cermMenTHH y3yHANKAAPH & NaH KHUHK 6Fara [xa, Xa4.1] 6Ynaknap-
ra axpartniraiga xap 6up x’ € [xx, Xe41), 7 €[xe, X241) 2@

1f(x') —F(x") | <e
6ynaaun. Yuaa A<<6 6yaranaa (A=max|Ax.| — b—’:a)
’ ]

1F(xs) —f(x) i <e
TeHrcH3nuk Gaxkapunaan. lemak,
|

RIS If(e) —flE) 1Ax,<e S Avy=e(b—a).

byuaan lim R, =0 O6yauuin keau6 unkaan. by sca
A=)

b ' n—I|
b— -
{f)dx===2 3 f(x)
a kw0
ne6 O/IHII HMKOHHHH Gepaam.
tyunah KHanG, 6epuHaras aHUK HHTerpaaHi xucobsaw yuyH ywoy
b

Sf(x)dxz

b—
n

S 1F (%) +F(X) Ao F () F o FF(Fac) ] (23)

(i,=a+(—%—+k b:a, k=012, ...,n—1) TakpuGuf ¢opmynara ke-
naMu3. (23) dbopMmyaa TYFpH TYpTOypuaknap GoOpPMyaacH AefiHAain.

dchaTtma Arap f(x) Ppyuxunn [, b] cermentaa aHHKAAHraH, yayKCH3 6§aul, y wy
CerMeHTAa y3,yKCH3 XocHnara sra Gyaca, y xoaza

b

b— - - - -
§ Frde===2 (150 + 1)+ T () + 2+ (F,_ ) 1+ R,
6yaub, -
, (b—a)’ ,
| R,= _E;:E_f (). (a<c<d)
6ynaanr (Kapaacus, [7]. 11- 606).

M ucoan. Yuwby
|
Se“’dx
0
- 64
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HHTEerpasHu TYFpH TypTOypuaknap <¢opmyaacH é€paamuia TaKpHOHH
XHcobaaHr.

[0, 1] opaakKuu 5 Ta TeHr:
p:) B3l Bl Esh Bl
6ynaKka 6§'maM|43_. By xonga xap OHp OGYNaKHHHI Y3YHAHTH 1 ra Tenr

5
6yaub,

xo=0,1, x,=0,3, Ez=-0.5, x3=0,7, x4=0,9
6ynan.

2
f(x) =e """ QYHKUHAHHHT X, X, X2, X3, X¢ HyKTanapaaru Kuﬁmam
Ky#ulariya 6yaanu:

f (x0) =0,99005,
f(x1) =0,91393,
f(x2) =0,77680,
[(x3) =0,61263,
f (x4) =0,44486.

(23) dopmysanav ¢oinranaHub Tonamhs:
]

§ -"dx,.,-(o 99005 + 0,91393 4 0,77680 +0,61263 -

+0,44486) =3,74027 ~0,74805.

Hemak, |

Se-"dxzo,nsos.

0
2. Tpaneuunsanap ycyau f(x) ¢yukuua [a, b] cermenrtna
aHHKNaHraH Ba Yy3AyKcH3 OyacHd. DBepuaraH QyHKUHAHHHT aHHK
HHTErpaaHHH TaKpHOHH XHcoOaauw yuyH, 6y xonla xam [a, b] CerMeHTHH
n ta TeHr 6Ynakka 6Yaamu3. Cyur

b nem] TR4)
(frdx= 3= S f(x)dx
a k=0 x,
ne6 €36 onamus. Xap 6up
2t :
S f(x)dx (k=0,1,2, ..., n—1)
X
HHTErpaJira AHa ypra KHAMAT XaKHAary4 TeopeMaHH Kyanalb Tonamus:
g1
S f(x)dx—f("k) (X=X =10} Axy (X<t <<Xpy) -

*
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Auan [(v) -Axy vdoaaHn KyAuaariia

fQxy) +F(xp 41) Fxy) +Fx40)
(e A= IO g [y — RETEED | ,
' (
€316 onamus. (Arap f(x) >0 6yaca, y xonaa fx) +2I fex)) Ax,

MHKROp acocaapu [xa, f(xx)] Ba [Xe4+1,' f(xe+1)] Gananmanrn sca Axy
6Varan Tpaneuss 1©03HHH Hdopagainan.) Hartuxkana

2 T
S [(x)dx = f(x,)+f2(x,+,) 'Ax,'l'[f(n) — I(x.)+f2(x,,+.) ]-Axk

%y

6yauob,

b a—I|
Sf(x)dx=, 5 I:f_(:‘f::)~*~f2(-'-',|z+-l)__]_Axt__l_R'i

kw()

6ynanu, 6yHaa
n—1 .
S flxy) +F(xey )
Rn= ZI [f(tk)_ _J_'“é"—j-*-l ]'Axk$ .
. k=0 .
(e <<Ta<Xit1) -

f(x) dyHKUHAHHHT [a, b] Aa TEKHC y3ayKCcH3 OV nwinaan ¢poradanaHa-
MH3. Ve>0 COH oaHMHranaa xaMm wyuniaaw §>0 Tonunaauku, A<<H
a

6yaranna ().-— max{Ax = —-—-)

1f(ve) —F(xe) | <&, [f(ta) —F(xas1) | <e
6yaanu. Yuaa

- [(xe) (58 40)
R L ]-Ax.|<

|f( ) — (x,,)+{2( Xy 1) | A%,

<3 —.}mm —FED 1+ 1 (1) —F(xap) [Axy<

k=0
n—1
<-—;—-2-e- 2 Ax,=e. (b—a)
k==(
6yn0, lln(l) R,=0 6ynaau. Hatuxana yludy

c S Ha) )

Sf(x)dxz ¥y = 5 trl . Ax,

a k=0 .
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Takpubun ¢Popmyaara Kenamu3. by MyHocabaTHH KyHHAardya xam
€31l MYMKHH:

b
{f(nde= b:“[“ " Zn D ) 4 ()

Q

+i () + o Ff(xamy | | (29
(re=a+k-222, k=012, ... n).

(24) dopmyaa Tpaneyusasap gopmysacu NeHHIANM.

dcaarya. Arap fix) ¢ynkunn [a, b] cerMeHTAa aHHKAAHTaH, YITYKCH3 GYAHG, 'y
1y cermentTaa vaaykcks F/(x) xocuaara sra 6vaca, y xoaaa

b
- b—af f(xo) +1x,) |
Vitryde=-= "[ ° )+ (x) +...+f(x,._.,)] +R,

2
6YAu0,
3
Ry=—L piy et
12n
G6ynaau (Kapaaceks, [7], 11-606). N
M ucoan. Yuwoly
1
Se"‘zdx
0

HHTerpajHH Tpaneunsnap ¢opmyiacH €épramuia TakpubHit xucobaaHr.
[0, 1] cermenTHH 5 Ta Tenr 6yiakka 6y.aaMu3.

s} e} 53] 55} 5]

. | .
PaBwaHnku, xap 6Hp OGV/'aKHHHT y3YHAHTH — ra TeHr Oysaaau. HMurer-

5
& ' ol 2 ' 3
paf octHaard f(x) =e™* (PyHKUHAHHHT x,=0, = K= X3=

: 4 “ - -
X,=-. Xs=1 HyKTanapaaru KuitMataapu Kyfunaruua Gynanu:

f (xe) = (0) = 1,00000,

f(x) =f(5)="096079.

f(xy) = f(%)=o,852|4.
f(xs) = f(%)=0._69768.

f(x) =f () =0,52729, -
f(xs) =f(1) =0,36788. -
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(24) ¢opmynanan poAranaHub Tonamus:

ie }dxH 5( 1, 00000-:}2-036788+

0
+0,96079 + 0,85214 + 0,69768 +0,52729 ) =
—++3,72184 2 0,74437.
! :

’ ]

Ilemak,

|
T - Se-*’dxzo,nzss?.
0

3. IlapaGoaaaap (Cumncou) ycyau. f(x) o¢yskuus
{a, b]) cermentaa anuknanraH Ba y3aykcusz Gyacuu. By dyukuus-
HHHT aHHK HHTerpafu

b
{7 (x)ax

HH TakpuOuit Xxucobaail yuyyH asBajo [a, b] HH

a=Xo, X1, X2, .... X2y X2k 41, X2k+42, ..., X2n—2,
X2n—), x2n=b(x0<xl<...<x2n)

HyKTanap épaaMuia 2n Ta TeHr 6Yaakka 6y1aMH3 Ba HHTerpaaHu ywby

b n 2
S[(x)dx= X S f(x)dx
a k=l o2
Xop
KypuHuiuaa €36 anamus. CyHr xap 6up S f(x)dx (k=1, 2,3, ..., n)
k-2

HHTerpaiaa [(x) dyuxuusa yura

Ak(xi'k—;- f(Xok—2))s Ba(Xoe_ts f(X20—1) )\

Di(x2a, [(x22))

HyK'ra.napnaH yTyBun ax’4 Bx—+y KBaapaT yuxan (napaﬁona) 6uaaH
TaKp16aH aiMawWTHPHIAAK:

[(x) mox®’+Bx+p.
" Yuaa
] . T3
 fdxm | (ax®+pr+y)ax
r—2 _ T

TaKpuOuH popmyna xocua 6ynaau. by popmynanaru
68
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X1
{ (@x®+pr+v)dx

op—2

HHTErpanHH XHCOBJaHMH3:

iu x2 28 2
) (ax+prtv) de= a—l +85 | +vex | =
-2 20 -2 T -2

3

3 X2
Xop— Xop —x2 _
—. 32& 2+ﬂ 2% 22:: 2-|-?(x2,—x2,,_2)=

X. —x2k_2 '
== 6 [2C’-(-’f§k+-“2¢'xzx—2+x§n--))+

+3B (X p—xoa ) +6v]= 222 {(a- xf o VI

x 2 ot
| B Xop_gt (V) +4 [ ( 2&-22"}‘.123 )+B Xop 1; Lok +v] +
+ (@-xGetProaty) = |
= xu—;?.—?[f (Xor—2) +4f ( Jcmr'-.‘i;.,-'-J‘M)'|'f (x24) ]

HaTtuxaaa Gepuiran aHHMK MHTerpaJHH TakpHOHi udoaanaiaHran
KyHH1arn ¢popmyJa Xocua 6ynanu: T

b
Sf(x)dxz

n

~ 82T [, ) af (Z222 ) (x|

Arap
b —
Xop_o=a+ (2h—2). na,
b \ : b—a
xp=a+2k. = X —Xop—2=""
(k=1, 2, 3, ..., .n) OyauwnHn 3bTHOOpPra oICaK, YHA3 TaKpHOu#

(popMynaHH KyHuaardua €3uill MYyMKHH:

b

(Fdem 222 (i) +F(x20)) +4(F (50 +7(x) +.

a

A (xa0-1)) +2(f(x)) +f (x4 ++f (x2n—-2))] (25)

by (25) dopmyna napaboasasap (Cumncor) ¢opmyasacu neitnnanm.

L
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dcaartwua. Arapl((x) GyHKuHa fa, b] cerMeHTAa AaHHKNBHTAHR, Y3AYKCH3 GYaHG, y i
cermenTaa y3aykens flIV) (x) xocuaara sra G6yaca, y xalaa

(F(xg) +F(xg0)) +4(F(xy) +F(x3) + ...+

b
b—a
§f(x)dx~- 6n

+F(xgn_ 1)) +2(f(xg) +F(xg) + ... 4+ f (x4 _3) |+ Rn

6ynub,

b—
Ry= — L=y

2880 - n*

6ynaaun (Kapaacuu, [7], 11- 606).

Mucoa Ywby

1
Se‘;dx

0

HHTerpaauy napabonaanap popmyJsacu épaamuna TaKkpHOuit XHcob.1aHr.

1 2 3 4
r‘ _— — 1) — ———— —— —
[0, 1] cermeHTHH x0=0, x|, 5 X:r=7g X3 =g X1 =Tg°
X =3 X o= S X =T Xg= 8 X o= S X 0=1
STTH0T T 0t T a0t YT 10t T8 00 T

HyKTanap épaamuna 10 ta rtenr 6ynakka Oyaamui. byuaa xap Gup

Gy JJaKHHHI Y3YHAHWTH -110- ra tTewr 6yaanu.
Hurterpan octiaaru
fx)=e~*
. QyHKUHAHUHT x;, (i=0,1, ... , 10) HyKTanapaaru KuiMmataapu

KyHHaaruua 6yJaaan:

f(x0) =F(0) =1,00000,
f(x1) =f(~5 )=0,99005,

fxs) =f(5 ) =0.96079,
fxs) =f(+5)=0.91393,
f(x4)'-—f( ) 0,85214,
f(xs) =F(-5 )=0.77680,
f(xe) _f( )—o 69768,
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f(x) =F{5)=061263.
| f(xe) =F(5 )=0.52729.

f(xo) =i(—l%)=0,44486.
f(x,0) =f(1) =0,36788. )

(25) dopmynanan doiaanannb Tonamua:
|
Se ~Pdx —310 [(1,00000+40,36788) + 4 (0,99005 +
o
+0,91393+40,77680+40,61263 + 0,44486)
+2(0,9607940,85214 4+ 0,69768 4 0,52729) |=

=_3'3( 1,36788 + 6,07580 + 14,96108) =~ 0,74682.

1
lemak, Se‘}dxz0,74682.
0
Lllyunan Kuauo,
|
I=\e~“dx
o
HHTerpaaHH TYFpH TYyprOypuakaap ¢opmyiacH épaamuna XHc06.126
J=0,74805, Ttpaneuusmnap ¢opmyaacy €paamuaa xucobaab J=0,74437,

napaGonasap ¢opMynacH épaamuaa xucobaab J=0,74682 GyanwnHH
TONAHKK.
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3-6065b
AHHK HHTEFPAJIHHHI BADB3H TATBUKJIAPH

AHHK HHTEerpanaHuHr TaTOWUK aoHpacH KeHrauwp. JKymaanaHn é#
Y3YHJAHFHHH, TEKHC WAaKJIHHHI 103HHH, Y3rapyBuH Ky4HHHr Oaxkapranu
HWHHH, AWJAHMA XHCMHHHF €H CHPTHHH, XXHCMHHHI OFHPJHK MapKasu-
HH B3 XOKa30JapHH TOMHLI Macajajapd aHHK HHTerpaja épilaMHia xaj

3THAAAH.
1-§. ER Y3YHJIHTH BA YHH XHCOBJIAlWL

®apa3 kuaaiiauk, f(x) dyHkuns [a, b] cerMeHTaa aunknaHraH Ba
y3AyKcH3 O6yaun0, Oy ¢GyHKuHA rpadHrd 4- yuamana KypCcaTH.ITaH: 3PH
YH3HK €fiHHK TACBHPAACHH. YHH AB neb Ge.arnaaiiuk.

[a, b] cermenTHuHr Gupop P={xo, X1, ... . Xa} (A=Xo<<xX\<X2<<C
<...<Xp=0b) GYAHHHIWIHHHK ONHO, YHHHI 6YAYBUH xx(R=20, n) HyKTa-

Napy opkaau O, VyKura napannen TYFPH YH3HKIAAp VTKa3aMmu3.
o/
Ynapuuur AB éin GuaaH KecHIUraH HyKTajaapu

Ar= (xx, [(xx)})
(Ao=(a, f (x)), Au=B=(b, [ (b)), k=1,n—1) 6yacuH.

"AB &iinars A:,, (k=0,n)  HyKTaaapHu

)
* N -
y‘ \,;;\\ | Oup-OHpH OHJIAH TYFPH UYH3HK KecMa.apu
A
: epaaMuia Oupaawtupu6 AB éitnra yusua-
: ! raH CHHHK YH3HKHH XOCHA KH.1aMu3. by
) B b x  CHHHK YH3HK nepuMeTpuHH L Gunaun Gearu-

AAaWIHK. YHO3 TEeKHCAHKAA HKKH HYKTa

opacuaary Macoda ¢dopMmyaacuirad ¢oiiaana-
4- yH3ama

HHO, Ae== (X[ (x2)) B2 Art1= (X1, f(Xa+1))
HYKTaJlap opacuiaru macoda

1Ay—Ap il = V (a1 — 20 2+ (F(xap)) —F(x0)?

Ba L CHHHK YH3HK NepHMEeTpPH

n—|

L= 2 V (e —x 4 (F () —F(x0) (1

OYJUILHHH TONaMHU3,
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PasuiaHKu, CHHHK YW3HK NepuMeTpH [(x) ¢yHKuuara xamiaa [a, b}
CerMEeHTHHHT OYNHHHWHra GOFIHK Oynaldn: - -

L=L,(f).
P OyAHHHWHHMHT OyNyBYH HYKTa1ap COHHHH opTTHpH6 OGopuaca,

ot ~t
AB éfiura cCHHHK uu3nKaap wy AB éfiura saKkudaawa Gopans.

I-Tabpud. Arap AB Eiura un3naraH cHHHK 4u3uK ([a, b] opa-
AUKHHHT HXTHEPHH P OYJAHHHWIKILA) NEepHMETPH

n—]

L= X \/(xt+|—xk)2“|‘ (f(xk-}-l)_f(x‘k))?
k=0

A,—0 na uekau aumuTra sra 6yaca, y xonna AB €h y3yHAHKKaA 3ra
1e6 atananu Ba ywoOy
liml ,={

JLP—o-O

~
AB EHHHT Y3YHJHTH AeHHNANH.

Kapaaaérran [(x) ©yHkuun [a, b] cerMeHTAa y3.1yKCH3 OYAHLUH
OGunaH GHpra y tly cerMeHTaa y3JyKCH3 [/ (x) XocHaara xam 3ra GY.ICHH.
IOkopuaaruiek, [a, b} cerMeHTHHHr HUXTHEPHH P OYauHuuIHHW OAHKO,

ot
AB éAnra UH3HAraH yHra MOC CHHHK YHM3HKHH XOCHA KHAaMH3. By cHHHK
YH3HK rnepumerpu (1) ¢opmyaara kypa

n—|

Lp= *Zo \/ (xk+l_xk)2+ (f(xk-{-l) — (f(xk))2

6yJaaaH. .
f(x) dyHkuus [a, b] cermenTaa JlarpaHiK TeOpeMaCHHHHT WaPTAaPH-

HH  KaHoaT/laHTHpaau. YHaa 6y Teopemara Kypa IWyHAa#
Te(Xa S TaSSXk4+1) HYKTA TOMHJIALAHKH,

f(xes1) —Flxe) =F (ta) (Xn41—x2)
6vaanu. Hatuxkana

n—1 2
Lp= .20 (xk+l—_xk)2+f’(1k) (xk+l—xk)2=

n—1 2 n—1
=3 VI4FE) Gep—xd = 2 VI+F (1) Ax, 2)

hu=( k=m0

TEHTJHKKa KeJlaMu3.”

e :
PaBwaHkH, \/l +f'(x) dyHkuus {a, b] aa y3aykcus. Buuobapun, y

Wy CerMeHTAa HHTerpa.laaHyBuyH. Dy PyHKUHSHHHT HHTerpan #HWUFHH-
JIHCH
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n—1 ‘g |
2 Vi+r@E -ax,

A==(

6VAHG, YHHHT JAHMHTH [Xxa, Xipy1] OpPadHKJapAaH OJAMHraH HyKTaJapra
Gofauk 3mac, evak, & =1, Napaa :

n—1 4 )
lim 2 |+f’(:n) -Ax,= S \A +f'(':) dx (3)

1'-4-0 k()

Oyaanmu.
(2) Ba (3) myHocaGatnaapaaH

o [T %
limL = Viere ds

6yanuin keaub uukaau. By 3ca AB &linnunr Y3yH/HKKa 3ra Ba y
. , .
l=SVl+f’(x) dx (3')
OyavuinHu OHAaHpanH. -

Mucoanap. |. Yuby

3
2

fx)=x* (0<x<4)

(YHKIHA TAacBHP.araH 3rpH YH3HK €HHHHHT Y3YHJIWTHHH TOMHHT.
ABBano GepHiaran GyHKUHAHUHI XOCHAACHHH XHCOGIafMKU3:
!

ft(x) =(x?)!.=%x2 .

L4720 =1+, I+ = /1 +3%

6yaun6, (3’) (ﬁopuynara 6HHOaH

4

l= S \/I +-§xdx

0

Yuna

- . _ 9 '
6ynanu. KefiuHrn uHTErpaana I+—4-x=t aamawTupus  G6akapamHu3.

Yuna dx=-gdt 1<t< 10 6yau6,
4 5 s 10 1 8 310
— _— —— 2 R L —
S\ﬂ+4xdx—9$tdt =t !
0

- ({/T000 = 1) == (10 /T0 — 1)
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6ynaaun. Jdemak, . .
=—2_-’~(IO V10 —1).
2. Yuiby 2 N
f(x)——— (p'>0)
napa6onanunr [0, a] opanukaars (a>>0) KHCMHHHHT Y3YHAHTHHH TOIHHC.

ABBano f(x) QYHKUHAHHHT XOCHJACHHH XHco6.1ab, \/I +f?(x) Hu To-
IHAMH3:

’ : 242 - 1 P —
P =2 14120 =255 V14120 =o'+
(3’) dopMyaara Kypa KapaaaétraH 3rpH YH3HKHHHT Y3YHJHTH

{=

O6vaann. dHAu ywby

S\/;‘q—_;?dx

aHHKMacC HHTerpanHu xucobaaiimus. Arap

U= \/x2+p2. dv=dx

AeiiuAaca, yHaa

du=—2%%_ p=x"
V3+f'
6yauo,
S\/kiilﬁdu:=wa;Z;;§¥—-S——fgi——

V240

6yaaan. Dy TeHFAMKHHHT VHI TOMOHHRArH HHTerpas Ky#huaarwua
XHCOONaHaAH:

Ldx (40’ —p° +0° , dx_
| ‘o Sv il
S\/;r_z_—}-—_;;_dx p S dx . S\/x2+p dx—pinlx+ \/.-r’-}-pzl.

Ve +p?

Hemak,
S Vxi4pldx=x- Vxi4p? — S Vxi+pldx+p®Inlx+ x>+ p* 1.

Dy Tenrankaan

S\/x’+p dx=x\/x*4p* +pin|x+ \/x*+p’|
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6yauo,

S\/x2+p dx——'\/x2+P +5 'nlx+ Vai+p? |

6yAHLWH KeAu6 YHKad.
Haruxana

e —_—_— 2 ———— a
(= |V e g[SV ik VR ]
0
[ e o 4
=552 \a*+p* +5inla+ Vai+p* —Linp
6V.1aaH.

®Papa3 kunainauk, AB éi (3rpH 4M3HK)

x=g(1).
IS
{ y=v(?) (e 2

TEHT1aManap CHCTeMacH, OH1aH A'bHH NapaMeTpHK Xo1ad O6cpuaran Gy
a6, x=@({), y=y(¢) byvuxuusnap [z, B]1a anukianran, vaivkcu3 sa

¢’ (), P’ (1) y3aykcu3i xocmuaaaapra ara 6yncuH. Byuna AB éitn y3yn-
JHKKa 3ra 6yaub, YHHHT y3ymmru

l=_§ Ve () +v7%(1) dt (4)

¢dbopmyna épaamMHaa TONUNALM.

(4) TeHrAMKHHHT VPHHAWIHTHHK (3’) dopMyaa épaaMuila Xamaa
aHHK HHTerpanaa V3rapyBuHHH aaMaluTHpuil ¢opmy.lacuiaal oiilana-
HHO KEATHPHO YHKAPHIL MYMKHH.

Muco.a Ywby

{(p(t) =a- ({ —sint),
Y (t) =a- (1 —cost)
TeHr/1aManap cucremMacH OuJlaH aHHKJIAHMaH 3rPpH UH3WKHHHT (ILHK.IO
HAAHKHT) Y3YHJAHMHHH TOMHHF. |

@(¢t)=a(t—sint), P (1) =a(l —cost) PyHKUHATAPHHHT XOCH.1AJaPH-
HH XHCOO.1aHMH3:

(ost<Kn)

¢’ (1) =a(l—cost),
Y’ () =a-sint.

YHaa .
@2 (f) +9'2(f) =a?(] —cost) *+a’sin?t =a?-2- (1 —cost)
6yaub, :
\/cp""(t) +¢*(t) =a+/2(1 —cosi)
6yaanH. | '
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(4) dopmynara Kypa 3rpH YH3HKHHHI Y3YHJHIH

2n

l=,Sa\/2(|—cost)dt
0

6ynaau. by TEHrTUKHHHT YHT TOMOHWAArH KHTErpaadHH XHCOOMaAMH3!

2x 2n
SaV?(.l —cost) dt=a S 3\ /4-sin"’—;dt=
0 0

2n

=2a §_sin%dr=4a ‘Sj sinid(—;—)= —4a-cos—

2n
=8a.

2 20

HeMmak, : N
|=8a

dapa3 KHAAHAHK, AB 3rpy 4H3HK KyTO KOOpAHHATA CHCTeMacHa

p=p(0) (a<<OLA) (5)

TeHrAuK Guaan Gepuaran Gyacud. Byuaa p=p(0) ¢yHkuus |«, B] na
Y3JYKCH3 Ba Yy3.yKcu3 p’(0) xocunara ara.

AsBaao (4) myHocabar 6uiaH Gepnaran 3rpH YH3HK TEHMNAMACHHH
[lapaMeTpHK KypuHulida ndpoaanrab ol1aMH3:

{‘P(O).=p(9) - cosB,

0(8) =p(0) -sing  (FSO<P

Cyur (4) ¢opmyranan dpoiaanannb AB 3rpu YH3HK €HHHHHI y3yHAH-
FMHH TOMAaMH3:

p b
I={ Vo™(0) +¢?(8) d8= | \/(p(6) -cos0) > (p(8) -sinB) 2 dO=

p . _ —.
= S V (p”(8) -cos§—p(8) - cosB) *+ (p’(8) - sin® +pB- cosB) *d8 =

B

= { Vo?(8) +07%) d0.

z

Hemak, (5) MmyHocabaTt OHaaH GepHJras 3rpH YUH3IHK ERHHHHT y3YHAUIH
[

1= { \o?I01 +p7(8) do (6)

6y.AaaaH.
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M ucoa. Yoy
p=2a(l+4cosh) (0O 2n)

IrPH YH3HK (Kapanoaa) CHHHHHT VAYHIMTHHH TOIHHI.

By énuk 4yH3HK OV.1H6, KYTG VKHra HHcHaTaH CHMMETPHK AKOoHIauran
(5- un3ma). IUyHHHTr yuyH 3rpH UH3HKHMHI V3YHJAHTH, YHHHT KVTO
VKHHHHT IOKOPHCHAA XORJAWraH KHCMH Y3YHIAHTHHHHT HKKHJIAHTaHUra
Teur 6yaaan. (6) dopmyaanaH ¢oiaaaannb ToNaMH3:

1=2{/p™(0) +*(0) d =

a

=2§\/(2a(|+c050))"~’+(2a(1+coson2= :

0

=2-2a{ \/sin%+ (1 +c0s0)*d0=4 y2a | \i+cosddo=

L [}]

H
0 .
=8a Scos3d9= i6a.
S0 ) ‘
Jlemak, kapAoHAda €HHHHHI Y3YHJIHTH
[=16a

6yann.

N
</

5- yHama 6- y3ma

2-§ TLRUT WAKNAHHHT IO3H BA YHH XHCOBJIALL

[°. Mabaymky KuTOOXOH TeKHC WaKaaap -- yybypuak, TYFpH
TYpTOypuak Ba XOKa30aapHiHT 1031 TYWyHYacH GH.1aH MaKkTab MaTeMaTH-
Ka Kypcuias Tauuw. YwOy naparpadia TeKHCJIHKAa uverapa’iauran
WAaKIHHHE 1034 TYWYHUYACH Ba YHH HHTCrpad opkain wdoianaHuiy
Onaan UIYFyJAJ1aHAMH3,

Tekncankaa 6upop uerapaaauran (p) wakiHu Kapaiank (6- uus-
- Ma). By wakauuur wunra kyn6ypuak uuzamui. Bynaah kynGypuakaap
YeKCH3 Kyn O6yan6, yaap Tauikua TofiraH Ttyniamun (A) opKaau
Gearuaanmui. Xyiau wykwra yxwaw (p) uakauu ¥3 HuYura oyBuM
KynGypuak Kapaiimus. Byuaai kVnGypuakiap xam uekcud Kyu GV.IHG,
yAapaaH Tawkua Tonran tynaavw (B) 6yacuu.

(A) KynGypuakaapHuur 3uie S, Guaau, (B) KynGypuakaapHunr
I03HHH Sy Oualan Gearwaaw MatTidKackaa (p) AKIra HUKH YH3HATAN
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kKynGypuak io3anapuaan ubopat (S t¥naam, |p} wakauk ¥3 Huura
aiiraH  Kvn6ypuak i03a1apHaaH n6opat S TViaam xocud 6y.1anu
Paswmauku, S Ttynaam oxkopuaaH, {Sg4 Tynaam 3ca  Ky#HiaH
yerapanauran. Wlyuuur vuyu {S} t¥naam aunk okopu uderapara, (Sg
TYM1aM 3Ca aHHK KyHH uerapara 3pHilaian.

sup{S =P, inf{SJ=~F
2-tabpu . Arap p=p, SbLHH
supfS J=inf|{S 4
TEHTANK YpuHau Oyaca, v Xoada (P) waka sara sra jgednnaam Ba
P=P=P ymuxkiaop (1) makJHHHT 1031 NeHHIATH.

2%, 3uan  (p) wakn cHpaTHAa  WKOPHAAH  V3IyKCH3I  f(x)
(f(x) Z=0) o¢yukuna rpacdurn. én ToMoHlaw x==a, x==b aepTHKa.
YH3HKAAPp XaMAa nactiaH Ox — Vku Ounan  uerapanauraH  3rpH
YH3HKH TpaneuHsHd Kapaiiuk (7- uuama). By 3rpi UH3IHK.IH TpalleuHs
I03ara 3ra 3KaHHHH Ba Yy AaHHK HHTErpa. OpKa.iH HPO1aJaHHIUHHH
KYypcaTaMHu3.

[a, b] opaauknuur Gupop P={xe, x1, ... . xn} (Aa=xo<Tx1<Tx2<<
< Xp==b) OYAHHHINMHK oaaiauk. f(x) dynkuua [a, b| opaaukia
V3IyKcH3 OVvarann yuyH Oy opajiHKila uyerapasiairai Ra

inf{ f(x)}=ma,
Sup { I(x)}= M

(x Efcr, xe40). k=01, ... . n—1) aap masxkva. (Kapaacun, [7], 11- 606.)
Kyfisnarn AHFHHARTAPHH TY3aMH3.

n—] n—1
ko kar(

by #urunamiapnan 6upununcd aABb 3rpu UHIHKIW TpaneuHsiHuHr
HUHra 4M3iIran Kynbypuak —- TVrpu TYpPTOYpuakaap w3adapi HHFHH-
AHCHAAH,HKKHHYHCH 3Ca Oy 3rpH YHIHKAH TPANCHHann ¥3 HUHra oirad
KynObypuak  Tyrpu TyprOévpuakaap 03anapn  HHFHHIMCHEAH  HOO-
pataup.

PaBwanku, 6y kynGypuakiap to3aiapn [(x) QyHKUHara xamia
[a, &] opasaukHHur Oyaunnaapura 6orank OV.iann:

s=5p(f), S=S,(f).

[a, b] opadukKHHHr Typan GVAMHHILIAPH 0aHNHCA, vaapra HucGaTdH
aABb 3rpH YH3HKIH TPANCUHAHMHT HYMra 4u3narad xamiaa 6y 3rpu
YH3HKJIH TpaneuHsHH ¥3 Huura oiral Typad KynOypuakiap XocH.
G6ynaan. Hatxkaaa Oy kynbypuakiaap w3a.dapuiad nbopat Kyiuaaru
so(f)} {Sp(f)} Tymaamaap xocuid OGyaaaum. Dywaa {s,{(f)} tynaam

wKopuaaH {Sp(f)} T¥niaam 3ca Kyfuaas uyerapananran 6yaaau. Jdevak,
Oy Tyn.aaMJapHUHT

sup Is, (7)) . inf S, (/)

aHHK verapaJjapu MaBXkv.l.
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]

[llaprra kypa f(x) ¢yHKkuua [a, b] opaaukaa y3aykcu3. ¥ xouaa
KaHTop TeopeMacHHHHI HaTHXAcHra Kypa ve>0 COH Oa1HHraHia XaMm
wyHAan 6 >0 coH TONKHAAAKKH, [a, b] OPaTHKHHHT AHaMeTpaapH A,<<d
6yarak KXTHEPHI OYauHHwNapH P yuyH xap OHp [a,xx+1} OpanHkaa
QYHKUHSAHHHT TeOGpaHHILIH

g
b—a

M._ m.<

6yaanu. YHaa

infS, (f)})— supls, (N 1< Sp(F) —sp(f) =

a—| n—1

= I (M\—m)Ax,<5— I Ax,=e.
k=0 A=}

Hemak, [a, b] opa’ankHHHr aAHaMmeTpH A,<<6 6yaraH xap KaHaa#
OVAHHHLIMK OJIHHraHaa Xxam Oy OyauHHwra Moc aABb 3rpH YH3HKAH
TpaneunsaHHHT HYKTA YH3WATaH Xamaa Oy TpaneuxsHH y3 Huura oaraH
KynOypuak 103a.1apH y4yH Xap AOHM

0<<ini {Sp(f)}—sup {sp(f)}<e
TEHICU3AHK YPHHAH Oyaanu. byHaaHn 3ca
inf{sn(f”=5UP{3{'(fH (7)
TEHIJIHK KeJHb6 YHKaAM.

(7) TeHraux aABb 3rpH YH3HKAW TPANEUHAHHHT 103ara 3ra Gy JHW HHY
OHAAHPaNH.

g

- 0| a 46 £

8- yuama

3°. Duau 6y TpaneuHs O3HHHHT HHTErpaJa opkajH HpoaaRaHKLUH-
HH KypcaTtaMu3. MabayMku, f(x) ¢yHkuua [a, b] opaiaukaa y3/NyKCH3

n=1
6YAHG, YHUHT WHTerpan AHFHHAHCH O0,= X f(E,)Ax, y4yH
k=0

\

Sp<0'p<sp

TEHTCH3AHKNAP YpuHau. A,—0 aa s,—/, S,~I/ 6yanwneu 3bTHGOpPra
oicaK, y xonaa Ay,—»0 na o,/ 3KkaHaury Keau6 uukaau. Wlynaai
KWiu6 aABb 3rpH  uu3ukau Tpaneuus 1034 [(x) DYHKUHAHKHT
[a. b] opanukaaru uvTerpanura Teur sxkau. Jlemax,
b
S={f(x)ax. - (8)
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l-3cnarxma. Arap f(x) dynkuns [a, b} opaauxida ylaykcud 6Yan6, ynaa wiuopa
cakdamaca (8) c¢opmynasary HuTerpa.a 3rpH UYH3HKJIK TpPalEUHRIAP 1033 IAPHHHHI
AHFHHAHCKHAAH KOopaTt Oy.aaad. Bynaa Ox YKHHHHE 10OKOpHCHAArH w3a mycehar wuopa
6xaan, Ox YKHHHHI nacruiard 103a Manbui nulopa Guaan oannaam (8- univa).

2-3caatma. Arap fi(x), [2(x) dyukunsaaap [a, b] 2a auHKIAHCIN By YIIYKCHI Ba
Vx €{a. b] napaa f,(x) =f:(x) =0 6yaca, okopuraH f,(x), nacraas fz(x) Gysxuusaap
rpadury, €H TOMOMAAPHAAH Xx=@a, X=0 BepPTHKA. uUYH3HK.JIap On.Ialn uerapaaaxran
HIAKAHHHT 103H A

S=’S {fi(x) —fa(x) dx (9)

popMyaa opkanu Hpoaaranaau (9- uuama).
Mucoa. Ywoy
4y=8x—x*, 4y==x+6
YH3IHK1ap OHAaH yerapanaHraH LWAKAHHHT IO3HHH TOMHHL.

9- un3ma 10- un3mMa

By uu3uksapaaH GupH napabona, HKKHHYHCH TYFPH YH3HK GYauO,
ynaap O6up-6upu OGHAAH A(l;-;—) Ba B(6;3) HyKTanapaa kecHWwanu
(10- uuama). (9) dopmynara Kypa '

6 , 6
= (Br—x) — (x+6) Hx = ([ (Tx—2?—6) dx=

—(—x ————ﬁx) T =5%KB.6HP |

4°. Ouan Kyr6 KOOpAMHaTasapH CHCTeMacHla ywby p=p(0)

(<O B) PyHKUHA TacBHpaaraH AUB én xamaa OA sa OB paaunyc —

BEKTOp/1ap OHJlaH uverapajiaHraH UIAKJA — 3TPH  YH3HKAH CEKTOPHH
Kapafank (11-un3ma). IOkopuaarura yxwatt 6y 3rpH YH3HKJH CEKTOp
XaM 103ara 3ra 3KaHJHFH KypcaTHiafH 8a y yuwOly

[
=-;—Sp2(9)d9 (10)

a
¢dopMysa OpKaJH XHCOO/iaHaAH.
6—690 81
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I1- unama 12- yH3Ma

Mucoa Yuwby

i S— 3aac05¢Sln:p' (qu’g%)
sin“¢ + cos”y

YH3HK OHJaaH Herapa.laHraH WakKJIHHHT KO3HHH TOMHHT.

Kapanaérran wakauuur 103uHu  (10) dopmyaanan doitaanannb

TONaMHu3:

3
I 3acosgsing |2
S=——S[ ]d =
2 2 sin3q>+cos3q> ¢

n/2
a?

cos’gsin’g dep

2 § (Sina¢+(‘CIS3(p)2

SHAH OY TEHTJIUKHHHT YHF TOMOHMAArH HHTEIPaIHH XHCOO.1aAMH3!:

a2 as2
S cos’g-sin’e da — S _ }_gzw____ de
(sin’p+ cos¥p)? (1 +tg’p)?  cosy
lnﬁ )
=5 | (+tg%e) (1 +tg%) &
0
, n/2 l
__ 1 3oy = | —_L
= —5(1+1g%) l 3
Hemak, |
9a | 2
3__5_.—-3-_ 5 KB.OHP.
__ dacosg-sing - a
Onartaa, p—sin3q;+cosaq; (0~<\f9~<\‘§) UH3nkK [lexapr anporu nenn.ia-

au. Hexapt sanporu Guaan uyerapananrad wakd 12- unaMmana Tacsup-

JlaHTaH.
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3-§. AHJIAHMA CHPT 1034 BA YHH XHCOBJALII

y=f(x) ¢ynkuns [a, b] cerMeHTAa AHHKAAHTAH, Y3AyKCH3 OVAHO,
Vx €la, b) yuyst f(x) =0 6yacun (13- unama). f(x) ¢pyukuus rpaduru-
HHHr Ox VK aTpodu.la aflaHTHPHIUAAH aflilaHMa CHPT XOCHA 6¥.aalH
(14- ynama).

By CcHPT 03aciHuur’ aHMK HHTerpaa opKa.aH HQola aHHUIHHK
KVpcatamu3s. |[a, b] opadukHusr uxTHépHiH P={xe, X1, ... , Xa
(a=xo<<X1<<..<<Xp=0) OYJIHHHIWHHH OIAHAHK. P OYNHHHWHHHT Xap
6up xp(k=0,1, ..., n) Gy 1yBui HyKTaapu opkaau Oy YKHra napanien

Vs

13- yuama 14- un3awva

TVFPH YH3HKIAp yTKa3uO, yaapHu AB éi Gu.IaH KecHIuran HyKTaJjapH-
HH Ax(xr, f(xz)) On1an Gerunaiauk. By Ax(xe. f(22)) (K=0,1, ..., n),

’ Ao==A,An==B
HyKTasdapHi Y3apo TYFPR 4YH3HK KecMajapi Ouian  6GupaamtupuG

AB éiira L cinK yu3nK undamu3. AB éhnn Ba L 4u3nkHu Ox YKH aT-

popuia annaHTHpamui. Hatikana L HHHI aAJ3HHIWHAAH KeCHK KoH{c
CHPTJapHiaH TalllKud TONTAH CHPT XOCHA 6V.aann. Dy CHPTHHHr 103H
vuioy

n—1i
fleg) Hflxp ) 77— -~ 2
Q=2n 3 —=-5 "=\ (xap—x0 M+ [f(xasd —f(xI ] (11)
k0
opmyia GHaan ndoaanaHalu.

ot
P Oyauunwnunr anametrpi A,—0 na AB €Aura uu3anaran L CHHHUK

ot
y3nK nepumerpH AB € yayHaurura uutuaain. lemak, A,—~0 na

L cuuuK uyn3nkHu Ox VKH aTpodHia aiaHTHPHILAAH XOCHN 6Y.raH
CHPTHHHI 103acH Q HHAT JHMHTH GOH3 Kapaétran an/iiaHmMa CHPTHHHT
I033CHHH aHHKJIaRAKH. DY 103aHHHT aHHK HHTerpaa opKaJju HGMONACHHH
TOMAMH3. .
Dyuunr vuyn f(x) dyukuua [a, b] aa yanykcus f'(x) xocuaara sra neG
0. 1aMH3,
f(x) ¢yukuua [a, b] opaankia y3/iyKcu3 6JaraHn yuyH [xa,
Xe4 1) OPAIAHKI1A 1W0yHAAH £y HYKTA TONHIAIMKH,
Fxe) +i(xy 4 y)
SRR =B, Ea€lxe Xasl]
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TeHrIHK YpuHau O6yaann. Mkkunuu tomouaaH, Jlarpak teopemacura
KYpa [Xs, Xax+1] OPAAHKAA WYHAAH Tp HYKTA TONH.IAIHKH

[(xes1) —F(xe) = (ta) (xe+1—2xe), T €[x0, Xp41]
TEHTJIHK XaMm Ypuuau 6ynaau. Hatuxkana (11) myHocabat ywby

‘a—1

Q=2n 2 FED V R —x) 242 (1) (o — %) =

n—I

=2n z fED V1+F2(r)) -Ax, (12)

KYPHHHILUHK ON3AH. By TEHrTHKHHUHF YHT TOMOHHAArH

n—{

z: F(E) V1 +F2(1,) Ax,

HHFHHAH
flx)y -\ 1+ F2x) (127)

(GVHKUHAHMHT  HHTErpan  HHFHHAXMCHHH 3caataau. (12')  PyHKuua
HHTerpan1aHyBuu GYAranauru ca6abau Ey HYKTa CHpATHAA Ty HH OIHIL
MYMKHH.

. Ap—0 aa (12) teHrankiaH Tonamua:

n—|\

limQ = lplm2n S f(t,) - \/1+f'2(r,) cAx,=

ap-o
b

—2n Sf(x) VI+F2(x) dx.

Lllynaa# Kuau6, ait1aHMa CHPTHHHF 103H Y4YyH ywoly

b ———
=2n {(x) 1 +/7(x) dx
cp(')pmy.na Y PHHJIH. )

4-§. Y3IrAPYBUH KYYHHHI BAXXAPTAH MIWIH BA YHH XHCOBJAALI

®apa3 Kuaahauk, 6upop xkucM Ox YKH 6YVina6 F Kyu TabCHpH
OCTHAA 'XapakaT KuJaérran O6yacuH. bBywama F kyu xucmuuur Ox
ykniarn xonatura Oorauk. Wy F=F(x) KyywuHr #HyHaaHWKH Ba
XapakaT AYHaJHWH yCTMa-ycT TyWwCHH. By Ky4 Tabcupuaa >KHCMHH
a HyKTalal b HykTara yTka3nwaa 6akapu/raH HIHH TONHUI MacanacH
103ara kenamu. Mawaymkn, F=F(x) ky4 |, b] opanukaa F(x)=c
(c=const) Oyaca, XHcMHM a HyKTaldaH b HykrTara yTKasuuiaa
Gaxxaprad uit A=c(b—a) dopMyra 6uaaH udoaanaHaiu.
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F=F(x) xy4 [a, b] opaauKaa x y3rapyBUHHHHT yY3NYKCH3 DYHKUHACH
6V.acHH. [a, b] OPaTHKHHHT HXTHEPHH

P={xo, X1, ... , Xn) (a=x0<<X)1 <...<<Xa=Db)

GVAHHHIKHEK 06, Oy OYAHHHIIHUAT Xap 6HP [xe, Xe41] (=0, 1,2, ...,
n—1) opaanruia WXTHEPHIT Ex (Ee €[Xe, Xr4+1]) HYKTA ONaMu3.

Arap xap Oup [te, Xix+1] OPaJHKAA XHCMra TabCHp 3TaéTran F(x)
Kyunu V3rapMac F(E) ra TeHr ne6 oicak, y Xonaa [x, Xk+1) OpanuKaa
Gaxapuaran uiw TaxmHuau F(E:) (xe4+1—xx) ¢opmyna Ouaa, |a,
b] opaauruaa Ga)kapH.IraH Huwl 3ca TaXMHHAH

n—1 a—1

2 F(E) (ke —x) = X F(E)Ax, (13)
k=0

k=0

¢opmy.aa Ouaan wudonaaavaad. by dopmyaa ‘TaKpHGH}'i 6yau6,

n—1

2 F(E)Ax, hnrFnuan F=F(x) ¢yHkuua O6uaan 6uHp Katopaa [,

k=0

b} OpaHKHHHT OVAHHHIIKCA XaMAa [xx, Xe41] OPAAHKAAH ONAHHTAH
HykTa.rapra GoFaukaup. P 6yauHnl anaMetrpu A,—0 aa (13) #AuFnHAK
KHHMaTH H31aHa€TraH Hil MHKIAOPHHH To6opa aHHKpOK HoaaailH.
bp—0 na (13) Aurunau [a, b) opanuKHHHr 6YAUHHW ycyanra Xxamaa ke
HVKTaJlapHH TaHaab _oauuwira OOFAHK 6Yyamarad xoaaa dekaw A coura

HHTH.1Ca, Oy A CoH yarapyBu F (x) kyunnur [a, b)opanukaaru 6axapran
Hiny 2e6 arta.aaH.

Jlemak, '
. A

A=lim S F(E)Ax,.

%0 0

. F(x) ¢yHKuus [a, b] opainkaa y3/iyKCH3 3KaHJAMTHHH 3LTHOOpra
oJicak,

A= §F(x)dx

[+

dopmyaara ara Gy.aMu3. Ca

[Lynaa# kuanb, yarapyBuu F(x) KyuwuHr [a, b] opaaukia 6axap-
raH HIUH

A= §F(x)dk

dopmyaa Guaan nponaiaHaiw.
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5-§ TEOMETPHK WAKJNJAPHHHI CTATHK MOMEHTJIAPH
" BA OFHPJNIHK MAPKA3HHH TONHIU

Arap reomeTpHK wWaka oKopHaaH y=y(x) nactanaH Ox YKH, éH
TOMOHHAAH x=a, x=2Jb BepTHKaN UH3HK]IAp OHWJAaH uyerapaJaHyrau

6yaca, Oyuwapah ¢urypaHuur Ox Ba Oy yKaapura HucGaTaH CTaTHK
MOMEHTAAapPH

b b .
. M. = %Sy (x)dx, M, = Sx-y(x)dx

¢opmynaiap éparaMuia, OFHPJAHK MapKa3H 3ca

(%)

b
dbopmyaa ronuaaaud, OyHaa S= Sy(x)'dx—- FeOMETPHK LUAKIHHHT I03H.
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4-56 0 b
KATOPJIAP

I-§. COHJIH KATOP TYWYHYACH. COALNA TEOPEMAJIAP

Bupop {a.): ‘
a,, az, Qa, ... , Qn, ..

XaKHKHHA COHAAp KeTMa-KeTJHrH OGepHaraH GYJCHH.
I-tTabpud. {a,) kerma-kerauknune xadaapudan rawkua roneam
ywby

' a|+a2+aa+...+an+...

ugpoda conau xarop (Kuckawa Karop) neiunann, y 2 a, KaGu €3u-

n

JAaAH: o

S a,=a,4+a,+a;+..+6,+.. | (1)

a, @z, @s, ... ConAap (1) KaToOpHHHF xadaapu, a, 3¢a KaTOPHHHT yMymu
x¥adu NeRnaan.
Macanan,

I I |
L+ 2T ot TG

+4...

1)n

Katopaa xap Oup 1 LN

' 2."'2"":‘;“‘. COHJ1ap WY KAaTOPHHHI Xaadl1adapH

TTTyn €@ yHuur YMYMHHA Xaan 6ynaiu.

(1) kKatoép xannapu €pramuia KyHuaaru

Al =a,
A2=a, +ay, _ .
As=a1+az+as,

--------------------

HHFHHAHNEAPHY Ty3aMu3. Dy (1) KaTopHHHr KuCMHH AHFHHIKAAPH
NEeHHNANH.
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Hatuxkaaa (1) kartop 6epm1raﬁ xonaa Oy KaTOpPHHHI KHCMHH
HurHHAKIapuaal ubopat {A,);

Ay, Ay As, ..., As,

CORJIAp KeTMa-KeTJAHTH XOCHA GVaalu.
2-Tabpud. Aecap n—oo Oda (A} KeTma-KeTAuKHUNE AumuTu
smasxyd sa Hexau 6§aud,

limA,=A ' .

f1~e 00

fgaca, (1) xarop AKUHAGUIYBHU Jeidusadu. By MyHocabGataaru A COH
KATOPHHHT QuFUHOUCU AefMNann:

g Z a,=a,+a,+..+a,+..=
L

3-Tabpud. Acap n—oo Oda {A.] KeTMa-KeTAUKHUHZ AUMUTU
HeKCcu3 €xu aumuru Mmasxwyd O6gamaca, (1) xarop y3oxaauwys4u
deturadu.

Mucoanaap. L. Yuby

1
'+1-2+23+ -+ 7 I)n+"'
KaTOpHH KapaHauk. By KaTOpHHHI KHCMHHA HHFHHAMCH

. ! ) !
' A=ttt t-taom—

1)n

HH KyHujaruuya é3u6 o1aMH3;
|
+(?—3')+---+(’,,—:T“7)=‘+'—7=2—7-
CVHr n—oo 1a JUMHTra yTaMu3:

limA,= |im(2—-‘-)=2

A=+ 00

Nemak, GepHaraH KaTtop AKHHAAIYBUYH, YHHHT HHFHHAKCH 2 ra Tenr. /

2. Ywoby
14+2434...4n+4... .

KATOPHH Kapa#auk. ApudMeTHK NPOrpecCHIHHHr aactiaalbki n Ta
XaAHHHHT HHFHHAHCHHH TonHW ¢opMyaacHiaH ¢onganaHn6 Gepuarat
KaTOPHHHT KHCMHH HHFHHIHCH

A=142434..+n= "—"‘—é"‘—‘l

O6VanwnAd Tolamus. PaBwanku,

limA, = lim. f—(—'iﬂ)-

—e 00 N 00
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Jemak, Gepuarad KaTop y3oKJaulyBYH. -

3. Yuwoby
—l+l—14+1—. 4 (=1)"+..

KATOPHH KapaWiaHK. By KaTOpHHHI KHCMHH HHFHHAHCH
0, arap n — XydT coH 6V.aca,
I, arap n — TOK COH 6y.1ca

A=—14+1—141— +(—1)"= {

6y.1H6, n— 0o Aa YHHHF JHMHTH MaBxXya smac. lemak, 6epuaran Karop
Y30KJaWYyBUH.
4. Ywby

L, _
at+ag+ag*+...4aqg" "'+ ..
KATOPHH Kapaiauk. By KaTOpHMHr XaldapH reoMeTpHK [POIrpecCHsiHi

TAWKHA 3Traiy y4yH yHH TeoMeTPHK KaTop aeitunaiu. Kapajaérras
KAaTOPHHHT KHCMHH HHFHHIHCH

A=a+tagtagi+..+ag"" =22 (g 1)
6yaub, gl <1 O6yaranna
limA = lim2=% —_@
-0 neoo 1—¢ i—q

6yaaau. [emak, reomerpHk Katop |g} <<l OyaraHia AKHH.1aWyB4YH
6yaaan. 'eomeTpuk Katop |g} =1 6yarania y3okJgawysuu 6¥.1anu.
5. Yuwby

l + V2 'V—3 + + Vn +"'
KaTop y30K/1aWYyBUH 6)'ma1m qymm YHHHI, KHCMHH HUFHHAKCH YYVH
l —
A —-l = =]+ —= == n
tEt et =T
6y.u0,
limA,= oo
6y.1aaH.

DHAH KaTop XaKHlars coila TeopeMaapHH KeJATHPAMH3.
I-teopema. Arap

o -
2 a,=a,+a,+a3+...+a,+ ...
nw|
KaTop IKHHAAWYBYH 6YAn0, YHHHT HHFHHIHCH A ra Tedr 6y.aca, v Xxanaa

E‘. ca,=ca,+ca,+ca;+...4ca,+..

KAaTOP XaM AAKMHAAWYBUYH BA YHHHT HHFHHIAHCH ¢-A ra TeHr 6Vaaau (¢
y3rapMac coH). ‘
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Mcbor. Za KaTop ﬂKanamqun 6ynub, YHHHI HHFHHAHCH

nwm|

A 6YyacHH. YHaa Oy KaTOPHHHI KHCMHH HHFHHIAHCH

An =da +ag+a3+...+a,
limA,=A

=+ 00

yuyH

o
6yanaau. Arap X ca, KaTOPHHHI KHCMHH HHFHHAHCHHH A, Ounnau

nen]

Genrunacak, y xosna

An=ca,+caz+.. +can—6(a|+az+ .+ a») =cAn

6yaub, yHAaH
limAs,= lnch,,=cllmA,,=cA

e OO =+ 00 - o

a ao
6yauin Kenub unkaau. By 3ca X ca, KaTOPHHHr AKHHJIAWYBYHAH-

FHHH XaMaAa YHHHI HHFUHAHCH C¢-A O6yauwnuu Guaaupanu. Teopema
HcOoT O6yaaH.
2-Teopema. Arap

E a,=a,+a,+a;+..+a,+...

|

E bn=b|+b2+b3+...+bn+...

Karopaap sKunaawyesu 6yaub, yaaprune durunducu moc pasuuida

A sa B za rene 6fjaca, y x01da 3, (a,+0b, Karop ~XaM  RKUHAG-

wysuu sa yuuua uuruuducu A+B 2a Tenz 6y4adu.

Mcb6or. 2 a, Ba Z b, Katop/iap AKHHJAaWyBuH Oyaunb, ynaap-
nm| nm|
HHUHI' AHFHHAHCH Moc paBHwaa A Ba B GyACHH. YHaa 6y KaTopJaapHHHT
KHCMHH HHUFHHAHNAPH

An=a+a2+...4aa, *
n—bl+b2+ +bn
yuyH
limA,=A, limB,=B8
6ynanH.

2 (a,+0b,) KaTOPHHHI KUCMHA AUFUHAHCHHH C, Guaan Gearuaaii-

nwm|

. JAHK. YHAaa
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Co=(a1+b))+ (az+b2) +... 4+ (a4 ba) =
=(ai+ax+...4a.) + (bi+ b2+ ...+ ba) =An+ B,
6yaunb,
limC,= lim(A,+B.) = limA,+ limB,—A+B

n—e 00 = 0O A~ 00 - 00

6yaaan. by sca X (a,+b,) KaTOPHHHI HAKHHJAAWYBYH Ba YHHHT

ne

iuruHAHCH A + B sxauunn 6uaaupanu. Teopema nc6or 6yaau.

3-reopema. Azap

E a,=a,+a,+..+a,+...

nw|

xarop aKunaauyeyu 6gaca, y xorda

lima,=0
n—e o
£

6gaadu.

Hcb6oT1. X a, KaTop siKHHAAWyBYH OYACHH. YHAA Oy KaTOpPHHHT

e |

KHCMHI HUFHHAWAapHAaH HOopaT {A,} KeTMa-KeTAHK yuyH
limA4,=A (A — 4eKaH COH)

=+ 00

O6ynaan. PaBuaHkH,

Ar=ai+as+4...4+ a1+ an=Ar—14a..
byunaan 3ca
an=An—An—
6yauo,

lima,= lim(A,—A,_,) = limA,— limA,_,=A—A=0

1~ 00 Nl OO =+ ok

6yaaad. by sca Teopemanu ncboraanau.

Scaatma bupop KaTopHHHI yMyMHA XaNK n—-co N3 HOAra HHTHAWUKRAK YHHHT
AKHHAAWYBYH 6YAHUIK, X3ap A0HM Keanb wrKMatian. Macanan,

ot ..

|
TVETRtTTTE

. l .
KATOPHHHT YMYMHR XaaH @,=--—= O6yau6, n-»oco 1a HOAra uuTHaaaK. bupok 6y Katop
n .

y3okaawysunanp. femak, 3- tcopema Kartop AKHHABWHIWHHHHT 33pPYPHA  WAaPTHHK
Hponanrap kay.
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2-§. MYCBAT XALJH KATOPJIAP. COJIHIUTHPHULIL TEOPEMAJIAPH

Bupop
2a,=a,+a,+..+a,+...

|
Katop Gepuaran 6yacud. Arap 6y Karopaa
a.=0 (n=1,23, ...)

6yaca, y MycbaT Xaaau Katop, KucKaua Myc6aT KaTop AefHaalH.
4-treopema. Mycbar

2 a=a+a+..+a,+.. (2)

KaTroprune axunsauwiyeiu bifauwiu y4yn ynuue Kucmuld durundunapu
xerma-xerauzu {A,} nunz 1oKopudan 4ezaparanzan 6Ojauwu 3apyp sa

erapau.
Hc 6 o1. 3apypaucu. (2) Katop sikuHaawysuy 6yacuH. YHaa
limA,=A

6ynaaun. UYeknuw aumutra sra OyaraH KeTMa-KeTAHKJIAPHHHI derapa-
AaHrad 6yauwu maviayM. LIyuuur yuyu {A,} okopuaaH uyerapa.nauras
Gyaaam.

Etapaunanru. (2) KaTopHHHIr KHCMHH HHFHHAHAApH1aH nbopar
{An) KeTMa-keTaHK l0KOpHAaH YerapanaHraHn 6yacun. Pasiauks,

Anpri=ai+a+..4 a4+ a1 =An+8 41 2 An

(uykn, a,=0). by 3ca {A.] HHHF YCYBUH KETMA-KEeTJHK 3KaHHHH
6unaupanu. emak, {A.) keTMa-keTAHK YCyBuUH Ba IOKOpH1aH 4erapa-
JaHraH. YHA3 MOHOTOH KeTMa-KeTJIHKHHHT JHMHTH XaKuJ1ard reopemara
Kypa, {A,) KeTMa-KeTAHK n— co Aa YeKJu JAHMHTra 3sra 6vV.aaln. by aca
(2) KaTOpPHHHI AKHHJAAWIYBUH GyauwHHH Gunanpaii. Teopema uc6or
GyNaH.

HaTnxa Myc6ar KaTOpHHHT KHCMMI HHFWHOK.JIapuAaH nGopar
KeTMa-KeTNHK [0KOpHAaH uerapaqaHvaran Oy/ica, y Xoiaa Kartop
y3oKhalyBuu Gynanu. .

duaun 4-teopemasaH ¢oilaanannb Kyiinaa KeaTHPHJIAAHIaH Teope-
MaJlapHH HCOOTNaHMH3.

S5-Teopema. Papas Kurainux,

> a,=a+a+..+a,4.., E b,=b,+b,4+...+6,+...

nm| nes|
mycbar xaroprap bepurzan 6jacun. Azap 6y xaropaapda
a. <b, (n=1, 2,3, ..) . (3)
6gaca, y xon0a
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\

1) X b, karop axunaawyssu 6jaca, 3, a, KaTOp XaM AKUHAQ-

nm| nwm|

wyeyu 6gradu,

2) X a, xarop ysoxrawysiu 6gaca, X b, Karop xam y3oxaa-
nm| | '

wysewu 6yaadu.

o0 ao
Mcb6otr. Y a,sBa 2 b, KATOPHHHT KHCMHIl HHFUHAHAAPH

no ne=]

. An=ai+art.. 40, Ba=bi+bo4...+ b,
yuyH (3) wapraad ¢oiinaranub

An< B, (4)
OVAHLIHHH TONAMH3. :

[- -
Aittaitank, X b, KaTop AKHHAAWYBYH OYACHH. YHAA 6y KAaTOPHHHT
ne| '
KMCMHI HHFHHAWIAapHAaH HOopaT {B,] KeTMa-KeT/HK derapa/iaHra,
KyMmJaalaH IOKOpPHAAH uerapanaHrad 6ynaaun. (4) tenrcuaauknan {4,
KeTMa-KeTJAUKHHHI XaM (OKOpHJlaH JerapaJasrad Oyavlin Keaub

=
yHKalu. 4- Teopemara MyBopuk X a, KaTop AKHHJIaWYBUK- Gynanu

nes| “

oo
Suan X a, KaTop y3okaalyBuH 6yAcHH. YHaa {A.} KeTMa-KeTaHK
new}
IOKOpKAAH Yerapasaumaran 6ynaan. (4) TeHrcusaukaad sca {B,} kerma-
KeTAHKHHHI XaM I0KOpHAaH uerapa/jaHMarav/jurd KeanG UYHKaAH.

a0
Haruxkara 6uHoan 2 b, KaTop y3oknawyBuH 6y.aaau. Teopema ucGot
. nes}
6y.nau.
Xyaau WyHra yxwaw Kyduaard teopema Xam HcOoTaaHaaw.
6-teopema. Papa3 xuraiaux,
\

Z au=a|+az+-..+aa+... z b"=b|+b2+...+bn+...
n| : nasl
mycbar xaropaap bepunzan 6ijacun. Azap 6y xaropaapda

b
Qn 41 g__”i'_] (n=1,2,3, o)

a, bn

6ijaca, y xoada:

1) 2 b, xkarop aKunrawyewu Gjaca, 3 a, Karop xam sKusaa-

| el

wye<u 6yaadu,
2) I a, garop yzoxaawysuu 6§aca, X b, Karop xam y3oxaa-

Awm] - ne|

wyewu 6iyaradu.
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Onaraa 5- 8a 6- Teopemanap coauwTuputu reopesmarapu A¢inAaaN.
JHAH Myc6aT KaTOPHHHT AKHHIAUIYBUYH €KH Y30K.JaUIVBYH OV.IHMLIK-
HH aHHKAamiaa xyn ¢oitaanannaaanran Kown xamaa daaamGep

ANOMATAAPHHH KEATHPaMH3.
Kowwn anomartu. Azap

b a,=a,+a,+..+a,+...

e

mycbar Karoprune ymymull xadu a, ytyw

Va.<g< 1 (a=12 ..).

o0 A
Ogaca, y xoada 3 a, Karop aKuxaatuysdu 6ijaadu,

Va. =1 (n=12, ..)

O0gaca, 3 a, Karop y3oxkaawysdu 6garadu.

nea|

Hcb6or. X a, myc6aT KaTop YuyH

A |
Va. <g<l

Oyiacun. By TeHrcusankaau

n

an<q

B o
TeHICH3NHK Kean6 YHKaaH. X ¢" recOMCTPHK KaTOPHHHT SIKHHAAILYBUH

|

IKaHHHH 3bLTHOOpra oaub, O- Teopemanan ¢oHaaaaHHO  Gepuarax

e +)
2 G, KATOPDHHHT AKHH.TAILYBYH. GSNIHIUHHH TONaMHUA.
nwl °

Arap
Va. =1

6yaca, yHia a.z= 1 6yan6, n—0 Aa G, HHHT JUMHTH HOITE TCHT
6yamainay. Katop AKHHARIMIHHKHT 3apypHit wapTH GaKapuaMaiin.
Ilemaxk, Oy Xoana Katop y3okJawyBun. Kouis anroMartu Hcbor 6Y.14H.

By anomatHHHI Kyitiaarn Kypuuuwraan amaauéraa keHr donnaaa-

HHJIAJIH.
Arap X a, Myc6aT KaTop yuyH

I
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lim y/a, =g

n— oo

ox
6V.aca, g<<1 6yaraiaa X a, Karop sikuHaaulysuu, ¢>1 Oyaraxna

ne

3Ca K4TOp Y30K.Jaluysuu GV.aau.

Nanawbep anomartu. Aeap 2% a,=a,+a,taz+..+a,+ ..

na|

MYycOUT KATOPHUHZ Qn 8Q Any Xalaapu (n=1,2, ...} y4yH
’ Gagt

o<l

n

6jaca, y xorda ¥ a, Kurop sKunaauwyswu 6yaradu,

nm|

agaca, 2 a, Karop ysokaawysyu 6§aadu.

Mc6or. bBepuaran X a, mycbat Katop yuyH

nml

On+1
aﬂ

sl

6VacHH. By TeHrcH3.1HKHH KyiHlaruua

Tt g €8 (5)
. 7 .

€3uw MyMKHH. PaBwanku, X ¢" reomerpuk Kartop (0<<g<<l) RKHH-

Aawysyd. YHaa (5) myHocabatHH 3bFHOOpra ouin6, 6- Teopemanad

¢doinanannb Gepuarah X a, KATOPHHHT SAKHHAAWYBYH GYNHIIHHH

nw
TOMaMK3.
Arap
-

a

ﬂ+l>|

a,

6y.aca, YHAA Qn41=Gn 6YH6, n— 00 A3 An, HHHT JHMHTH HOATA TEHr

6yamManan. by xoania Katop y3okaawysds 6yaaau. [Janambep anomatu
Hc6otr 6y.11H.
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By ajloMaTHHHr Ky#Haars KypPHHHILHAAH aMaJHéTaa Kesr ¢oHaana-
HHJIaNH:

Arap 2 a, myc6aT KaTop Y4yH

naw|

lim a"+'=q

-~ 00 an

6yaca, g<<| G6yaraHaa 2 a, KaTtop AKHHaawyeuu, ¢>1 Oyaranaa

3Ca KaTop y3oKJawysud 6yaans.
Mucoaanap. 1. Yuby

SR L n
D S R

ne| R

KAaTOPHH COJMILTHPHW TeopeMaiapuaaH (QoHranaHub AKHHAAILYBUH-
JHKKa TEeKWHPHHT.

] !
Kapaaaérran katopaa a,=—-

n

Pasuanku,

o L1y 1 1
E._{“_ s+ttt

reoMeTpuk Katop O6yau6, y AKHHAallyBusanp. By KaTop yuyw
l
b,=—.

n>3 nap yuyH
- Qn < bn

o
. ] .
IKaHAHrMHY 3bTHOOPra oficak, 5- Teopemara Kypa 2, - KaTOPHHHT

nee|
L4

o0
1
AKHH.1aLWYBYHJAHIHAAH Z — KaTOPHHHT XaM SAKHHJAWYBYHAHTH Ker
A |
AHO YHKAaaH.

Hemak, 6epHaraH KaTtop AKHHAAWYBYH.
2. YwoOy

K4TOPHH COMHIWITHPHW TeopeManapHaaH ¢oigataHHb AKHHAAUWYBYH-
JHKKA TEKLUHPHHT.
|

bepnaran xatopHuur 6apua xaanapu a,,=l—':;l— yUyH ——

>—l TEHTr-
n

. .o o |
CH3IHK VPHHAH 6YJAHO6, — KaTop y30K/auyBYHAHP.
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5- Teopemara kypa 2 —h—:—n— KaTop XaM Y30KJawyBuH G6yJaanu.
nem2 .

Jlemax, KapanaérraH KaTtop Y3OKJalyBYH.
3. Ywby

i I
E. (l_*_%),,z.

katopHn Kown anomaTtHiaH ¢oHaanaHnb AKKHNAWYBUHIHKKE TEKIH-
PHHT.

Kapanaérran KaTOPHHHT yMYMH#l XalH @, = ———— 5 Y4yH

(+D

6y.aans. —L<l 6yaranu yuyH Kouw# anoMaTura Kypa Gepuarad KaTtop

AKHHIALIYBYH.
4. YwOy

- -]
5°n!

naal n

KaTopHH [flanambep anomatHaaH ¢oiaananub AKHHAAWYBUYHIHKKE
TeKLHPHHT.

By katop yuyH

a5 __ 5" a4y
"= " » Yagl T (n+l)(ﬂ+”
a
3KAHJAHUTHHH 3bTHOOpPra oiub 2+! wuc6aTHH XHCOBAANMHS:
n .
Qi1 5"+ (a4 1)! A" _ 5.a" 5
a, (a+n"F 5 (et D)" (.+_'_)"'
n

PaBuwaHKH,

. a . S

lim—* — |im—2

A= 00 an n-e 00 l n
l+—

Se>1 Oyaraun yuyH [lanambep asomatrura kKypa OepuHaraH Kartop
y30KNaWysuH.

_ 3
e
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3-§. HXTHEPHR KATOPJIAP. NTEAKHHUW TEOPEMACH

Bus 2-§ aa Myc6at Xaaan KaTopaapHn Kapaiauk. JHAH HXTHEPHH
XaAJH COHAH (XaAJaPHHHHI HIIOPACH HXTUCPHI OVIIran) KatopaapHy
Kapaimu3. ABBano 6ynaad Katopaapumir akunaaunsuinig wgogaanaii-
JAHTaH TeopeMaHH HCOOTCH3 KEeATHPIAMHA.

®apa3 KHAAHIHK

E a,=a,+a,+ ... + a, + ... | (6)

nom]

HXTHEPHH XaANH COHJH Katop OY.ICHI. :
7-Teopema. (6) karoprunez akunaraniyasu 6ganuy yayn Ve >0 con
onrunzanda xam wyndat m € N con Tonuand, 6apra n>> ny8a m= 1, 2, 3,
e AAPOA |Any +8r 2. Ui ]l <¥ Tenecusausnune 6amcapuautuu
3apyp 8a erapau. )
Duan (6) UXTHEPHIH XaiNH KAaTOP Xd. mapmmm A6COMOT KHitMaTHAAH
yw oy

a0

la\l +lal+...+lal +...= X la,l (6")

nm|

KaToOpHH Ty3amu3. PaBwanku, 6y MycHat Xaaan Katop 6yaanm.

8-teopema. A2ap 3 |a, xarop axunaawuys4u 6jaca, y xonda

)

3, a, Kkarop xam aKunaawys«u 6yradu.

n-' ]

Uc6ort. Waprtra kypa X la, katop skumaawvsuu. Yuaa 7-

n|

Teopemara 6uHoaH, Ve>0 COH OIHHFraHAa XaM wiyHaal no€N
TONMHAAAHKH, 6apua n>no Ba m=1, 2, ... 6Varanaa

‘ Ian+l|+|an+2l+ +Ian+m|<t'
TeHrcu3.rmK Gaxkapunaau. A6coa0T KuiimaT Xxoccacuian $oiliaaannb,

)_‘, a, Ka'ropmmr Xaanapu yuyu

nmm|

Ian+l+an+2+---+an+m| '-<.. lan+1| '{’ Iun-{-‘l‘l + ---+|an+m'
6yAHIIHHK Tonamu3, [lemak,

Iau+l+an+2+---+an:{-m| < ¥.

o0
7- TeopeMara acocan X a, KaTop siKMRAZIYRUN 6Gaa1N.

na|

Sqnarua. E @, HXTHEPHA X2MAH  KATOPHMNE  SIKMIAUYHSH GV HHMIN 4y
Aem]

% .
> {a,| KaTOPHHHI AKHHAAWYBYH GYAHUIK XAP JLOHM KCAHO YHKMaii1N.

nwi
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4-tavpu . Aeap Y la, xarop akunaawyequ b6gaca, ¥ a,

A nwt

Karop abconoT AKuHAauysqu deiuaadu.

5>-tabpu. Aecap ¥ la,l xarop yszokaawyswu 6gaub, 3 a,

Aam | nw|

o

KATop AKUHAQuYy84u DYaca, 2 @, waprau AKunaawysvu xKarop de-
n=]

auaadu.

JHAH  HXTHEPHIT XaddH KATOPJIAPHHHI OHTTA MYXHM  XYCYCHH
XOJIHHH — XaAJapHHHHE Hilopaaapn HaBbaT Guiad y3rapub Kenanaurau
KaTOPJAAPHH KapaiMus.

Yui6y

Ci=Cot+C3—Ci+ ... +(—1)""'Cr+ ... (7)

KaTop XaldJdapHHHHI Huiopasapu Hasbat Ou.aan y3rapub Keaaauras
KaTop Aeiwn.jaan, OGyHaa
JNen6unu teopemacu. Azap (7) garopda C,, < G, (n=1, 2,
...) 0§aub,
&

~ lim C,=0

e oD

6gaca, (7) xarop axunarawysdu 6yaadu.
U c 601 Bepuaran (7) KatopHuur 2n xaiuias H6opaTt AHFHHIHCH
Apn=C1—C2+C3—Cs+...4+C2n—1—C2

HH oaaiank. TeopemMaHunr Cp4 <Cn(n=1, 2, ...) waptuaan doiaana-
HHO {A2,} KETMA-KeTJAHKHHIT YCYBUH Xamaa IOKOPHAAH yerapaJaHrasju-
FHHH TOMaMH3.

ABBano

A2n+2=A2n+ (C2n+l—c2n+2) >A2n (!l=|, 21 )
G6yaniunaan [Az,} HHHT YCYBUH 3KaHu Keanb unkaiu. CyHr

Aon=C1—Co4+C3—Ci+4... 4+ Concy —Con=
=C1—(C2—C3) —(Cq4—Cs5) —...— (C2n—2—C2n—1) — C2a << Cy

Gyanuin1aH 3¢a [Aa,) HHHT IOKOPHIAH YerapanaHTaHJIHTH Keanh unKaiu.
Wynaah KuAHG {A.} KeTMa-KeT.IMK VCYBYH Xamila KOPHIaH yerapa-
Jakrdan. [lemak, 6y KeTMa-KeTJHK 4e€KJH JHMHTra Ira:

f—e 00

Ouan Oepuarad KatopHuur 2n-41 Ta XaauiaH H60paT KHCMHM
HHFHHAHCH

A1 =C1—Co4C3—Cs+... —Can+ Can 4
HH onaiyink. Pasutanku, .
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Adns1=A2+ Con41
6ynaan. TeopemaHuur
lim C,=0

R 00

IuapTHAaH xamaa (8) mydocabartaad q)oi'ma.naﬂud TONAMH3:
/

lim A2n+l == lim(Ag,,"}‘C-)n'q.l) = lim A2n+

N~ 00 n—+ 00 fl=e O
! + Iim an+| = A+0=A .
n—e= 00
Ulynaait xuau6, GepHAraH KaTOPHHHT KHCMHH HHFHUHAWJAAPHAEH
MGOpaT KeTMa-KeTIHK n—o00 Ja YeK/JH JHMHTra 3ra Oy AHIWHHH
KypcaTauk. By 3ca KAaTOpPHMHI SAKHHNAWYBYHJIHIHHH OGuaaupanu.
Teopema wuc6or Gyanu.
Mucoaanap. |. Ywby
o !
Z (_l)n+|

i nwe| Vﬂ
KAaTOPHH aGCOMIOT &KH WAaPTIH AKHHAALIYBYHIHKKA TEKWIHPHHT.
PaBwanku, 6y katop uwopacH HaBOaT 6uiaH y3rapub Keaaaurad

KaTtop O6yAHG, y JleHOHHU TeOpeMACHHHHI WapTAAPHHH KaHOATAAHTH-

paan:
!

1) C,= \/E’ Cosr = TaEl Jlap yuyyH C,,I+.<C,.,
2) Jim C,=lim 7 =0,

Ilemak, KaTop AKHHAAIUYBYH.
3HAH KAaTOpHH a6COMOT EKH WAPTAH AKHHAAWYBUYHIHKKA TeKlupa-
MH3,

I | . - | :
a=(—1)"""—= vuyH |a.| = — 6Vaub6, 3 —= KaTop Yy30K-
== 1) = yuyH la,] = —= 6y T Py
JauwiyBUH 3KaHu MabiayM (1- § ra kapaacuu). bynian 6epnarad KatopHy
WapPTIH AKHHIAWYBYUY IKAHIHTH KeAHO 4HKAIH.

o0 .
sinn
2. ¥ (—1)"*'—Z—— KaTopHH ab6CcoTIOT AKHHAAWYBUYHAUKKA

I n(n+1)
TEKLWHPHHT.
— _ nt1_ Sina
By KaTtopHMHr .y.\iy.vmu xa,lu'a,,..—( 1) ToED yqyn
L . a4l sinn |
= [ (=" S5 | <
Tenréusnnx ypuHau 6yaub, X 701—'4_“ KaTtop sKHHJAawyBuHaup (1-§
|

ra KapaJicuH). [lemak, 6epuaraH Katop aGConIOT IKHHAALUIYBUYH.
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4-§. SYHKUHOHAJ KETMA-KETJIHK BA KATOPJIAP

" l. PYyHKUHOHAO KeTMA-KETJHK TYWYHYACH.

Hatypaa connap tynaamu N Ba 6Gupop X coxana (X<R)
auuKaanray QyHkuusaap tynaamu F Gepuaran Oyacus. Xap Oup
HaTypaa n€N coura F tynaamaary OUTTa PYyHKUHSAHKH MOC KYHHLI

n—u,(x)
HATHKACH1A XOCHI GV.aran

wi(x), uz(x), ..., ua(x), .. | (9)

TVn1aM  GYHKUHOHAA KeTMa-KeTJHK ‘aefinnaau Ba {ua.(x)} kabw
6earunanaan. Opataa u.(x) dyukuna (9) ¢PyHkuUHOHAN KeTMa-
KeTAMKHHHT YMYMHH XaaH AeHHNaaH.

Miucoanap. 1. Xap 6up Harypaa n CoHra

— OYHKILHAHH
n2+x" -
MOC KVAMIL HaTHXacuna (— oo; -+ o) aa Gepuarad

i 1 | |

l2:x" 22+xf' 324t et

(pYHKILHOHAA KeTMa-KeTAHK XOCHa GVaaau. |
. X U
2. Xap Gup HaTypaa n COHra nsin— PYHKUHSIHH MOC KYHHLI HaTH-

- Kacula (— oo, + oo) nNa 6epuarad yuby

. X . X
sinx, 2sin+, 3sin=.....nsin—,...
2 3 n

C(PYHKUHOHA.T KeTMA-KCTJHKKA KeJaMH3.

dapa3 kuaaiauk, X tyniamiaa (X< R) Gupop

uy (x), uz {x), us (x) ,..., un (x),

PYHKIHOHA KCTMa-KeT.THK Oepuarad 6v acHH. X T\’I’l 1a~1.£la X0 HYKTaHH
QTH6, GepH.aran GyHKUHOHAN KeTMa-KeT.IHKHHHT Xap 6Hp XaHHHUHT Wy
HYKTaaars KHAMaT1apHHH KapaHnauk. Yaap

uy (xo), u2 (xo0), us (xo0) ,..., un (xo0) ,... (9%)

COHNAP KCTMA-KeT.JIHMHHH TALWKHA 3TA1H.

6-tavpud. Aeap (9’) counaap KeTma-KeTaulu mqurmazuyaqu
(ysokaawysuu) 6gaca, y xoarda {u,(x)} Pynkyuonar Kerma-keraux
Xo HYyKTada gKuxsawyesu (ysoKaawysuu) detusadu, xo HYKTa 3ca
RKUHAQuIUW (Y3aokaawuut) HyKracu deiduaadu.

{ua (x)} OYyHKIIOHAD KeTMA-KeTIHKHHHT 6apua AKHHIAWHW (y30Kaa-
IHKIL) HVKTanapuiaH HOOpAT TYNAaM, YHHHT SKHHAAIHIL (Y30K.1atuHi)
COXacH jJeHH.aanu.

Alitaitauk, M Tynaam (MCR) {u.(x)} GyHKUHOHAN KeTMad-KeTHK-
HHHI SKHHAAUIHIL COXAcH 6YACHH. YHaa M TYnaaMaaH onHHraH Xap 6up
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X HYKTala QYHKUHOHAN KeTMa-KeTJHMK COHJNap KeTMa-KeTJHrHra
aiaaunG, y AIKHHAAWYBUH, AbHH YEKIH JHMHT ‘

lim u,(x)

n— oo

e

‘ra 3ra 6yJaafau. M TynnamaaH oauHrad Xxap GHp x ra yHra Moc KesaIHraH
COH/TH KeTMa-KeTTHKHHHT YEKH JHMHTHHH MOC KYHCaK, yHAa QYHKUHS-
ra sra 6y.nam13 Yuu {u.(x)) GyHKUHOHAN KETMA-KETAHKHHHT JHMHT
DYHKUHACH JeHHIaNH:

lim u,(x) —-—;f(x) .

n—eab

By xoana {u.(x)} pyHkuHoHaa keTMa-KeTAHK M coxana (M coxaHHHr Xap
6Hp HyKTacuaa) f(x) ra saxkHHAawagn Aeduaanu. bowkaua Kuaub
afTraiaa, xap Kauaait e>0 coH xamaa Xap Kanpa# x (x€M) HyKTa
OIHHraHla XaM WYyHAaH n HaTypaa COH n (y OJIHHTaH & Ba x Japra
OOFNHK) TonHNagHku, 6apua n>>np yuyH

lua(x) —f(x) | <e

TEeHrCH3AHK 0aXapu.aau.
7-Tabpud. Aeap Ve>0 con oaunzanda xam, pakar e ea borauK
wyHoall ng Hatypaa CoH ronuacaku, bapwa n>no y4yw

luq (x) —F(x)] <e '

’ -
Tenecusauxk 6axapuaca, {u,(x)} pynkyuonar Kerma-keraux M rgnaam-
da f(x) ea Texuc aKunaawadu Jdeiiuradu.
Mucoaaap. I. Yuby

1 1 | |
14x" 24x" 34x'77 n+x e

PYHKUHOHA KeTMa-KeTAHKHMHT JHMHT ¢ysHKuHsack f(x) =0 6Vaazn,
UYHKH

limu (x)=lim ——=0.
n=—e 0O ﬂ( ) fi—e OO +x
2. YwGy

sinx, 2sin 5—. 3sin —% reees nsini,...

Q)ynhuuoua:! KeTMa-KeTJAHK HXTHEPHH x (x €ER) HyKTala SIKMHAALIYyBYH
G6yaHG, YHHUHT JIHMHT QYHKHHACH f(x) ==x 6Vnaau. XakukaTaH XaM,

. X
x Sin—
] . . . . n
“ lim u,(x) = lim nsin == lim — . X=
== 0O H=e Q0 n Nt OO -
n
. X
sth— *
. n
=X lim-—-=x.1=x.
1= 0 X

n
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2. PyHKUHOHAA KATOP TYWYHYACH.
SHAH PYHKUHOHAN KAaTOp TyWyHYacH OH.1aH TAHHWAMH3.
Bupop X tynaamaa (X<R)

u(x), uz(x) ,..., Ua(x), ... | (9)

(YHKUHOHA/ KeTMa-KeTyHK Gepuiarad GYACHH.
8-Tabpudd. (9) Kerma-kerauk xadaapudan TAWKUA TON2AM

uy(x) +u2(x) +...4 ua(x) 4+ ...

ugpoda pynkyuonar Karop dedusadu. Yun kuckaua X ux(x) KaOHu

XaM €é3uslanM: ¢

S u(x) =8, (x) 4 tg(0) + o U+ (10)

nml

ur(x), u2(x), -.. pyukuusaap (10) katopHuHr xadaapu, u,(x) 3ca YHHHT
ymymuld xadu perinaaiy.
(10) dyHkuMoHan KaTop xaldhapu €paaMHiaa KyHHaars

si(x) =u(x),
s2(x) =ui(x) +u2(x),
sa({x) =ui(x) +u2(x) 4 us(x),

Sn () =11 (x) + u2(x) + ..+ tta (x)

HHFUHAKAAPHH Ty3amu3. Yaap (10) ¢PyskuuoHas KaTOPHHHT KHCMHi
HHFHHAHNAPH AEHHIAANH.

Hatuxaza (10) dyukunonan katop Gepuarad xonaa 6y KaTOPHHHT
KHCMHI MHFUHAWHJAapHaaH Hbopar {s.(x)}:

si{x), s2(x), ..., sa(x), ... (11)
PYHKUHOHAA KeTMa-KeTJHK XOCHJ Gj’mann..

| 9-Tabpup. Acap n—oo da [sa(x)} q.':yukuuouan KeTMa-KeTAukK

xo HyKTada (xo €X) axunaawyeuu (ysoxaawyewu) 6jaca, Y u,(x)

fom |

gbyuxuuouaﬂ Karop xo HyKrada akunsawystu (ysoxaawyswu) déiusra-
u ]

{sa(x)} DYHKUHOHAN KeTMa-KeTAHKHHHI SKHHJAAZWHW COXAaCH MOC
Q0

3 u,(x) KaTOPHHHF AKUNAQUILW COXACU NeHAAMLH. {sa(x)} HHHr AHMHT

R ]
PYHKUHACH s(x):
L lims,(x) = s(x)

a— 00

2 u,(x) byHKUHOHAN KATOPHHHT durunducu Aeiinnaau. )

n |
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M ucoa. Ywby

;j " '=dx+x2+. x4

dyHKUHOHAA (reoMeTpHK) KaTopHH Kapaiauk. by katopuuur xap 6up
Ua(x) =x"""' xanu (— oco; + 00) Na aHHKIAHTaH PYHKUHALHP.

[eoMeTpHK nmporpeccus XaaaapH HHFHHAKCHHHK TONMHLW (QOpPMY.IACH-
AaH ¢onnanaHu6b GepHaraH PyHKUHOHA KATOPHHHT KHCMHH HHFHHAH-
CHHH TOMaMH3: - '

xﬂ

d=x arap x| 6y.1ca,

Sn(x)=l+x+x2+...+x““= l—x
‘ n, arap x=1 6y.ca.

Yupna Vx€(—1, 1) na '
. e V=X T X
’ nl.l.lﬂ S"(""‘,.'.'.T, |- _,,]_'.T l—x ,.I.I.T. l—x " 1—x

Bepuarau ¢yHkunonan xarop (—1; 1) na sakuraawysuu 6yau0.

YHHHI HUFHHAHCH S(x) = — 6yaaiu.
Arap x>1 6yaca,
S.(x) = A=¥
" R
6yaub, |
lim Sn(X) = 00
6y.naam.
Arap x=1 6yaca,
6yauo, , >
‘ lim S,(x) = o0
6Vaanm.

Arap x<{ — 1 6yaca,
| —x"

] —x

Sa(x) =

A

6ynHG, n—oo aa S,(x) HHHI JUMHTH MaBXKyld Gyamaiau.
\lLlynna# Kkuau6, Gepuaraw reomerpuk katop |x|<<! Gyarania

AKHHAAWYBYH, | x| > | Ba x= =+ | 6yaradia 3ca y3oK.1alyByH 6yaaaH.
dapa3 Kuaanauk, M.tynaamaa (M R) 6Gupop

E wa(x) =u,(x) +uy(x)+ ... +u,(x)+ .. (10)
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dDYHKUHOHAA KaTop Oepuiarad Ba WYy Tynaamaa saKHHAaWwyB4H OYJaHO,
YHHUHT AHFUHAHCH S (x) GYJCHH:

im S, (x) =S(x) .

n—s 0o

10-Tabpu@. Arap (10) pyHKUHOHAN KATOPHHHT KHCMHIE HHFHHAH-
JapHaaH H6opat {S.(x)} ketma-ketank M rtyniamaa S(x) ra Ttekuc
AKHHMaWyBYH 6yaca, (10) ¢pyHkunoHnan katop M a Tekuc aKunsawysuu
JeHHAAaH. '

9-teopema. 2 u,(x) ¢pynxyuonar sarop M rijnaamda S(x) za

nes|

TeXKUC AKUHAQUILIUL YHYH
lim SEBIS"(x) —S(x)| =0

N=e00 X

.
Ojauwun 3apyp ea erapau.

Mcb6or. 3apypauecu. M tynaamaa 2 u,(x) ¢PyHkuHoHan katop

nem|
TEKHC SAKHHJAaWyB4YH OYyJaCHH. YHAaa Oy KAaTOPHHHI KHCMHH HHFHHIHAA-
puaaH u6opar {S,(x)} kerMa-keTaHk S(x) ra TexHC SAKHH. AWANH.
Tabpudra Kypa, Ve >0 CoH aiHHTaHAa XaM WYHAA#H no€ N TONHNARKKH,
n>>ng 6yarania M TynaavHuHr 6apya x HyKTajapH y4yH

[Sa(x) —S(x)] <e
6Vnaau. ByHnan aca 6apua n>ro fap Y4yH
sup |S,(x) —S(x}| <e
XEM

6yaniin Keanb unkaau. [emak,
SUE 1S (x)—=S(x)ILe.
x€
Erapauaueu. (10) pyHkuyoHan KaTOPHHHT KHCMHA RHFHHAHAAPHAAH

nGopar {S,(x)) PyHKuHoHan KeTMa-KeTAHK M Tynnamaa AHMHT QYHKUHA
S(x) ra sra 6Vau6,

lim sup |S,(x) —S(x)| =0

n—-oo &M

Ovacuu. Jlumut Tabpudura O6uHoaH, Ve>0 CcoH oaHHrasga xam
wyHaan no€N tonuaaanku, 6apya n>>ne yuyH

sgg [S.(x) —S(x)] <e
" 6yaaau. Paswanks,
1S, (x) —S(x)]| gsgglsn(x) —S(x)| (xeM) .

Keitunru Tenrankaapian sca Vx€M yuyn
|Sa(x) —S(x) | <e
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6yauiun Keau6 unkaiu. By sca (10) pyHkunonwan KaTopHuHr S(x) ra
TeKHC SIKHHJAaWHIWKHHY Gunanpaan. Teopema uc60T OYAIH.

Ky#inaa GpyHKUHOHAN KATOPHHHT TEKHC AKHHAAWHWHHH TabMHHAAMN-
aurai®® afiin nafiTha vacananapHi eunlina KeHr ¢oinaiaHHIaaHTaH
anoMaTHH HCOOTCH3 KeITHPaMH3.

BeitepmTtpacc aasoMaTh. Arap

5 uyix) =iy (x) + a(x) 4 oA, (6) + .

ma= | .
¢yHKUHOHAA KATOPHHHT Xap OHp Xxaan M(McR) tynaamaa

. lua(x) | <<Cn (n=1, 2, 3, ...)
TEHICH3JIHKHH KaHOoaT. aHTHpCa, Ba

nes|

E Cn= C|+C2+...+Cn+...

COHJH KaTop sKHHIauiyBuu GVaca, y xonaa X u,(x)  ¢yHKuuoHan

na|

KatTop M TyniaMaa TeKHC AKHH.IAWYBYH Gy.nanug

5-§. TEKHC AKHHJNALWIYBYHN dYHKLUHOHAJI KATOPJIAPHHUHT
XOCCAJIAPH ’

Papas Kuaafauk, [a. b] cermentaa OGHpPOpP SIKHH.IAWIYBYH

S (x) =ty (x) 4 () Ao At () +
ne|

¢yHKUHOHAA KaTop Oepuarah Oy.1HO, YHHHI XyCYCHH HHFHHIHCH
Sn(x) =u1(x) 4+ ...+ u.(x), AnFuHIRCH 3ca S(x) OYJCHH.

l-xocca. Aeap 2 u,(x) ¢Pynkyuonaa Karoprune xap 6up xadu

neml}

Ua(x) (n=1, 2, ...) [a, b] ceementdu y3aykcus 6gaud, xKarop wy

ceeMenTOQ TeKuc aKun.rauyswu byaca, y xoada pynkyuonar Karop

durunducu S(x) ¢yukyus [a, b} ceemenrda ysayrcus 6gaadu.
Mc6or. AsBaio [a, b] cerMeHTaa HXTHEPHH Xxp HYKTA O.J13MH3.

Waptra xVpa 2Z u,(x) Katop [a. b] Aa TeKHC SAKMHNAWYBYH. YHAa

ne=)

Ve>>0 CoH oauHrasaa xaMm uyH1ai no €N Tonuaaiuku, Vn>>no Ba
Vx €[a, b] yuyn

1Sue) —S(x) | <% (12)
TEHrCH3JMHK Gakapuiaanau. KyMmaanan x=xp 1a XaM
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1S 4(x)) —=S(x I <75 - (129

6ynaau. PaBiuauks, ‘e
Sa(x) =ui(x) +u2(x) +... + tta(x)

¢yukuua [a, b] cerMentaa y3daykcu3. Ilemak, y x=uxo HYKTala Xam
y34ayKCH3. YHaa Tabpudra OGuHoaH, okopuiard Ve>0 yuyH wyniai
6 >0 Tonunaauku, |x—xo| <6 6Varanaa

1S.(x) =Sa(xo) | < 5 . (127)

G6ynaan.
(12), (12’) Ba (12”) myHocabataapaaH ¢o#aanaHnb Tonamua:

S (x) = Sn(x0) | =1S(x) — Sa(x) +Sa(x) —Sa(x0) +
+ Sn(x0) —S (x0) < 1S (x) —Sa(x) | +1Sa(x) —

— Sa(x0) | 4184 (x0) =S (x0) | <5+5+5=¢.

HOemak, Ve>0 oanHranaa xaM, tyHian § >0 tonnaainki, {x—xol <6
6y.araHaa

|S(x) —S(x0)] <e

6yaaau. Tabpudra kypa S(x) PpyHkuusa xo HyKTaaa ysaykeus. |- xocca
Hebor 6y.aaH.

2-xocca. Aeap I u,(x) Karopruue xap 6up xadu u,(x) (n=

nemi
=1,2,...) [a, b] da y3ayrcu3 6aub, Karop wy cezmentda S(x) ea TeKuc
aKuraawyeuu b6yaca, y xoada

b b

a0

Eu,,(x)dx= > Su,,(x)dx

a n-l Fl-l a

6gradu.

Hc6ort. Bepuaran > u,(x) pyurunonan Karop [a, b] 1a S(x) ra

]

o -
TeKHe akHHAaucul: S(x) = X U,(x). VYuvaa Ttabpudra OuHoaH,

nes|

Ve >0 coH oauHraHga xaM wyHaau ne €N Tonuaaanku, VYn>ny Ba
Vx €[a, b] yuyH

|Sa(x) —S(x) I <e (13)
TEHrcH3JAHK OGakapu.Jaaau, OyHia

Sa(x)=ui(x)+u2(x)+...4+un(x).
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.LUapTra Kypa xap 6up u,(x) (n_l 2, ...) dyukuusa [a, b] Aa y3ayKCH3.

Hemak,
.}

Su,,(x)dx (n=1,2..)

XaMm MaBXYyA.
IHAH

=]

2 §u,,(x)dx

o |

KATOPHHHT KHCMHH HHFHHIHCH
b

u,(x)dx+ Sug(x)dx+...+'. Su,,(x)dx;

B ™y O 0 Gy O

: b
b (0) +uy(x) 4, (1) e = (S, (x)dx

HH QIHO
b

o b
> u,(x)dx— SS,,(x)dxz

a =l a

b
S(x)dx— SS,,(x)dx

G ey O

aitMpMaHi KapaiiMu3. AHHK MHTErpaiHiHT Xoccackidan Xxamaa (13) wmy
HocabataaH ¢oinananub Tonamus:

b o b b b

> u,(x)dx— SS,,(x)dx < SIS(x)—S,,(x)|dx<anx=g(b_a5
a n=| a a a
byuaau aca

b o b
lim I:S > u,(x)dx— SS,,(x)dx:I=
1= cO pe neml - p

= |lim |.
n-—= 00 a n-l

§ E u,,(x)dx—(§u,(x)dx+...+ §u,,(x)dx)]=0,

AbLHH )
b oo o ¢

Y ux)dx= X Su,,(x)dx
a =l nml

3KaHK KeAHO YMKaLH. 2- Xocca HCOOT 6vaau.
Oxataa 6y XoccaHu PyHKUMOHA KaTOPHHHI Xaa1ab nmrerpa INENT
XOCCACH JeHHalH.
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1

3-xocca. X u,(x) pynkyuonan ;\'arbp h, b] da akunaawysuu

6§aub, ynune durunducu S(x) 6facun:

S() = 2 un(x).

Aeap 3 u,(x) KaTtopuune xap 6up xyadu u.(x) (n=1, 2, ...) {a, b] da

nam |
’

ysaykcus ua(x) (n=1, 2, ...) xocuaaea 3za 6§arub,

2 un(x) =ui(x) +uy(x) + .. ua(x) + ...

N

pynkyuonan Karop fu, b) da Ttexuc aKunaquiys«u 6yaca, y xoada

(E u,,(x)) - 3 tn(x)

6gaadu.

. |
Mc6oT. Waprra kypa X u,(x) Kavop [a, b] cermentaa Texkuc

|

AKHHAAWYBUK. YHHHT AuFuHancHHn S’ (%) QedauK:
o *
S(x) = 2 uy(x). - ‘ (14)
ne] _

Yhaa 2- xoccara KVpa 6y KaTopHu |a, x] cermenT (a<<x<b) 6yinua
xaanab dHTerpaanali MyMKHH

Ss‘(:)dt=§ 3 d(di= 3 Su',,(t)dt.
.a a n=l nml o
PasiuaHkH,
s §u;(t)dt= P u) | = Zux)— T ufe)=
neml 7 nw | a nw | nm
=S(x) —S(a) .
Iewmak, )
S(x) — S(a) = SS'(t)dt.
Arap ’ .

(S S'(t)dt)’=S'(x.)
109
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IKaHIHHH ILTHGOPra oacak (2- 606, 3- § ra Kapaacuu), yuaa

[S(x) —S(a)|= (S S(t)dit )=S'(x)
6vVaub, .
S/ (x) =S8"(x) (14%)

Gynaau. Yuia (14) sa (14’) myvocaGataapiaan

(E u,.(x)) - 3 }(X)

el -I

GVAHIIHHY TonaMH3. Xocca HeboT OVaan. _
By xoccaHn @yHkUHOHAA KaTOpHHHI xadaab duepdepenyuarraw
xoccacu 1EHH1a1H.

6- §. LAPA)KAJIH KATOPJNAP

. dapaxaaunw Katop TywyHuacu Ywly

Y axt=a,tax+tax’+..fax"+.. (15)

nw{
L ]

KYPHHHLWAATH KaTop dapaxaau Karop Acitwiaan, 6yujia aoe, a, ..., Qn....
v3arapmac Xakukuit conaap. ¥Yaap (15) napaxkanu KaTopHuHT Ko3pduyu-
enTaapu AeRHARH.

Macaaas,

E =14+ 4 "+,
n==()

- X
2 "T_l+ |+ |+ + +
n' 1! 2!
nm()
J.apa)!(d.'lll l\aTcr"ap" p
ﬂapaﬁ(a."m KaTOI)ﬂdp 5 § Ad }’prdlili.1rd|| (leihllHOlfa.ﬂ KdTOpJ]dp
HHHT XVC\CHH ADBHH

udx) =a.x™

6yaraH XOauaup.
10-teopema (AGenb Teopemacwu). Aeap

o

Y ax"=agt ax+ ...+ ax" ...

nw=()

dapaxcaru Karop x= % (% %0) HyxTada aKunaawys4u 6jaca, y x0ada
X HUHZ

| xi << | x0)

TEH2CU3AUKHI KAHOATAGHTUpYe4u Oupia HyxTaaapuda dapaxaiu
xarop abcoawr sKunaauyedu 6gradu.
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Hc 6ot Moaomiky aapakanu karop x==xo (xo7=0) HyKTana
AKHHAAIWYBUH IKAH, VHL)

oo

S axp=ayFax,+ axi4. faxi+ ..

Y1)

COHAN KATOpP sIKHHAamysun Oviaan. Katop SKHHNAIWWHWHHHHE 3apypHi
WapTHaH 34

lima ;=90

—+ G0
Gyamumn kean6 unkaau. Mevak, |a.x3) xerMa-keTasKk verapaJaHra,
AbHH yHai varapmac M >0 con Masxyn 6yau6,

la.xil <M (VYnEN)
TEHTCH3MNMK Oa)kapuaain. by TeHreusnukaan ¢oinanaunb tonamus:

n

M-

n

(16)

b 4
X,

X"
lax"| = |a,x:'.- o |=|a,.x<'§|-
(1]

X

X0 .
X "

Pasmauku, | x| <<jxu| renrcHzankaau '_x_l <! O6yanwu Ke.THO YHKa-
0

an. demak, ywOy

e x

S M. I__H

*o

n=l)

+M|

‘Fo. M |-;’:- | "+

x-
Xo
FeOMCTPHK KaTop stkMiAmnysud. Yuaa (16) mynocabataan xamaa 2-§
aarn reopemaian Ppoia.alnG

E lax"l = luagl + la x| + lax]+ ...+ 1ax"| +...

n—=0}

KATOPHHHI  SKHHIAYRUK  OVauiiini Tonlamu3. By 3ca  Gepuarawu

e ]

2 a.x" napama’an KaTopHuir a6CoiioT SKHHJIAaWyBUHAHTHHH OHaaupa-

n=0 .
An. Teopema Hehor 6y.n.
[« €]
By teopema X a,x" itapaKaau Karop xo(xe0) HyKTana siKHHAA-
n-={

wysun Oyaca, y{—Ilxel, lxol) uurepsasna abconioT AKHHAAWYBYH
OGyanmuny wonaaai (15- unima). '
tl-teopema. Acap

S ax'=a,+ax+ax’+..+ax"4..

n-rl)
dapaxcanu Karop x = x| KYyxraoa ysoxaautys4u 6jaca, y X040a x HuUHz -

x> | x:l
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TEeHZCU3AUKHIU KAHOATAAHTUPY6YU 6apqa Kuiumaraapuda y3oxaauiysyu
6gaadu.

Mc6ot1. Teckapucuuu ¢apa3 kuaahauk. Bepuaran apapaxkanu
KaTop xi; HyKTaaa y3oknalyBuu 6yaca xam |x| > |xi| TeHrcuainkuu
KaHOATJaHTHPYBYH OHpPOp X HyKTaaa (le>|x||) AKHHJIA WYBYH
6yncHH. Y xonaa AGeab TeopeMacHra kKypa 6y Katop |x]<<|x'|
" TEHICH3JHKHH KaHOATJAaHTHPYBYH 6apya x HYKTa/napla SIKHHJAWYBYH
6fnaan. )KyMnanaH OKOpPHAArH x; HYKTaAa XaM fIKHHRNawyBuyu 6Yan6
KonaaHu. by sca KaTOpHHHT x| HYKTala y30KJawyBYH GYAHLIH WapTHra
anaaup. Iemak, KapanaérraH napakanu KaTop X HHHT [x] > x|
TEHTCH3JIHKHH KaHOaTMaHTHPYBUH Gapuya KHAMATAApHAA y30KJallyBUH
6yanku.

Teopema ncGor 6yanmu.

-+

by teopema 2 a,x" aapaxaJn KaTop X1 HyKTana Yy3OKJAaWYyBYH

nw=(
6ynca, y (—oo; —lxi|)U(Ixi]l, 4 o0) T¥naamMaa xam y3oKaaWyBYH
6yauwnun udoaananan (16- uu3sma).
?
ox 0 or. - -~ g
~—t——— |-% | 0 1|
15- yn3ma 16- un3ma

2. Llapa»(a.nu KaTOPHHHI SAKHHJaWHW paaAHycCH Ba
AKHHAAWKW HHTepBaaHu. Bupop

Z ax"=a,+ax+ax’+4.+ax"+.. (15)

am(
Aapaxaau Kartop OepuaraH OYJAcHH. AATanank, 6y Katop Xxo(xo=0)
HYKTala SAKHHJAWyBYH, X, HYKTaga Y3o0KJawysuyH OYACHH. YHaa
(15) napaxaau xatop 10- Teopemanapra MyBOGHK X HHHT
| x| <<lxol

TEHTCH3JHKHH KaHOATIaHTHPYBUYH 6apya KHAMAaTA2pHAA SKHHAAUIYBYH,

| x| > 1xi]

TEHICH3/JMKHH KaHOaTAaHTHPYyB4YH 6apua KHHMATAapHAA Y30KJaalYyBYH
6ynanan. PaBluaHKH O6yHaa |xol <|xi| O6ynaau. Arap (15) napakaau
KaTop AHa GHpOp x HyKTaaa AKHHAaWYyBu¥ GyJaca, yHAa

lxol < |%° I <mal” (17)

TEHTCH3JAHK Oaxkapuaanu. DBepuarad aapakanu KaTOPHHHT AKHHAA-
WyB4YH OynaauraH HyKraaap Tyn.namuun (| x|} 6uaan Gearuaainuk.
(17) wmyHocabataan ({|x|} TtyniaMHuHr IloKkopHaaH derapafnaurat
OYNHWHHA ‘TONaMH3. MabiayMkH, OyHAal TYNJaMHHHI aHHK OKOpH
yerapacu Masxya 6yaaau. YHH r Ounan Gearunannuk:

sup{lx|}=r. (18)
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SHAH X HHHT ,

x| <r

TEHTCH3AHKHH KaHONT/NAaHTHpPYBUH BGapua KuHmataapuaa (15) mapaxa-
JIH KaTOPHHHI AKHH.1dWYBYH OYJIHIWIHHY KypCaTaMH3.

(17) TEHrCH3NIMKHH KAHOATJNAHTHPYBYH HXTHEDHH X OJIHHTaH1d XaM,
aHHK IOKOpH verapa Tabpudura kypa wyHaai x° Tonusanauku, |x|-<
< |x"| << r 6¥a16, x* HyKTana KaTop AKHHAaWYyBUH 6ynaan. YHia AGeas
TeopeMacHra Kypa x HyKTala fapaykaau KaTop aGCcoNioT AKHHAaWYBYH
6ynanm.

XynaH WyHra yxwauw x HHHT

x| >r

TEHFCH3NHKHH KAHOATMaHTHpPYBUH Gapua KuHMmaTnapuaa (15) mapaxa-
JAH KaTop Y30KJaWwyBuH OYJHLIH KYypPCaTHAAAM.

Haruxaaa, wyHaan r (r>0) cod Tonunaauku, (15) napaxa.au karop
X HHHT | x| <Cr TeHICH3JIHKHH KaHOaTJAHTHPYBUH 6apuya KHAMATAapHia
abCcoNiOT AKHHAAWYBYH, |x|>r TEHIMCH3JAHKHH KaHUATAAHTHPYBUYH
KHiAMaTaapuHia 3ca y30KJaawysuu Gynanu.

It-tavpuep. (18) mynocabar 6usran amuKaanean 'r CcoHuU

2 ax" dapaxcaau KATOPHUHZ AKuHAQwuw paduycu OGelduaadu.

nwm{)

(—r, r) HHTEpBaAA WY RapaXKaJH KaTOPHHHI AKUKAQUILW UHTEPBAAU
AeHHTAAH. _

(15) mapakanu KaTop x= Z4-r HyKTala AKHHAALIYBYH XaM OYAHWIH
MYMKHH, Y30KAaWYyBYH XaM OYJHIUH MYMKHH.

Mucoaaap. 1. Yuby

14+ x4+x2+... +x“+...

AapaXadu KaTtop (reoMeTpHK KaTOP)HHHI AKHHAALWHW pPAAHYCH r==1,
AKHHAaWHIW uuTepBaan (—1, 1) 6yaaan. By katop r= 41 HykTaaa
Y30KJ1alWyBYH, YYHKH |

1+14+14+.. 414,

l—141—=14..
COHJIX KaTopJ/ap Y30KJallyBUYHAHP. '
2. Ywby
. 2 %2 x"
142 U LS T
+E+ S+ 5+ -+ 5+

. 1apa’kaJii KaTOPHHHT AKHHAAWHIW PAAHYCH r== |, AKHHIALWHLI HHTEPBA-

an 3ca (—1, 4+ 1) 6ynaan. By xarop r= 41 HyKTana AKHH.1aWYyBUYH
6ynaan. UyHkn,

I+ + o et o5+
! ‘ —;3-—...4-. (—1)"-’:—2 +...

Y
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)
Katopaap skuuramyBuanp. Jlemak, Gepuiiran flapakanu KaTOPHHHT
akupaxn coxacn [— 1, 1] cerviesraan n6opar.
il ApaXKaaH KaTopHHMI  SKHHJAWHIL  PAAHYCHHH  TOIMKL
HMKOHHIH OCPATHTAH TEOPEeVMANAPHE KCITHPAMHS.

12-Teopema. Bupop

g aAXx=u,+axta.+...+ ax+..

b

dapaxcasru Karop Gepunrcan 6gacun. Azap 6y Karopda

) lim {/'Iia,j e |

"

aumur masxyd H6gaui, 1£0 6gaca, y xoada Y ax" dapamaau
n_0

KUTOPHUNHZ RAKUHAAuIuLL paduycu
Ir'=—
!
6gradu.
HUc6or. Adtaliank

lim ;"Tfﬂ =1 1|50

[Ire 2s

OS'-JICH”. B}f TeHiITHKASH (.IJUH:[“J“HH() TONamMi3.:

lim ylax = lim yTa] - Ixl=l - .

n-~- x n-+ o0

Koutn anomarura kypa

[ ixl<<], b x| <..:.

o
Oyaranian ¥ a.x" KaTop SIKHHIQUIVBUN,

n-.0

- I
[-]x]>1, st IxI>T
OVATANAD 3Ca KATOP Y3O0Kaauiviuy Gyaanu.
IleMak, Oepuaran  aapaxain KAaTOPHHHIT  AKHHJAAUMKIL  Pajlisycn
1 - .
ro== - ra Tenr Ovaap skan. Teopema ucbor Gyaan.

13-Teovpema. Azap

Y ax"=a,+ ax+ a.xX’+...+ a x"+ ...

Ra. 0

dapaxaau xaropda

a
lim =
N+ o0 n
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- -

Aumur masxyd 6gaub, |s=0 6facun, y xonda dapamaru xaroprunz
AKunaawuw paduycu
|

r = T
6gjaadu.
McGorT. Alttaitaink, X ax" napakaiu Katopaa .
. nm={
lim [-222 | =, 15£0,

ovacuu. by Tenrankaan ¢oinanauub Tonamus:

+1
ﬂ-i-l"'_)‘l )
a

a
lim nt

n—e o

lim - Ixl=1-|x]|.

n=+co

Haaambep aaomatHra kvpa

[ 1x] <1, abuu |x| < -:— :

Oviaranga Y ax" KaTop AKHHA3UIYBYH,

nw0 P

[-]x|>1, abHu | x| >—}-

O6V.iranaa 3sca . Katop y3okJjawyBud G6yaaad. Hemak, Gepuarau
I
AapaXaan KaTOPHHHI AKHHIAUIKW PANHYCH r==— ra TeHr 3Kan. Teo-

pema ueGor G6Y.1H.
dcaartwva. KOkopuaary 12 Ba 13- Teopemanapaa (=0 6yaca, yHia
NapaKaAIH KAaTOPHHHT AKHHJIAIWHU PAAHYCH r==oo OVJalH.
Mucoaaap. 1. Ywoy

, 3" yn

s (=b" .
nre

dapaxa.ald KaTOPHHHI SKHHJAUIHUI  pPaAdHYCH XaMaa AKHH/Jgauigul
HHTEPBAJIHHH TOIKHT. '

bepuaran aapaxkaan Katop yuyd

(—n" (="t

==, G,y = —,
S Y A R L i

Gnpr (=D (=D)" 1 n
a, ynF1 3 'yn 3 V o+l
6y.au6, '

: ] A |

lim | | = =\ ==

M 00 a, ,,l_l,rz 3 n+1 3

ttS
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6yaaan. Ilemak, KapaiaéTraH Aapa)kalH KaTOPHHHT SAKHHAAWHIL
paanycu r=3, sKHHAAWHI HHTepBaaH 3ca (—3, 3) 6y.1anx.
2. Ywby :

' = x"
n§l n-2"

A3Pa’KaJH KaTOPHHHI SAKHHJIAWHUI PAAHYCH XaMaa SIKHHAAWHLW
HHTEePBaJHHH TOMHHT.
bBepuaran Katop yuyH

| n |
a, = v Ala = — -
" n.2 \/ " va -2
Gyano,
. . 1 |
I:m"la|=llm = —
n-—mv " -+ 00 v; .2 2

»

O6ynaan. Ilemak, KapaaaéTraH KaTOPHHHI SIKHHJAAWHW PanHYCH 2,
AKHHAAWHW HHTepBadaK 3ca (—2, 2) O6ynaan.

3. Jlapaaau KaTOPHHHI XoCCaJadapH

bBupop

E ax"=a,+ax+ax’+..4ax"+.. (15)
0

7=

Aapamadiu Katop Oepuiran 6YACHH.
I- x occa. Aeap (15) Oapaxaru Karoprune aKuriauwuw paduycu
r (r>0) 0gaca, y xo.da 6y Karop [—xo, xo] ceemenrda (0<xo<r) TeKuc
aKunaauyequ 6ijradu. |
Hc6oT. x0€(—r, r) 6yaranauru cababau

3 la,l -xg=lagl +la,l -xo4layl - x2+ ...+ la,l xi+... (19)
nm{)

COHJIH KaTop sikuidaHiysuu. Pasmanku, Vx €[—xo, x] yuyH
| | anx"| << |l - x5 | (19')

6ynaaun. Yuna (19°) mynoca6ariaan xamaa (19) KaTOPHHHI AKHHAELLYBUH
6yauwunan (Behepuurpdcc anomatura kypa) Gepuaran (15) napaxaan
KaTOPHHHT [—Xp, Xo] 12 TEKHC AIKKHAAWYBYK GYIHWHHK Tonamu3. Xocca
ucbor 6yaau. |

2-xocca. Aeap (l5)0dapaxaru Karopruxe aKuraquuws paduyci

r(r>0) 6gaca, y xoada 6y kKaroprumne durunducu S(x)= I ax"
nm()
(—r,.r) da yaaykcus ¢pynxyus 6jradu.
M c6ot1. bepuaras napaxanu KaTOPHHUHI SKHHAAW KL HHTEPBAJH
(—r, r) ra Teruwan 6y,1iran UXTHEPHIT Xo HYKTaHH onainuk. PaBuwankn,
lxol <r Gynamu. Yuaa |xol <<c<<r TEHICH3NHKHH KaHOATJNAHTHPYBYH
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Q0
C COHH YUyH [—c, c]J= (—r, r) 6Yyan6, 1- xoccara kypa 3 ax" na-
] nm
paxaau Kartop [—c¢, ¢] aa Tekuc sikHHaawysuuw GVaaan. Tekuc
SKHHJIAIUYBYH (PYHKUHOHAA KaTop.aapHuur |- xoccacuaan doiizananus,
Gepu.iran Karop HHFHHAKCH S(X) HHHT [—c, C] 1@ Y3AyKCH3, KyMaanaH
Xo HYKTA1a y3.TyKCH3 6y.1HUIHHH TONAMHK3. Xo HYKTA (-—7, r) ra TerHlAH
HXTHEPHH HYKTa GY/AraH.IdruilaH Katop HHFHHAMCH S(x) HHHT (—r,
r) MiTepBaNla V3IYKCH3 3IKaHH Keaw6 uukaan. Xocca ucGor 6yanm.

Tekue akuuaamwysun QYHKUHOHA KATOP.TapPHHHT Xaaaa6 uHTerpan-
JaWl Xxamiaa xaanalb audgepeHunannaws xoccadapsuaas doiaaaanub
Jdapaxka i KAaTOpJapHHHI KYyHHAArd xoccajsapH XxaMm uc6oTnaaHaiM.

3-xocca. Aeap (15) dapaxaaru Karoprume aKunaquuw paduycut
r(r>0) 6gaca, oy Karopxu la, b] ([a, b]j< (—r. r)) cermentaa xai1ab
HHUTerpaaIaly MyMKHH.

4- x occa. Arap (15) 1apaxaan KAaTOPHHHT AKHHJIAUWMHII PAIHYCH
r(r>0) 6yaca, (—r, r} Aa 6y KaTopHH Xaanab ,r1u¢(pepemux1.n.nam
MYMKHH.

4. OYHKUHAHN OapaxaaHn Katopra éiuw. Mabaymks,
f(x) dyukuua x=0 HykKTauuur (—0, 8) atpopuna (6>0) f, [/, ..., f=m
TapTHbau xocuaanapra sra O6yJaca, v Xoiaa

fo) =F(0) + i 4 ”"’ X @y (1) (20)

Tenaop popmynacn ypuHau 6}.ldp 3aH, GyHaa r,.(x) KOTAHK Xaa.
®apa3 kKniaanauk, f(x) ¢yukunss (—6, ) aa ucraarau tapruabiary
Xocuaara ara 6yacui. by xoa

f0) 4+ [0 4 O oy 4 17O

f"" (0)

. )
HHFHHAH XaAdJddpH COHHHH Xap KaHdya Karra KHIHO ol HMKOHHHH

6epn6, KyHniaru
jlat

’ {n)
f(O) + f(O) +f {0) 2+ +f (0) + (::lii_l_)_' X"+l+... (201)
\

aaparxadnn KdT()pllll XOCH KHAHUE MYMKHH GV.1aau.

Oaataa (20’) aapaxann Katop f(x) dyukunsuuur Teitnop KaTopw
aeiinnann.

14-Te opeva. f(x) dpyukuuna (—r,r) uutepsaana (r >0) uctanran
TaprHOraru Xocmu.ara sra 6&"..1c:m. By ¢dyuxkuusauunr Teinop Katopw

(nl

AKHH.1aUyBUH 65}'.'1116. HHFHHAHCH f(x) ra TeHr OYAHUIH YUYH YHHHT
Teitsiop dopmy.nacu

fo) =i(0) + M +"°’.*+ 4 = (x)

Aar# ra(x) KOIIHK Xal n— 0o 13 HOITa HHTHJAWLIHW 3apyp Ba €TapJu.

(ﬂ) (0)
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4

McGor. 3apypaucu. (20°) Katop AKHHAAWYBYH GYAHO, HUFHHAHCH
f(x) ra TeHr -6yacuu:
joatn

’ (n)
f(x) f(0)+’(0) +f;?) 2+ +f (0) + ((oi}-l)' ﬂ+|+"_

y /
By TeHrAWKHHW KyHnaaruua

f(x) =Sn(x) +ra(x) (21)

€31 MYMKHH, OyHAa

’ (n)

(20’) KaTOPHHHT KHCMHII HHFHHIHCH, r,(Xx) — KONAHK XalA. PaBuaHkH,
~ Vx€(—r, r) na

lim S,(x) =f(x)

M= QO

6y.1H6, yHAaH

tim r (x) =lim {f(x) —S,(x)]=0

-+ 00 1=+ 0O

6y THIUH KeAuO UMKaIH.
Erapausueu. Iuau

limr (x) =0 (Vx€(—r,r))

f—= o0

6yacun. Yuaa (21) myHnocabarra kjpa

ra{x) =f(x) —Sa(x)
6Vano,
lim [f(x) —S,(x)]=0

« HADHH

lim S,(x) =f(x)

R—s 00

6ynaau. by sca (20°) KaTOpPHHHT AHFHHIAHCH f(x) ra TeHr 3KaHHHH
Ounaupanu. Teopema uc6or 6y.aax.

Hemak, f(x) dyukuus (—r, r) na (r>0) 14- Teopemannur
WAapTAapHHH KAaHOAT/JAHTHPraHaa

(n)
Fo0) =F(0) + Ebe Efber g 4 1= Qeny
6vnanu. By xonna f(x) dyHkuns aapaxkaan Karopra éifHaran aefinaanu.
Auau Gabau 3aementap dyHkuuasapuuur Teiinop KaTopaapuHu
KeNTHpaMH3.
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a) [(x)=¢" oyukuunanuur Telinop KaTopH Mabaymki,
f(x) =¢€* dpyHxuna uxtuépuii [—a, aj aa (a>0) ucraaran TaprTubparu
Xxocunara ara 6yan6, yruur Telaop ¢popmynacu

=l S D dr(x)

O6ynaaan. ByHaa Konauk xan JlarpaH» KYpHHHWIHKAA KyHHAAaruya

r.(x) = (:"::)!e“’ (0<8<1)
6ynaan (Kapaacus, [1], 20- 606). UxTuépuit x€ [—a, a] aa
eﬂxgea
OYMUIIHHA IbTHOOPra oHG TOMaMH3:
17 (0 = (::llu | = ::IJ:;;' "< (:'::)!ea
bysaan 3ca .
Jimrn(x) ==

6yanwH Kennb unkaau. Jemak, f(x) =€ (pyuxuuﬂnuur Tefia0p KaTopH

e'=1+7 + 2,+ + 5.

GynanH.

6) f(x)=sinx bynkunssuur Tehaop KaTopHu. f(x)=sinx
dyHKUHA HXTHEPHA [—a, a] aa (a>>0) ucraarau TapTH6aard xocuaara
ara 6ysiun6, ynuur Te#tnop ¢popmyaacu

-3 XS e x2u b
sin = x—3r + Fr— . + (=" Gy o)
6ysnaau. by ¢opmynazarn Koaanxk xaa t:en(x) HHHr Jlarpahx KypH-
HHWKAAH ¢onaanaHHb

2041
720 ()| < Gy :
6yauiuHHH TOonamu3. bynaas 3ca
. limr,,(x) =0

1=+ 0D

6yauwH xeanb uukaan. Iemak, f(x)=sinx ¢yuxunaHuar Teiaop
KaTopH -

x3 5 aei x?.Il—l
sinx = x——-—-+——— R ( l) m‘f—...
6yaanm.
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B) f(x)=cosx pYHKUHAHHHT Ten.nop KaTopH. 6) xo1aaru
Kabu f(x) =cosx ¢pyHKuHAHUHT Te#0p KaTopH

2 X n £2n
COSX—]—'—2—" —Z'__ +(— ) (2’!)'-‘-_...

OVAHWHK KeanOb YHKAaAH.

(PYyHKUHANAPHH Zapa)kaaH Kartop.aapra eHHiHHHr Goilika ycydaaps
xaM MaBxya. Ky#dnaa Oyuaad ycyastapnaH OUPHHH  KeJNTHPaMH3.
Afirainuk, f(x) =In(l 4+ x) OyHKUKHAHK AaparKa.aH KaTopra CilHil JO3HM
6V.acuH. ByHunr yuyu, asBa.Jio, ywoOy

l—x+4x2—x*+...

KaToOpHH Kapaimu3. By reomeTpuk Katop 6Vau6, (—1, 1) aAa Tekuc

AKHHJAAWYBYH. YHUHT HHFHHAHCH

(1], 20- 606). ldewmax,

I
T—-I—x—}—x X4 (—l<x<])

Kefiunru TeHraukniu [0, x] opaauk 6yfnua Xaaiabé unterpanna6

ra TeHr (g= —x, Kapa.cCHH,.

:_—fii—_ 4 _ X ) x ’ _ X )
) iy de Sxdx-i— Sx dx Sx' dx+ ...,
0 0 0 0 0
AbHH
3 4
ln(l+x)=x——£2——|——x———x—-|-... (22)
GYAHIIHHH TONaMH3. PaBlaHnKH, x_l 6yaranaa (22) TeHrAHKHHWHT yHr

FO“ OHHAYFH KaTop
1—?+?—T+m

KYPHHHIIAATH COHJAH KaTop Oyan6, y Jledbuuul Teopemacura Kypa
AKHHJAAWyBYH Oynaau. demax,

3 4
ln(l+x)=x—“: + ’; — : + ...

katop (—1, 1] aa akuHaawysun OGyaap 3KaH.
M ucoa Yoy

!
: -2
§ e *dx

HHTErpaaHH TaKpHOH# XHcoOAaaHur.
F(x) =¢€" pyHKUHSIHHHT AapaXKaJjH KaTopra &itnamac

2 3
=1+ + o+ 5+ -
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AaH ¢oirranaHub _ .

>

« x°

2
e =1—Jtg— gt

GYAHILHHH TONAMH3.
PaBwianku, ywoby

f - 4 6 8 10 12
S U ST SN AN R AT
e ml=x"+ 5 — 3 i~ 5 T e
TakpuOHi ¢opMmynasaH ‘
t l
4 6 8 10 12
- X X X X X
S"’ “dx = S(l_x2+2! —wta—m te )dx

0 0

KeaH6 unKaau. By TakpHOHH TEHTIMKHHHT YHT TOMOHHWAArH KHTErpaJjiHy
XHCOO.1aHMH3:

! 3 6 8 1o 12
x X X x x
0

2! 3Ty 5!
3 5 7 9 11 13 I
— ____x__ X _ X __{______x X | —
-(x 3 + 21.5 3.7 + 4!.9 511 + 6!-13) o !
i I | I I 1
‘“1""3"" 10 42 + 216 1320 + 9360 0,7469 .

Hemak,
§

S e=%dx ~ 0,7468 . .

0
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5-605b

K¥YN Y3rAPYBYHJIN ®YHKUHAJAP, YINAPHUHT JIHMHTH
BA Y3JIYKCH3JIHTH

bu3 «Onuit MaTeMaTHKa acocNapH»HHHT |- ToMHAa y=f(x) PyHKUHUSA
TYWYH4YacH OHNAH TaHHWAHK Ba yHH O6atadcua ypraHauk. bynaa
(GYyHKUHA OHTTAa 3pKAH Yy3rapyBuH x rarnHa OorauK 344. Llyuuur
YUYH YHH GHp yY3rapyBUHaH (GHp aprymeumu) QYHKUHA JeHHATAH 3]H.

Ta6Guataa, TexHukana yupalauraH KyYNriHa MHKAOpJaap OHp Heua
IPKIH ysrapysqunapra 6orauxk O6ynaau. MacanaH, TOMOH/IApH x Ba
y OyaraH TYFpH TypTGypanHuHr I03H

S=x-y

6yaub, Yy HKKH x Ba y y3rapyBuHMra OOFJIHK.

Ep o3uHuHr Xap OHp HYKTacHaaru XaBO XapopaTH yura Yyara-
PYBYH — LY HYKTaHH AHHKJOBYH napaJses, MEPHAHAH Xamja BaKTra
6oFaHK Gynan.

lynra yxwaw Muconnap xyaa kynaab yupaWau.

Bup Heua Vy3rapyBuura GOFaHK OYAraH MHKAOPJAPHH YPraHHU KYn
y3rapyBuHaH (QYHKUHA TYUWYHYACHHH KHPHTHAKWHHK  XaMaa  YHH
YpraHHLIHKA TaKo30 3TalH.

Co.cw.a.unx YUYH HKKH y3rapy3qmm QYHKUHANAPHH KapaHMH3.
ABBano R? $a3o TywyHuac GuAaH TaHHLIAMH3.

I-§. R? ®A30 BA YHAATH BADB3H BHP TYMJNAMJIAP

Mkku x Ba y ysrapyBun mukaopaap (x€R, y€R) Gepuaran 6yaub,
YABPDHHHT KHAMAaTAapHaaH (x, y) XYODTAHKIAPHH XOCHNA KHAAMH3.
byuaan xydrankaapaaH Tawkua Tonras

{(x, y): xER, yER) (1)

TYNAAMHH KapadMH3. (1) TYNAGMHHHT 3/IEMEHTH HYKTa ACHHAAAH Ba YHH
6utTa xap¢p OunaH, MacanaH, M xappu OuaaH GesrunaHanu:

M= (x, y),

Texkucankna [dekapr KoopaAWHATanap CHCTeMacHHH OaHO, abcumcca
YKHA2 X Y3rapyBuUHHHHI KHHMAT/JapHHHM, OpAMHATA YKuAa 3ca
Yy Y3rapyBUMHHHI KHHMaTJapHHH I>KoHaawTHpaMmH3. ¥ xoada (x,
Y) KyPTAHK, TEeKHCAHKIAA KOOpAMHaTalapH x Ba y 6yaram M HyKTaHu
Hporananan (17- uusma).

Ywby {(x, y):xER, yER}TynnaMﬂ.a HXTHEPHH HKKH (X1, Y1) Xamaa (xz,
y2) HyYKTajJapHd onaiauk. PaBwadkd, 6y HyKTa/sap TeKHC/AHKAA

L4

)
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g4 ¥

Ypr————- 9 M b -
|
|
!
l L

0 X x 0 a X

17- un3ama 18- un3ama

KOOpAHHAaTanapu X, Ba y 6yarad M, HyKTaHH, KOODAHHATANAPH X2, Y2
6yaran Mz HyKTaHK #doaanaiau. AHaJHTHK FreoMeTpHALa KeJTHPHAraH
dopmyaara. kypa Oy HyKTanap opacuaaru macoda

p(M, M,) = \/(xz—xl)2+ (92—y|)2

6y.nanu By macoga KyHuaaru xoccanapra sra:

+ 1°. Xap aoum p (M, M2) =0 6yaub, p (M, M2)=0 aa xi=x2, y1 =y
Ba aKCHHYa X1=X2, Y1 =Y2 6yf|rau,:la p (M, M2) =0 6yaaan.

2°. p(Ml, M2)=p(M2, M|).

°. p(My, M3) <p (M, M2) +p (M2, Ms)
(6yvaa M; — koopanHaTanapu xs Xxamia ys OYJraH HyKTd).

Onataa
{(x, y):xER, yeR)

Tynaam R? paszo (uxku yseapyatm.au Esxkaud ¢asocu) netinnanm.

[Okopuaa aiitharawaapaa R®  (a3oHMHT reoMeTpHK TacBHPH
TeKHCAHKAAH Hoopat GYJHIUHHH KYPaMH3.

duau R? dasonarn (TekHcaukaarw) 6ab3w OGHp Tynnamaapra
MHCONNAD KeATHPAMH3. '

l. (a, b) ER® HykTa Xamaa 6upop y3rapmac Myc6aT r COH 6epH.araH
O6yacHH. Ywoly

{(x, y) ER®: (x—a)® Fl—0)°<r (2)
({(x, y) €R* (x—a)*+ (y—b)* < r?))
Tynaam R? ¢asona énux doupa (ouux doupa) neiinnanH. byn:m (a,

b) Hykrta doupa mapkasu, r aca Goupa paduycu neiiunanu (18- unama).
Kyitnaaru

{(x, y) €ER%: (x—a)’+ (y—b)2=r?

TVNAaaMm adrana neinaaau. Y (2) aoupaHuur Yerapac 6Vaaau.
2. Awraiauk, a, b, ¢, d — y3rapmac XakuKHit couaap 6Yaub, a<<b.
c<d GYACHH. Ymﬁy

{(x. ) ER%: a<<x<h, c<y<d
(I(x, y) ER™: a<x<b. c<<y<d)

rynnam R? ¢asona énux tirpu Typrbypuak (o4ux THrpu TYpréypUaAK)
aeiunann (19- unama).
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3. Yuwoy

{(x, Y) ER® x=y, y=0, x+y<h

TyR.1aM R? ha3ora CHMILIEKC 1euma.1u 6yniaa N — myc6ar COH.
Cumnaexc (simplex) notusua cy3 6yaub, y coila Jaerad Ma'bHOHU
anraartaau (20- yusma).

Y - Y f | .
d - ~
//// Ar0,1)
c — ] |
L R [
g tI b X 0 801,01 "X
19- unama 20- yi3ma

2-§. R* ®A30lA OUNK XAMIA ENHK TYNJAMIIAP

R? hasona 6upop A= (a, b) HyKTa Xamaa ¢ MycGaT COHHI ONARAHK.
I-tabpud. Yuby

{(x. ) ER* (x—a)’+ (y—b)*<e?}

o1uK doupa A nykranune arpopu (e-arpou) detiuradu sa ynu U (A, e)
Kabu beacuraradu:

U(A, &) ={(x, y) €ER* (x—a)’+ (y—b) <&},

R? ¢asona Gupop G TVnaam Gepuaran G3acHH.
2-Tabvpud. Aeap G tynaamnune A= (a, b) nygracu {jaurune Gupop
U(A, &) arpogu buasran bupea wy tgnaasea teeuw.iy, 4dHu

A=(a, b)EG=>Te>0, U(A, ¢) =G

Ogaca, y xorda A nykra G TynaaMrune s Hysracu dedusadu.

3- Tabpu . Pakar uuku Hyrqra/zapdan TQUKUA Tonean TYnaaM
o1uk Tjnaas Oetiuradu. Macanan, R? pasona ouMK 10HPA OUYHK TYNIaM
6yhanu.

4-Tabvpud. Aeap A= (a, b) HyKranune ucraneau U(A ¢) arpoguda
(Ve>0) G ryniamuHune A HyxTadan gapk.au Kamuda uTTe HYKTACH
6yaca, A nHykta G TYnAaMHuKZ AuMuT HYKTacu deduaadu.

PaBuwanku, A HyKTa G TYnIaMuuHr JIHMHT  HYKTack Gyaca,
g HYKTAHHHT HXTHEPHH aTpohnaa G TYNAAMHHNT YCKCH3 Ky HYKTAa4pH

ynanu .

R® da3sonaru Kyinaaru
| l (x, y)GRz: (x_a)2+(y—b)2<r2}

€MUK NOMPAHHHT Xap OHp HYKTacH wy TYMIAMHHNT JHMHT HYKTaCH
G6yaanu.
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R? da3zoaaru ,
{(x, y) €R%: (x—a)’+ (y—b)*<r?) (3)

OUHK AOHpaA
{(x, Y) €R*: (x—a)’+ (y_b)2=,2_}

TVIJIaMHHHT Xap OMp HYKTack JHUMHUT HyKTacH Byaalu.

KeATHpHATAH MHCOMapidaH KYPHHAAHKH, TYMJAMHHHT JHMHT
HYKTacH WYy TYnJaaMra TerHwan OVJaHIH XaM MYMKHH, Teruuiiu
6yaMacaaH KOMHIUH X3aM MyMKHH 3KaH. ‘

5- Tabpud. Aeap F tgnaamnune (F = R?) 6apua aumur nyKrasapu
wy rgnaamea teeuuwinu 6gaca, F énux rgnaam dedusadu.
~ Macanan, R? pasona énuk aoupa €nuK Tynnaam Gyaaau. R? dasona
6upop M TynnamMHH anadauk. Yuaa

R*\M
TynaaM M uu R? ra TYAAMpYBYH TYMAaM AeAHNALMH.

Arap A= {(a, b)€ER? uyxtauunr uxtuépuit U(A, e) atpoduaa
(Ve>0)M Tynaamunur xam, R®\M TynaaMHuur xam HyKtasapu 6yaca,
A HykTa M TtynaaMmHuHr weeapasul nHyxkracu geaunagn. M TynaaMHHHC
Gapua yerapaBHi HYKTaJlapH YHHHT uerapacHHH Tawkua 3taad. Oaataa

M tynaamuuur yerapacu d(M) xabu €3nnanu. .
6-Tabpud. Acap R? ¢pazoda wyndait

Uo={(x, y) ER*: X* 4y’ <}
OUMK OHpPa TOMH/CAKH, _
Mc U )

6gaca, M wecapasanean tynaam Oedunradu.

UerapanaHuran €nuk TyniaaM KoMmnakr rtgniam (€KH KOMNAKT)
NeHHAAH.

R? dasonuur (x, y):

x=at+p,
y=oaat+ B2
(6yHaa o, Bi, a2, P2 — y3rapmac COHAap) HYKTalapHaaH TAUlKHA Tonrau
{ (x, y) ER: x=aul+P1, y=aat + P2}

TynnaM paBlIAHKH, TYFPH YH3HK TallKHA KHJALH. R? da3ona uxTHépHH
(a1, b)) Ba (a2 b2) HyKTanapHu onaiauK. YHaa ywoOy

(a<i<<er)

{(x, y) ER* (x=ai+1t(bi—ay), y=as+t(b2—a2)}
0t |
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TYnaam (ai, b1) xamaa (@, b2) HyKTanapui GHPAAIITHPYBYH TYFPH YH3HK
KecMacH 6yaaan. Uekan conaarn TYFpH YH3HK KecMatapriiv OUp1ainTy-
PHIUAAH TAIUKKHJ TOMraH YUH3HK CUHUK HU3UK AeHHIANH.

7-tabpud. R? pasoda M tynaamnu Kapaiauk. Aeap M tgnaam-
HUHS UXTUBPUL UKKU HYKTACUMU WY THnaamea recutiail OYAean CUMUK
yuszuKk OGusran bGuparqwrupuws mymkun 6gaca, M dHoraamau rgnaam
detiunadu.

8-Tavpuo. R? paszoda ouux sa 6oraasau 6ij.acan Tyn.aam coya deb
araaadu.

Macanan, R? dasoaarn ouuk doupa coxa Gy.aa.m.

3-§ UKKH Y3TAPYBUYHIH SYHKUHANAP

®apa3s Kuaaiank, R ¢pasona 6upop M Tinaasm Gepiaran 6VICHH,

9-tavpud. Aeap M tijnaamdaeu xap 6up (X, y) nykrara Gupop
KOHA4 GKH KOHYHTa Kypa OMTTa XaKHKHH & coHl (u€R) Moc Kyifnaran
6yaca, M Tynjaamaa HKKH V3rapysuhJaH QyHKUHs Ocpuaran  (aHuK-
qauray) aeb aranaan Ba yHH

u=f(x, y) | \

KaOu OearuwaanHaau. ByHaa M - QVHKUHSHUHT AHHKJIAHHIO TVILIAMH,
X Ba Yy 3PKAM Y3rapyBunaap QyHKUHA apryMenTIapH, © 3ca X .Ba
Y Y3UapYBUHNAPHHHT PYHKUHSICH 1eHHAaln.
Mucoaaap. |. R° pasouunr xap 6up (x, y) nyktacura x® 4 y* connn
Moc KY#no, ywby ‘
u=x"4y°

¢)¥ux._uuﬂra ra Oyaamu3. by ¢yHKUHSHMHT aHMKAaHHMUL TYHAQMK
R* 6yaaam.

2. R? pazoga M={(x, y) ER*: x*+y*< I} T¥n1amun oanG, yuunr
Y

Xxap 6up (x, y) HyKkTacura \/I —x?—y? coni MOC KYHHI HaTHAKACH A

u= \/l—x"’—y'z

Gyukuns xocHa O6ynaid. DBy GyHKUMAHHHI auHKJIaHHID TynIamH
Mapka3u (0, 0) uvkraaa, paamycu | ra rveur Gyaran énuk ionpa

M={(x. y) €R* X*+4y*< 1} nan ubopar.
Aitaiank, u=f(x, y) dyukuua M 1ynaamaa (McR) Gepuaraw

65’(.ncnu.” (x, y) HykKTa M tyuaamaa y3rapranna QyHKuHs KuitMatiaapu
XaKHKHH COHnlap Tynaamuiaa y3arapub, yiuuby

-

{f(x, y): (x, y) EM)}

XaKHKHH  COH.1ap Tj'ulnalmuuu XOCHA KHJaan. by ¢ynkyuanune
KUUMaTAGPU TYNRAAMU EKH pynkyuanune gaeapuw coxacu (Tgnaamu)
ACHH.131H. '
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Macaaan, u=x*+4y° Gyukunsanuur Kuiivataapy  rfuaave |0,
-+ 00 ) sipuM HHTepBajsAaH, U= \/I——xz—-y"’ (YHKUHSIIHIT KHIMAT.Ia-
pu Tynaamu sca [0, 1] cermentaan ubopat 6yaalu.

Oaatia ymoy

u=P,(x, y) =Coo+ Crox+ Cary+ Coox*+ Crixy -}
' +any2+..+C,,ox"+...+Cn,..y"

(pvnxulm n- raptuban kgnxad  aciiwaann, 6yMia  Con,  Cios....Con —
yudpu ¢ XAKHKHA conaap. Dy (PyHKUHSIHHHI aHUKJIaHWIH  TYILIaMH
qm 30,140 (OVTYH FeKHCTTHK @) HOopar. . '
Mkkn Pa(x, y) xamia Qmix, y) Kynxanhaap HucOaTHau TALKIL
TOHI AN

P.(x.y)
Q. (x. y)

U=

(PYHKUMS PAUORUA PYRKYUA JCHITATH. YHUHE AHIKRIAHKLL § VIFTa vy

M={(x. ) ER" Qm (x, y) %V}

6y.aam.

T MabayMke, 6Hp V3rapyBumian  (PYHKIMSIHMHT TCOMCTPHK TACBHPH
(rpadury) TCKMCAHKAA, YMYMaH aHTramia 3rpH ususikiad ubopar
Ov.aanm. '

Dup Varapysumau Ppynkunsnap xKalbn HRKH Y3rapyBuniIn QyHkins-
Japii XaM  reoMeTpHk  Tacsupaaill MyvmkHa.,  HKku  V3rapysBuu.n
PYHKIUSIIAPHHHT  TCOMCTPHK  TACHHPAAPH (rpaukaapn) ymMyma
afiTraifia cupraap Oyaaan.

Altraitark, u=J(x, y) Ppyukuuas M Tyuaamaa (MCR) 6epu.ran
ovacun. M tynaamiaan  (xe, yo) HYKTAHH OIHO, (PVHKIUHAHHHT 10y
HYKTQ a1 KHIAMaTH ue==[(xo, yo) 1y Tonavua. Harnaaia koopawHara-
SAPH Xu, Yo, e OVATAN (X0, Yo, o) HYKTAra 3ra 6Vaamui. by sca ¢pasoaa
HYKTaH racsnpaaitn (21- unima).

Mdazona (X, y, u) HYKTagapuuur yiiby

Hx, y, &): (x. y) EM, u=f(x. y)}

TYIIAMH u==[{x, y) DYRKUHAHUNT epachuen Rein1ann.

Macanan., u=x’ +q2 pyukuHsinnr rpagury 22- quimaila TacBHp-
pairan napaGoaonani whoraaaiiaf.

Maukyp naparpaguuir nuposapinia R° $a3zo uvkralapH KeTma-
KOTIHPH TYHIVHIACHEN KEeJITHPAMU3.

mapm KIL1aiIHK, Xap 6up natypad n conra R? daszoHunr 6uTTa (X,
Ya) HYKTAHH MOC KVIOBUR KOWla Gepuaran 6yacuu:

n— (Xn, Yn).
Ly vocauk RY daso nyKtadapuian ubopat viuly
(‘tl! yl)’ (xif. y?) sy (x'h yﬂ)'
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KeTMa-KCTAHKHH XOCHA KHAaAH. YHH {(x., y.)}] kabu GearnaaHaau.
Paswatkh, {(x., y.)} HYKTanap KeTMa-KeTJHrHHHHT KOOpPAHHATAJapH-
AaH Taulkua TonraH f{x.} Ba {y.} KeTMma-KeTaHKIAp COHJAp KeTMma-
KeTJAHKJapu 6y.1a1H.
Macanan,

(L1, (5 5) o () v
(1.0), (5,0) vrs (50) 1o |
(LD, (=1, =1) e, (=D (=1)"),

KeTMa-KeTukAap R? (a3zo HyKkralapuaas KHGOpaAT KeTMa-KeT/IHKJap-
UIE .
v

’ §

21- uuama 22- yuama

[
4-§. HKKH Y3rAPYBYHJIH ¢YHKUHA JHMHTH

1. KeTMa-KeTAHK AHMHTH. ABsano R? da3ona KerMa-KeT/IHK
JHMHTH TylWwyH4acH GH1aH TaHHWAMH3,
Antafinuk, R? dasoaa 6upop

(x1, y1), (x2, Y2) +erer (Xny Yn) se--

KeTMa-KeTJHK xamaa (a, b) uykta ((a, b) €R?) Gepuaran Gyacuh.
10-Tabpud. Acap Ve>0 con oaunzanda xam wynoad Harypas
no Con tonuacaxku, VY n>no y4y~

p ((xn, yn), (a, b)) <e

Tenzcuzauk Gawxapurca, (a, b) nykra |(xa, ys)} xerma-xerauxnunz
AumutTu Oedunradu sa '
lim (x., Ya) = (a, 6)

= O

Kabu HeacuAunadu.

By xotaa {(xa, y») | keTMa-keTAHK (a, b) HyKTara WHTHAAAH Ne6 xaM
anTHAAAN.

Macaaan, (0,0) Hykra {(—’l’-,—l)} KeTMa-KeTAHKHHHI AHMHTH 6yaa-
AH: L
' lim (—u-. —;) = (0,0) .

A 00
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l-teopema. Papas xuraisux, R ¢aszoda {(x., y.)} xerma-
xeraux (a, b) aumurea 3za 6jacun:

lim (x, y)=(a, b).

Y xo0ada 6y [( X y,)] KeTMa-KeTAuUKX Koopounararapudan Tauixua

ronzas {x,} 8a {y.} conrap xerma-xerauxaapu arumurza sza 6yaub, yrap
. Moc pasuwda (a, b) Hyxranunz xoopdunarasrapuza renz 6yaadu:

limx,=a, limy,=2b.

[ X - M= OO

Hc6or. lllaptra kypa
lim(xa, ya) = (a, b).

A=+ 0O

KeTMa-KeTanK AUMUTH TabpudHura OHHoaH, Ye >0 COH ONMHraHAa XaMm
WYHAAH HATypad no COH TOMHAAAHMKH, YN >np YUYH

0 ((xn, ya), (a, b)) <e

TEHTCH3JAHK YPHHAH Oynaiun. PasluiaHk,

o ((xn ya), (@, 8)) = (x,—a)’+ (y,.—b)2.

Yuana

V(xn_a) 2"' (yu_b) 2 < e
6yH6, KEAHHTH TEHICH3AHKIAAH
Ixﬂ —al <8t

Iyn""bl <e

Kequ6 uukanH. CoHNap KeTMA-KEeTJHTHHHHT JAHMHTH TabpHpHAaAH
doirnnanaunb,

lime,=a, limy,=>b
= 00

f—e 00

6yAHWHHH Tonamu3. Teopema ucGor 6ynau.

-Teopema. Papas Kuaraisux, R° pasoda {(x,, y.)} xerma-xersux
xoopdunararapudanx ubopar |x,} ea [y,) cowrap xerma-xerauxaapu
aumurea s2a 6yaub, yarap (a, b) nyxranunz moc xoopdunarasrapuza
Tenz OgAcun:

limx,=a, limy,=b.

e OO = O

Y x0r0a {(xn, ya)) kerma-xeraux aumurza sza 6jaub, y (a, b) 2a rene
6¢garadu:

lim (x, y.) =(a, b).

9—690 129 .
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- Mc6071. TeopeMaHuHr wapTHra Kypa

limx,=a, limy,=6.

fl— b =00

CoHalap KeTMa-KeT.HTH JHMHTH Tabpudura OuHoaH, Ve>0 coH
ONHHIaHA2 XaM —= COHra Kypa WyHAAH HATYpaJd ng COH TOMHAALHKH,

V2
Vn > n§ yuyH

I, —al <—5 (4)

TEHICH3.IHK Ga)kapu,aiH.

»

LyuuHraek, Ve>>0 COH 0/HHraHaa Xam, "{/% COHra Kypa lyHaa#

HaTypaa ng COH TOMWHAAANKH, Vn >>nf yuyH

Jy—bl < ﬁ (4')
TEHTCH3NHK Oa)KapHaanH.
A#ttatinuk, max {ng, nf’}=no 6yacuu. Y xonaa Vn>no yuyH Gup

BaKktaa (4), (4’) tenrcusankaap Gaxkapunasu. IlUyun abvruGopra onn6
TONaMH3:

p((%myn). (a.0)) = \/(x,—a)+ (y.—b)? <
' . '82' o2
by 3ca
lim (x,, y.) = (a, b)

fAl—e OO

3KaHHHH Guaaupanu. Teopema nc6or 6ynau.
KearHpuaras teopemanapaas ywoy

. lim x,=a,
lm (xpy)=(a.b) =i 1"

MYHOCca0aT Kejqu0 YHKAIH.

Hemak, R? ¢da3ona KeTMa-KeTNHKHH YpDraHWIl COHJAap KeTMa-
KETJHTHHHHI JIHMHTHHH YpraHHILTa Keaap 3KaH. -

Antaiauk, R? dasona M tynnam Gepuaran 6yau6, (xo, yo) HykTa ((xo,
yo) ER?) wy M wuuur JauMHT HyKTacH OYJcHH. YHaa M Tynaam
HYKTaJlapHiaH TY3WJATaH XaMAa HyKTara WHTHAYBUH {(Xa, Ya)} KeTMa-
KeTAHK ((xna, Yn) EM, n=1,2,...) MaBxya 6ynann. bynnan KeTMa-keTaukK
YeKCcH3 Kyn Gyaaau. By xongma 1- teopemara kypa {x.} coHnap Kerma-
KeTJIHTH Xo Ta, {Ys} COHNAP KeTMa-KeTJHTH 3Ca yp ra HHTHJAAIH.

2°. OyHKUHA AUMHTH. M tynnamaa u=f(x, y) obyHKuua
GepHaran OVYJCHH.
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ll-tabpud. Acap M r1iynaam wyxkrasapudan Tty3uscawn, (x,
Yo) HyKTa2a untuayeHu xap Kanoau {(xa, ys)} kerma-kerauk ((Xn, Yn) ¥
7= (x0, yo), n=12,...) oauneanda xaxu moc {f(xa, ya)} KeTma-keraux xap
doum saecona | ea unruaca, y xoada [ f(x, y) rpyuxuufmune (xo,
Yyo) HYyKTAdacu aumuru Jeduradu 6a yHu .

lim f(x,y) =1L €éku lim f(x,y)=I
(x, )=~ (x5, %) X
vy
Kabu Geacuranadu.
QYyHKUHA AUMHTHIA KYHHAaruua xXaMm Tabpud OepHil MyMKHH:
12-Tabpu. Aeap Ve>0 cox oauncanda xam wyndat 6 >0 cou
ronuacaku, 0<<p ((x, y), (xo, yo) ) << O TeHeCUSAUKHU KAHOATAARTUPYBHU
b6apua (x, y) EM HyKTanapaa

If (x, y) — Il <e

Tenacusauk 6axcapuaca, | con [(x, y) pyskyuanune (xo, yo) HyKTadacu
aumutu Odeduaadu.
DyHKUKA JHMHTHHHHT Oy TabpH(d.api y3apo 3KBHBAMEHT Tab-

pudaapanp.
Muconaap. . YwOGy

f(x, y) =x"+xy+y*

OYHKUHAHKRHT (1, |) HYKTaaarn JHUMHTHHH TOMMHT.
R® WHHr HyKTanapuaad ty3uaran.sa (l, |) HykTara HHTHAYBUYH
UXTHEpHil {(xa, y,.)}xe'ma KEeTAHKHH ((Xa, ¥a) 5= (1, 1), n=1,2,... ) onamus.

Yuna
(] (tne yo) b= {2+ %a- gn 4 2}
6yauo, |
lim  f(x, y)—hm(x,.+x Yty =3

(x,. 9, )11}
u,.-l

6yaaan. ldemak,
lim (x24xy +y?) =3.

P |
-l

2. Yuby

[(x,4) = x+y

pyHKuusHH Kapaiank. By ¢yukuns M={x, y)€ER’: x+y+0}
Tynaamaa aHuknaHrai. bepuaran pyuxuusa (0,0) vykraga nuMmurra 3ra
6yamannn, 4yHkH (0,0) HyKTara HHTHAYBYH

(o0 2))
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KeTMa-KeTJHKAAp YUyH

(CON e
o D[ -

6YyNHO, YNAPHHHT JHMHTH | Ba — |, AbHH OHp-OHpHra TeHr 3mac.

3°.JTumuTtra sra6yaran pyHKUHRJAPHHUHT Xoccana-
p H. :

®apa3 Kunanauk, a(x, y) pyukuua M tynaamaa aHukJIaHrad 6yauo,
(x0, yo) 3ca M HHHr AUMYT HYKTACH GYJCHH.

Arap

lim a(x, y) =0

x-’xO
| ad /)

6yaca, y xouaa a(x, y) ¢yHkuua (x, y)—(xo, yo) Aa YEKCH3 KHYHK
PYHKUNA AEHHAANH.

3-teopema. M rfnaamda Gepunzan f(x, y) @Pyuxyusnunz (x,
y)—(x0, yo) 0a xexau l aumurza sza 6Gauwsu ywyn

a(x, y)=f(x, y)—1

HUHZ Yexcu3 xuqux Pynxyua 6§auwu 3apyp ea erapau.

by TeopeMaHuHr uc6oru (PyHKuHsi JHMHTH TabpHpHaaH GeBOoCcHTA
KeJNHO YHKaAH.

bus [1] Huur 18- 606Haa 4ekAH JAHWMHTra 3ra 6yaran QyHKUHA-
AAPHHHC XOCCANApPHHH KeaTHprad 3AMK. Yekan aumutra 3ra 6yarad
HKKH y3rapysunan ¢yHKUHSINAp XaM MOC xoccasnapra sra G6Gyaanu.
Kyiinaa AumMuTra ara 6yaraH UKk y3rapyBunan PyHKUHAHHHE Xoccana-
PHHH KeATHPaMH3.

f(x, y) Ba g(xb y) ¢yukunaaap M tynaampa (M R?) Gepuarau
6yau6, (xo, yo) ER® 3ca M TYNNaMHHHT JIHMHT HYKTaCH GYJICHH.

1°. Arap f(x, y) dyHKUHA (X0, Yo) HYKTaAA3 YeKIH JHMHTrA 3ra 6yaca,
wy (xo, Yo) HYKTAHHHT eTap/H KHUHK aTpodHAa Yerapananrau 6yjaanu.

2°. Arap f(x, y) Ba g(x, y) dyHKUHANAp (Xo, Yo) HYKTaZa UYeKAH
AHMHTra 3ra 6yau6, Wy HYKTaHHHT U((xo, yo), 6) atpodpuaary 6apua
HyKTajapHia - -

f(x, y) <g(x, y)
6yJsica, y xoaaa .

lim f(x, y) <lim g(x, y)
X—xq X=>Xp
y—=ig =iy

Oynanm.
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3°. Arap f(x, y) Ba g(x, y) dyHkunanap (xo, Yo) HYKTana NHMHTTa
sra 6yaca, y xoaaa f(x, y) +g(x, y) GyHKUHA XaM JHMHTra 3ra Ba

lim [f(x 9) g (x.y) |=1im f(x, y) £1im g(x, y)
v-wo v-wo 9*::
6ynanm.
4°. Arap f(x,y) Ba g(x,y) (pyukuusmap (xo0, Yo) HYKTana JHMHTra 3ra
6yaca, y xonaa f(x, y)-g(x, y) GYHKUHA XaM JIHMHTra 3ra Ba

lim [ (x. y)-g(x. y) |=lim [(x. y) -lim g (x. y).
N P-"Uo V"Uo 9‘"0
Gg’ﬂanu. *

5°. Arap f(x, y) Ba g(x, y) dyukuuaaap (xo, Yo) HyKTalda JHMHTra

ra 6yaub, lim g(x, y) =0 6y.ca, y XoJsaa %——) (PYyHKUHA XaM JIH-
— .
MHTra 3ra Ba
lim f(x, y)
X—=X, -
li f(x.4) ’?"'0
xlf:o glx.y) — lim g(x.y)
r—y, =%
v,

6ynann

4° . Kappaau Ba TakpopHil JHMHTAAPHH CONHLWITH-
pruw. HOKopHAa KeATHPHATaH HKKH 93rapyaqu.nu (PYHKUHSIHHHT (xo,m
Yo) HYKTalarn JHMHTH YHHHT KGQPPAAU AUMUTU AeHNNANH.

Mkkn y3rapysuuan ¢yHkuHAra HHcC6aTaH KappaiH JHMHTAAH
60lKa4a JHMHT TYWyHYacH XaM KHPHTH/IAH.

dapa3s kuaalauk, f(x, y) Oyuxkuua R? pa3oHHHF

M={(x, y) €ER: |x—xol <a, ly— yo|<b|

Tynaamuaa Gepuarad GYACHH.

[(x, y) na y y3rapyBuuHH TaitMHn1acak (Xo3upua Vy3rapmac
xucoﬁnacax), HaTHXala y Pakat x raruia G0oFAHK 6yaraH ¢yHKuHUAra
aHNaHanu.

x—>xo 138 6y QyHKUHAHHHT aumuTH lim f(x, y) Maamyn 6yACHH peH-

K—=Xq .
JuK. PaBuwanku, 6y JHMHT TaiHHAAHTaH -y HHHC KH#MaTura OOFJHK,
6HHOGapHH y HHHI PYHKUHACH Gynandu:

lim f(x, y) =¢(y).
%o

AHan y—yo A3 ¢ (y) DYHKUHAHHHT JAUMUTHHH Kapahmu3. Papa3
KHAQAAHUK, y—=yo 13 ¢ (y) OQYHKUHAHUHT JIHMHATH

lim ¢ (y)

=%
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MaBXya 6y.acun. Hatuxana f(x, y) GyHKUMAHKUHT aBBaA x—-xp Aa,CYHE
Y—yo Na JTHMHTH
lim limf (x,y)

Y=l 13

ra ‘sra_Oynamu3s. By aumut f(x, y) PyHKUMAHHHT Takpoput, aumuru
ﬂeHH.flaﬂH

lIOkopuaa KeNTHPHATAH MYN0Xa3a WPHTHIL Guaad f(x, y) dyHkuns-
HHHF aBBaa y—+yo Aa, CYHIr x—-Xp j1aru

lim lim f (x, y)
XXy Yt
TAKPOPHHA JHMHTHra KenaMu3.
llynnan kuauG, f(x, y) GyHKUHsa (xo, Yo) HyKTana GUTTA
lim f(x, y)

r--xo
by

KappaiH JHMKTra, HKKHTA
lim lim f(x, y) .

ot Tl

lim lim f(x, y)

A—=Xg Y=Yy

TAaKPpOPHH AHMHTTra 3ra GyJHIIH MYMKHH 3KaH.
Mucoaaap. |I. Yuby

2x—y

[(x,y) = *+3°
0, arap x+43y=0 6yaca

arap x+3y+0 Gyaca,

dyHKunsaHuur (0, 0) HyKTana TakpopH#t JHMHTJIAPHHH TOIMMHT.
By PyHKUHSHHHT TaKPOPHH NHMHTJIAPHHH TOMAMH3:

_ 2x—y —y -l
Ilmf(x y)= Ilm i 3y 3
. 1. . ] |
limlimf(x, y) =lim( ——= )= ——,
MMf( Y) lim 3) 3
. 2x—y 2x
li JY) = =—=2,
wrgf(x y) = le T 3y x 2

limlimf(x, y) =1im2=2,

x—0) y—0 . x—0
Jlemak, GepuiaraH QYHKUHAHHHT Taxpopm'i JHMHTAAPH

Limli _ 1
xgglggf(x, y) = 3. 15"!,'1“”" y) =

6yaajnu.
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2. Ywby

- l w
x+4y-sin—, arap x50 6yaca,
f(x, y)=[ x

0. .arap x=0 6yaca

¢ynxdunuuur (0, 0) uyktanarH KappaJjiH Ba TaKpOpH# JHMHTJAPHHH
TONHHT. -
Paawanku, .

limf(x, é) =x, limlimf(x, y) =6
-0 x=0 y-+0

Oynaan. bupok x—0 na sin-i- ¢GYHKUHA JHMHTTa 3ra GVAMaraH/uru
cabalsan GepuaraH PyHKUHAHHHF
limlimf(x, y) '
10 y—0

TAKPOPHA JHMHTH MaBXyA 3Mac.
HAH yuwily
|f(xv y) _Ol

afinpmaty G6axonafMu3: |
|f(x, y) — 0| = |x+y°5in-£-| <lxl+lyl, x+0.

By renrcuanukaan 3ca x—0,y—0 aa f(x, y)—0 OyanwWHHK KYpaMH3.
Wynnaf kuau6, Gepuaraw o¢ynkuaanuur (0, 0) Hykrana GutTa
TAKPOPHA XaMaa KappaaH JHMHTH MaBXyA OYAHO6, ynap Hoara TeHr
6ynap skau.
uan [(x, y) OYHKUHAHHHT TAKPOPHA XaMaa KappaiH AHMHTAADH
opacHaaru MyHocabaTHH HPOLaJOBYH TeOpeMasapHH KeNTHPAMH3.

4-teopema. Azap (x, y)—+(x0, yo) 0a f(x, y) Pynxyuanunz
KAPPRAK ARMUTH
'L":. f(xy)=1

| o /]

nasxyd Ofanb, xap bup radunsanzan x da
ﬂTf(x»y)=¢(x)

Aumuy masxyd 6faca, y xos0a ywuby
limlimf(x, y)

et Lar.

TEEpOPus AuMur masxyd aa
lim lim f(x, y) =1

X-exg P+

Ofaadn.
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Hc6or. Laprra kypa (x, y)—(xo, yo) 23 f(x, y) PYHKUHUAHHHT
KappaJjH JHMHTH |
limf(x, y) =!

x—-—xo
- g

MaBXXyA. JINMHT TabpudHra kypa, Ve>>0 COH OJNHHraHAa XaM WYyHAail
6>0 con Tonunanuku, |x—xol <6, ly—yol <O TeHrcusanknapumu Ka-
'HOATAaHTHPYBUH Oapua. (x, y) EM HyKTajapH yuyH

f(x, y) —ll<e (5)

TEHIFCH3JHK Ba)KapHiaaH.
IJHAH

L 4

lim f(x, y) =@(x)
¥y

JHMHTHHHT MaBXYLIHTHHK 3bTHOOpPra ouub, (9) TeHrcH3AWKAa y—-Yo
A3 JUMHTra yTHO TOMamu3:

lo(x) — Il <e. ‘
by 3ca -
limg (x) =
x>z
3KaHHHK OuaaHpanu. [demak,
) tim lim f(x, y) =
X=z0 4>y

Teopema uc6or GyJum
Xyaas wyHra yxwaw Kyiupars teopema Hc6OT/aHadM.

S5-Teopema. Azap (x, y)—(x0, Yo) 9a f(x, y) Pynxyuanun:
Kappasu AUMUTU

lim f(x, y)= l
.

masxucyd 6yaub, xap 6ug TaduKraanzan y da
5 limi(9)="¥(8)

x+2
Aumur masxyod 6yaca, y xorda yuiby
lim limf(x, y)
ypy 53
TAKPopull- AUMUT Masxyod ea

lim limf(x, y) =1
yhy 512

6ijaadu. '
AHan u=[(x, y) OYHKUHSIHHHT JHMHTH (KappaJiH JIMMHTH) MaBXya-
JHIH XaKHAary TeopeMaHH HCOOTCH3 KeaTHpaMmH3.
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dapa3s kuaaiauk, u=f(x, y) byukuus M Tynnamaa (M R?) Ge-
puaran 6yau6, (xo, yo) 3ca M HHHT NHUMHT HYKTacH OYACHH.

6-teopema (Kown teopemack). f(x, y) Ppynxyuanune (xo,
Yo) HyKxrada dexau aumurza 3za 6jaumy yuyk, Ve > 0 con bepurzanda
xam wyndad 8 >0 con ronuaub, 0<p((x, y)¥(xo0, yo) ) <8 0<<p((x,
¥), (%0, §0))<<O Tewzcusruxaapru Kaxoarranrupyeuu uxruépud (x,

Y)EM, (x, y)EM aapda
F(x, y) —F(x y))l <e

Tenzcusnuxnunz Gaxcapuruwu 3apyp ea erapau.

5-§. HKKH Y3TAPYBYHJIH ®YHKUHAHHHI Y3JIYKCH3JIHIH

u=f(x, y) Pynkuns M tynramaa (MCR2) Gepuarau. (xo, yo) HyKTa
M TYNAAMHHHT JUMHT HYKTacH 6YAHO, Tynaamra Teruwan GyJCHH.

13- Tabpud. A2ap (x, y)— (xo, yo) 0a’f(x, y) Pyukyuanune aumuTu
Mmaewyo sa 4ekau 6§aub,

lim f(x,4) =f(xo yo (6)
o
6gaca, f(x, y) qbymcquﬂ (xo, 2yo) HyKrada y3ayKcus deb ara/zadu
Macaanan, f(x; y) = GyHKUHA UXTHEPHI (X0, o) € R® HyKTana
Y3JYKCH3OHP, YYHKH

lﬁof(x y) —LI_TD (x*+y? —xo+yo—f(xo Yo)-

Ouan M tynaamaarn (xo, Yo) HYKTAHHHI KOOpAHHATaJapura Moc
paBHwaa Ax Ba Ay opTTHpmanap GepaMHu3KH, (xo+Ax, Yo+ Ay)EM
6yacuH. Arap

' Xo+Ax=x,

Yyo+Ay=y
aeduaca, y xonaa f(x, y) =f(xo+Ax, yo-+Ay) 6ynans.

Y w6y
A (xo, yo) =f(x0-+Ax, yo+Ay) —f(xo, yo)

aHHpma f(x, y) OyHKUMSHHHT (xo, Yo) HYKTanars TYJIHK OPTTHPMAacCH
AefAHNaaH.
x—+xo0 1a Ax—+0 Ba y—yo aa Ay—-0

6yauwniy 3bTHOOpra onub, (6) TeHraukaaH Tonamua:

!r'_?:of(x y)=f(xo yO):xE;T-» [f(x. y) —F(x06 Yo) |=0=

= Ilm Af(xo yo =0."

Ax=ox \
Ay=gg
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by 3ca
lim Af(xo Yo =0

Ax-exg
A""o

6yaravna f(x, y) dyHkuna (xo, yo) HYKTana yvyKcH3 nefnnanx neb
Kapauw MYMKHHJAHTHHH KypcaTalH.

DYyHKUHAHHHT (X0, Yo) HYKTAQarH yJIyKCHIMIHTHHH KyAnaarsya xam
TabpHdpaall MyMKHH.

14-Tabvpud. Aeap M Tinaamnune nyxrarapudan Tysuszas ea (xo,
Yo) HYyKTa2a unTurysHu xap Kanoad {(xa, Ya)} kerma-keraux ((xa, y=) EM,
n=1,2,3,...) oaunzanda xam, moc {[(xa, Ya)} xerma-ceraux xap
f(xo, yo) ea unruaca, f(x, y) QPyuxyus (xo, Yo) HYKTAOA Y3AYKCU3
Oedunadu.

I5-Tavpud. Aecap Ve>0 con orunzanda xas wyndad 8 >0 con

ronuncaku, p ((x, y), (xo, yo) ) <O renzcussruxnu xanmoaraanrupyexu
6apua (x, y) €M nyxrarapda

(x, y) —F(x0, yo) | <e

Tenecussuk baxapuaca, [(x, y) Pynkyus (xo, Yo) RYKTGOQ Y3AYKCUI
deliunadu.

16-Tavbpud. Acap f(x, y) Pynxyus M rgnaamnune xap Gup
nyxracuda ysayxcus 6gaca, pynxyusa M rijnaamnoa y3ayxcus de

bu3 1okopuaa f(x, y) GYHKUHAHHHT (X0, Yo) HYKTAAA YIMYKCHIINTH
TabpHPaapHHH KenTHpAMK. DBy TabpHdnap ¥y3apo 3IKBHBaJIEHT Tab-
puaap.

17-Tabpud. Azap (x, y)—(xo, yo) 9a f(x, ¥y) PYRKKUAKURZ AUMUTY
masxyd bjamaca, éxu

lim f(x, y) = oo
x—blo
¥
bgaca, éxku
Ixin:uf(x, y) =l+*f(xo yo
vy

b6yaca, y xorda f[(x, y) Pynxyua (xo, yo) HYKTAda yY3uAsuwza 32a
Oetiunadu.
Mucoannap. 1. Yuby

e = [ 35 20 2t

1, arap x4y=0 6yaca

¢yukuna (0, 0) HykTaza y3uauuwra sra 6yaanH, YyHkH (x, y)-—#(O. 0) na
6y PYHKUHAHHHT JHMHTH MaBXYyHd 3Mac.

2. Ywby
sin(* 44°) .
f(x, y)=[ 24 arap (x,y)+(0,0) Gyaca,
0, arap (x, y) = (0,0) Gyaca
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$yukuus (0, 0) HyKraaa y3uauwra sra 6yaann, wyHKu

2, 2
Ilmf(x y) = lim St +§’ ) — |
M ;:;:; Xty

6yan6, 'y f(x, y) ¢ynkuuauuur (0, 0) HyKTacmaru Kuuwa'rnra (f(0,
0) =0) TeHr 3mac.

dapas kuaanauk, f(x, y) -Ba g (x, y) dyuxuuanap M tynaamaa
Gepuaran 6yaub, (xo, yo) EM HyKTana y3aykcu3 GyacuH. ¥ xoana

LE9) (g (x, y) 50)

[ (x y) =g (%, y). [ (x )2 (x ), g(x,y)

cpyuxummap XxaMm (Xxo, Yo) HYKTana y3ayKcH3 Oy.1aiH.

Dy Tacaukaapaan OMpHHH, MACaNaH HKKH DYHKUHA HHFHHAHCHHHHT
Y3.YKCH3JHTH HCOOTHHH KeNTHPAMH3.

f(x.y) Ba g(x, y) PyHKUHAIED (X0, Yo) HYKTANA Y3.TYKCH3 OYNraHIAKTH-
AaH Tabpupra 6uHoaH Ve >0 coH onuHrania xaMm wyHzain § >0 coH
Tonuaaanku, p((x, y), (xo, yo)) <& TCHICH3ITHKHH KaHOATJAHTHPYBUH
Gapua (x, yy €M HykTasnapaa

(x, y) —f(xo0, yo) | <=,

lg(x. y) —g(xo. yo)| <-§-

'

TeHrcH3aukaap Gaxapuaaau. DBy Tenrcuaamknapnau ¢oitaananu6
TOMaMH3:

| F(x. 9) +g(x, y)|— [F(xo, yo) +2 (%0, yo)]] =
= [ [F(x, ) —f (x0. yo) 1+ [g(x. y) —g(x0, yo) ]| <
< |f(x y) —F(xo yo) |+ lg(x. y) —g(xo, yo) | <
<5+z=¢
Uynnait kKHauo6,

| F(x. v) +2(x. y) 1= [[(x0, yo) +&(x0, yo) ]| <e

TEHICH3.THKKa KeJdaMH3.

by 3ca f(x, y) +g(x, y) OYHKUHAHHHT (X0, Yn) HVKTARA Y3.1YKCH3
OyanwuiH GHAIHPANH.

N Y3JAYKCH3 PYHKIUHATAPHHHI XOCCAJIAPH

-

Yanykcua ¢yHkuusaap katop xoccanapra 3ra. Qaataa yaap
TeopemaJsiap opkaJaun upolaaanaavaap.

1°. Boavuano-Kowu TteopemacH. Azap f(x, y) Pyuxyun
D coxada (Dc F) anuxaanzan sa ysayxcus 6y4aub, wy coxadazu
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uxxura typau (x, Y1) sa (x2, y2) rysrasrapda xap xua uwopasu
Kulimarnapeza sza Oijaca, y xonda D da wyndaid (&, ) nyxra
Tonuraduxu.,

f(E n)=0
6yradu.

M c6ot. AHHKIHK YuyH f(x, y) GYHKUHAHUHT (X, Y1) HyKTajaru
KHiAMaTH f{xi, y1) Manduit nwopanu: f(xi, yi) <0, (x2, y2) HyKTaparu
KHAMATH f(x2, y2) Mycbar HUIOpanH: f(x2, y2) >0 ne6 oiammus.

D coxa, asbHH GOFIaMaH MUK TYMiIaM GYAradauruaan (xi, 1), (xz, y2)
HYKTaJapHH OHpJawlITHPYyBYH XaMaa D ra TerHwau 6y.nraH P cHHHK
YH3HK MaBXyna Oynajm.

By P cHHHK YH3HKHHHKT yunapu (ci, di), (¢2, d2) ..., (Cn, dn) GYyNCHH.
Ywlby HKkH XxonaaH GHTTacH anbarta GaxKapuiaaau:

1} G6upopta (c;, di) HyKraana [(ci, di) =0 6yaaau (6y xonga reopeMa
ucbor O6yaamH),

2) 6apua (¢, di) (i=1,2,3,...,n) HyKTanap yuyH f(ci, di) =0 6yaub,
6yHAa CHHHK UH3HKHHHI wyHaah (¢, dj), (Cj+1, dj+1) yq.napu MaBXKYya
OynaaHKH,

f(ci, d)) <O, f(¢i+1, dj41) >0
6ynaau.

uau (¢;, d;) Ba (cH.., dj+:) HyKTanapHy GHPAAWITHPYBUH CHHHK
UH3HK KeCMaCHHH KapaiMmH3. Dy KeCMaHHHr nmapaMeTPHK TeHrnamace
KyiAuaarpua

" x=c+1t (¢cj+1—¢)), | 0<i< 1)
y=dij+1t (dj+\—d;)

6ynanH.
bepuaran f(x, y) ¢pyHkunaHn wy KecMana Kapacak, yiaa [0,1] opa-
JuKaa Gepuaral yuwby -
@) =f(c;+1t (ci+1—cp), dj+-t (dj+1—d))) (7)

¢yHKuus xocHa 6yaanu. by pyuxuuns [0, [] cermentaa y3aykcus 6yauo6,

@(0) =f(ci, dj) <O,
e(1) =f(¢+1, dj+1) >0

6ynaau. Yuaa [1] uuur 19- 606Haa KeATupHAraw Teopemara kypa,
wyunad o Hykta (fo €[0, 1)) Tonunaauku,

@(to) =0
6Vnann. (7) tenrankaaH donpasiaHHO TOMaMH3: .

f(ci+to (CH-I_CI) d;+to (dr+l_di))'— :

HAH
E=c;+to (¢j+1—¢;), n=dj+to (dj+1—d;)

ne6 onamui. Paswanku, (§, n) €D,
f(& n)=0.

140

www.ziyoulz.com kutubxonasi
-



aF dF du F dv L=, D=
6x=6u'6x+60.6x—vu | +uInu-0
=(y+1) (x+1*

aF oF du oF dv o—1 v
— . =p-u"" 04 u’-lnu- 1=
ay du dy dv dy v

= (x41)?t"In (x+1).
2-§ AVHAJIHII BYRHYA XOCHJIA

f(x, y) dynkuns M Ttynnamaa (M R?) Gepuaran 6yacun. Dy
TynaaMaa HXTHEPHH Ao= (Xo, Yo) HYKTaHH OIHO, Y OPKaNH TYFPH UH3HK
YTKa3aMu3 Ba YHIArH HKKH HYHaauwaan GupuHn myc6at AyHaaudl,
HKKHHUYHCHHM MaHDHI #yHaanu 1e6 kabyn xuaamu3d. Hywanran Oy
TYFPH YH3HKHH [ AeHAHK. [ HHHr Myc6aT |
HYHaAnwH 6naad Ox YKHHHT myc6aTr AyHa-
AWK opacuaaru Oypuak a, Oy YKHHHT
mMyc6GaT yHanuwH opacuaars Gypuak aca B
6yacuH (23- uu3ma).

Arap Ao= (%o, yo) xamna A= (x, y) €l
HyYKTaJap opachiaru MacopaHun p Aecak,
yHaa TYFpH Gypuak.au yu6ypGypuak AvAB nau

9

23- yy3ma

x—Xx ¥—Yo

> =Ccosa, =C0$ﬂ

6VauIuH Keanb YHKaau.
3-tabpud. Acap A nykra | rirpu wuzux 6igrab
untusrzanda (A—+Ao) yuwby yre % byuaa Alo nyKTaca
[(A)—f(Ag)  [(x.y) —[(xg, yo)
p(Ag. A)  — pl(xg yp). (x. )

Hucbarrune aumutu masxyo 6gaca, by aumur f(x, y)=[f(A) Ppynryua-

HuHe A o= (X0, Yo) HyKTaOaeu | tfnaruw 6§iuva xocuracu deb araradu
ea

3

Kabu Geaeurarnadu. Hemak,

9f(Ay) — lim HA) —[(Ay)
al A—-»Aﬂ p(A. Ao)

f(x, y) dYHKUHAHKHT { RYHanuw 6¥iiH4a XOCHIACHHHHT MaBXYAJHTHHH
9 (x, y) "
XaMla ——--== HH TONHUIHH KyAn1arn TeopeMa ndonanaiiau. by Teope-

MaHH HCOOTCH3 KeaTHpPaMH3.
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]

4-teopema. Azap [(x, y) Pynxyun Ao=(x0, Yo) HyxTdOa
duppepenyuasnanysuu 6gaca, y xorda QyuKyus wy HYKTAdA
xap xandad | dgnaruw 6§duva xocuraza 32a ea

af(Ao) _ af (x, ¥) _ a”xo-yo) af(xo- Yp)
ol = el ax Cosat —5 ——cosp

6gaadu.
Mucoa Ywoby

f(x, y) =arclg ~3—

dyukunsruur (1,1) nykranaru (0, 0) Hykraaau (1, 1) Hykrara Kapa6b
HyHasaraH [ UH3HK OYHHYA XOCHJAACHHH TOMHHT.

PaBuiaHky, Gepuarad Q)yukuua Ao=(I,1) nykraaa nudnbepenuu-
annaHyBu. Yuna 4- Teopemara kypa

af(L,1) __of(l.y) . n, 8f(l.l) n
. ax 5% + dy cosy
6ynann. -
SHAH :
af(.n x Yy _
o= (rete 5 | i L
a’(lJ) . xY\ X i
but A L0 A tg =) | .o, = — P p—
dy (al'c g y)y ; : x2+y2 l ,_: 5"

COS ==
2=

vz
2
OVAHUIHHK 3bTHOOpra onub,

af(;[.l) _ \éﬁ (_l__l)=0

L\
L=

3KAHHHH TONMAaMH3.

3-§. SYHKUHAHHHI NHSSGEPEHUHAJNHN

f(x. y) dyuruns M Tynmaamaa (M R?) Gepuiran 6yaub, (xo, yo) EM
HyKTanaa audpdepeHuHaNNaHYBUH 6yacHH. YHAa QYHKUHAHKHT Audde-
peHUHanNaHyBud OyJaHWH Tabpudura Kypa f(x, y) GOYHKUHSIHHHT (Xxo,
Yo) HyKTagaru OpTTHPMAcuH -

Af(xo, yﬂ) —f(x() +A.l‘, y0+Ay) '_f(XO, yO)
yuyH

f( ) of (xg. yo)
Af(xo yd =——gr-Ax+—— Ay +aAx+BAy

.6ynaau, 6ynaa Ax—0, Ay—~0 na a—-0, —0,
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é-tavpud. f(x, ) ¢yuxuu.s oprrupaacu Af(xo, yo) nune Ax .ra.-da
Ay srapea nucbaran wusuxksu bouws Kucsu

8/ (xo. ¥o) of (xp. #o)
o Ax+ 3y Ay

[(x, ¥) Pynuxyusnune (x0, yo) HyKradazu JudPepenyuarsu (rfaux
penyuas) de6 arasadu ea

d’ éxu d’ (3'0! Yo)
xabu 6eazuranadu. Remax,

o ( ) ¥( )
A =df (5o yo) = o2 Ary T2

of (xo ¥o) af(x ov Uo)

3 A% Ay aap [(x, y) OSyUKUHAHUHT (Xe,

Yo) nyxranaru Xycycuil nn¢¢epenuuannapn AeAHNIafAH Ba yJap Moc
pasuwaa d.f, d,f xabu Gearunananm: .

Onataa

of (X0 ¥p)

a
,(x@'o)A‘ d , 6y Ay.

d,f=

Mucoa. Yuby
f(x, y) =x"+5xy* —y° ‘

dyukunanunr (x, y) €R? nyxranarn auddepeHiunatnnmn TOMKNT.
HAraH ¢yuxnnauunr (x, y) HykTagaru xycycuf xocuranapu

L (x4 By’ — ) 2045y,

af 2 2 3 2
-;;;m-;; (x°4-bxy"—y) == 102y — 3y

6YAn6, yHHHr nud)tbe[;enunaan
df=-3LAx -+ b Ay = (26 +5y") Ax + (10xy—3¢") Ay

Gyaaanm.
Arap Ax Ba Ay napHi MoC paBhilina dx Ba dy ra aAMaWTHPCaK, yHaa
f(x, ¥y) dyuxununuuur audpdepedunanu KyRuaarn

9f (xo. %)
df (10 4 = 22 ge 4 AW g (5)

KYPHHHWIrA KeaaaH.
Gapa3 kuaafauk, F=f(u, v) QyHKRHAHKHT & Ba v J3rapysunaaps
y3 HaB0aTHAa X Ba Yy JAAPHHHI QYHKUHACH

y u=9(x, y), v=e(x, y)
6yan6, yaap épaamuaa Kyfuaars
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F=f(p(x, y), ¥(x, y))=F(x. Y)

Mypakka6 GYHKUHA Ty3uaraH 6yJcHH.

Arap u=¢ (x, y), v=vy (x, y) OPyHKuHaaap (xo, Yo) HYKTajaa
anddepedunannanysun 6yau6, F=f(u, v) PyHkuHs Mmoc (uo, Vo) HYKTa-
na (uo=¢ (x0, yo), vo=1y (X0, yo)) AndPepenunHannavysun Gyaca,

y Xxouaa i
—gf=-3L 9
dF =df= P du-+ p dv (6)
6ynanu. WyHu ucbornaimus.
F=F(x, y) pyuxusnanuur auddepeHunann |
| aF aF i
6ysagn. Mypakkal PyHKUHAHHHI XYCYCHH XOCHJIACHHH TONHW QOpMY-

Jajapuaad poHganaHcak, yHaa '

aF _ aF 6u+6F.60__6f du éf dv

dx  du dx ' dv dx du ox + dv dx’ _ (8)
dF _ 3F du dF dv __ of du af adv Y
dy  du dy + dv dy  du dy + dv dy’ (8

XocHn 6yaaau. Hatuxana (6), (8) Ba (8) mynocabatnapaau

__ Af_ (9f 9u af dv af du af adv _
dF =df= du 6x+ dv dx )dx+ (au 6y+ dv dy )dy—

O [ou o Ou L oY dv ] d of
o o dx+ 3 4 |+ 55 [ 55 dx+-3-dy [=-3L du+-3L-do

Oyaumwin Kean6 unkaau. HeMmak,
o 9
df= r du+ 3 dv . (9)

_ (6) xamaa (9) mMyHocaGaT/apHH COTHWTHPHE, PYHKUHA MypaKkal
6yaran Xxovina XaM yHHHr AnddepeHuUHaNHHUHT KYPHHRWH (6) daruaek

6yaunwuHy aHukaaiMu3. Oaataa 6y xocca AnddepeHilHan WaKAHHHHT
uneapuanrauzu ne6 atanan.

dapa3s kunafnuk, f(x, y) pynkuua M tynaamaa (M R?) Gepuaran
6yau6, (xo, yo) EM HykTana aHdpdepeHuHaNNaHyBYH 6YJICHH. Y Xonaa

Af(x0.0) =[ (x04 Ax, yo+Ay) — [ (x0 yo) =
= fx(x0,40) Ax + [y (x0,40) - Ay+ aAx+BAy
6ynaau. Arap
'df(xO! yo) =f;(x01 yo)Ax—*-f;(XO. yO) 'Ay
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6yhnwnnu 3BTHGOPra oicak, yHaa

. Af(xgye) .. [ (xoye) Ax+ [, (xeye) Ay +aAx+ BAy
lim +—————=|lim - - =
aw0 df(xp4) a0 Fo(xo90) Ax+F, (x0.90) Ay

ty—0 Ay-0
6ynu6, yw6y |

Af(xo, Yyo) == df(xa, Yo).
ABHH

[(x0+Ax, yo+Ay) =[(x0, Yo) +fx(x0, Yo)Ax+[y(x0, o)Ay  (10)
TAKPHUOHIl TEHIHKKA Ke/JlaMH3.
Mucoa Yw6y 1,08*% mukaopHu TakpuOuii XHCOGAAHT.
Ky#uaaru
f(x- Y) =x¥

QYHKUHAHHK KapaHauK. By dyHkuua yuyH (xoyo) HyKraaa (10) dopmyna-
HH €3aMHu3:

(x0+Ax) Y xo+y-x~"!

resg - Ax+xInx | .o, - Ay.
= -
Arap

xo=1, yo=4, Ax=0,08, Ay= —0,04

JeHHJICca, Yy Xxonaa

(140,08)*= %=1 4y.x*"| ;,-0,084x%Inx| .., - (—0,04) =
pé =4
=1+44.0,08=1,32..

6ynanu. [demak,
1,08~ 1,32.

4-§ OSYHKUHAHHHI IOKOPH TAPTHBJIH XOCHJIA BA
AHOPEPEHUHAJJIAPH

f(x, y) byuxkuus M tynaamaa (M €R?) Gepuaran 6yau6, V(x, y) €EM
HykrTaaa fz(x, y), fo(x, y) xycycu# xocunanapra sra 6yacuu. Pasuwankh,
6y XyCyCHH XOCHAalap x Ba y y3rapyBunJapra GoFAHK 6yjianH.

5-Ttabpud. f(x,y) pynkyus xocurarapu fr(x,y), fy(x, y) raprune
xycycud xocunrarapu Oepunean QYHKYUARUKHZ uKKun4u Taprubau
xycyculd xocuaacu deduaadu.

fx(x, y) HHHr x y3rapyBuYHCH GYyiAHYa XYCYCHH XOCHAAcCH

" - P (x.y)
falny) &xu =T
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xalu Gearwrananu. Nemak,

F3(5.9) = (r. ) TLED o 2 (D),

fr(xy) nunr y yarapysuncu O6yinya xycycnﬁ XOCHJIACH

- 3% (x,
oy e TDER

xabn Oearmnavaan. Jdemak,
sy = s, EL5=S(252).
[,(%.y) dynkunsanunr x yarapysuscu 6yAnua xycycuit xocmnacu

fntry) oxn TLED |

" xabn Gearmrananw. Remax,
- ' : Plxy) 3 f3f(x9)
f,,(&y)-(f,(x.y)), —W'_E(T).
[,(xy) Oynkunsuunr y yarapysuncu GYAnua XyCyCHR XOCHAACH

- a*f (x.p)
I '.(.r.y') EKN a2 7

'%a6u Gearnnranaaw. Jemak,
[ (x9) = ([,(x4)), "”::," _(mx.w)

Onataa HKKHHYH TAPTHOAR XyCYCHHA xocwlanap

Plxy)  Pl(zy)
dxdy ' dyds

Fa apaaaw Xocwaanap aeunaan.

Xyaau woxopmuaarsaek, f(x.y) OYHKUHRHHHT yYHHUH, TYPTHHYH Ba
X0Ka30 rapTHOAarH XycycHR Xocunajapu tatpudaranalu.
M s coa. Yuby

[(x.y) =x' 445y + Txy 41
¢ymmuaunur HKKHHYH TAPTHOMH XYCYCHA XOCHAANAPHHH TONHNT.
Assano depwlrau QYHKUHAHKHE XYCYCHA XOCHNBNIAPHHN TONAMH3I:

o (ALY Ty 1) A 82+ Ty,

:: - 2 (' A Ty + 1) = 120 T
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JHau S-TabpudpaaH PonnaraHub GYHKUHAHHHT HKKHHUM TapTHOIH
XyCyCHH xocu.'la.napuuu TOMaMH3:

= (3 )= (454 By ™+ Ty) = 125"+ 8

2
a°f g / of 3 3 _ 2
axdy oy \ Gx) g (4 +8xy +Ty) =24xy"+ 7,

2
Lo =2 ("’) - (12x%*+ Tx) =24xy"+7,

dydx dy
a3 __ a (af 9
= (ay) - (12x%*+ Tx) = 242,

5-teopema. f(x y) pynxyus M rijnramda (MER?)6epurzan 6§aub,
y wy rgnramda f, f, xamda |, f. xocunanapza 32a Ogacun. Azap
f,y, fy, aparaws xocunasap (xo, Yyo) EM wuyxrada ysayxcus 6yaca,
y xoada

f.;y(x(l' )= f;x(xor %)

-

6iyradu.
UMcboT. (xo, Yo) HYKTAHHHI KOOPAHHATa/japHra Moc paaumna
wyHaan Ax>0, Ay>0 oprTHpManap GepaHaHKKH,
(xo+Ax, yo+Ay) EM

6yacuH. CyHr ywby
u=[(xo-+Axyo+ Ay) —[(xo+ Ax.go) —[(xo.40+ Ay) + [ (Xo.50)
Hpoaanu Kapanmus. Arap '

(x) = (xgo+Ay) —f(x.90), .
P(y) =F(xo+Ax.,y) —f(xo, y) (11)

~ ne6 onMHCa, YHA2 wKopHaarn udoaa yuys

=@ (x0+ Ax) —@(xo),
u=vy(yo+ Ay) —‘P(yO)

6ynaam.
JlarpaHx TeopemacHaaH (oiiganaHn6 TONaMH3:

@ (xo+Ax) —p(x0) =¢’ (x0+0:Ax) -Ax,

Y (Yo +Ay) — ¢ (yo) =¥’ (yo+ 02Ay) Ay,
(0<6,,0:<1).

MKkKuHui ToMonaaH (11) Myuocaﬁaman ¢(x) xamaa p(y) Q)yﬂxunﬂ
JAPHHHT XOCHJIANapHHH TONHO, cyHr Jlarpanx TeopeMacCHHH Kyasacak,
yHAa

@ (x)_ = [ xyo+Ay) —f(xyd =, (xyo+0AY) - Ay,
1|?'(y) =f;(xo+Ax-y) —f;(xo ¥) =f;,(x0+9‘-Ax.y)Ax
-6‘55
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6ynnwn Keanb unkanu (0<<63; 04<<1). Hatixxaaa
u=@(xo+Ax) —@(x0) =f,(xo+0,-Ax.yo+ 0 Ay) - AxAy,

u=o(yo+AY) — @ (yo) =Fy(xo+0 Ax.yo+ 0,Ay) AxAy
6ynand. byuaa sca ywoy

f:y(x0+9IAx' Yo+ 6;4y) =f;x(x0+ 0,Ax, yo+ 6,Ay) (12)

TEHTJIHK XOCHJ OYynafH.
IHaptra kypa f;y, f,«apaiai xocuaanap (xo, Yo) HyKTana y31yKCH3.

Yuaa Ax—0, Ay—-0 aa
f:y(xo-l'el'Ax! Yot esAy)—*f:;(xoyo) »
Fre(Xot0,- Ax, Yo+ 0AY) ~F . (Xoyo)
6yaaau. (12) TéHrnuxna Ax—0, Ay—0 na aumuntra yTHo,
f:y(xO'yO) =f;x(x0'y0)

6yJAHIUHHA TONaMH3. Dy TeHIrIMK TeopeMaHH HCOOTIaHAH
®apa3s kuaanauk, f(x, y) oyukuua M tynaamna Gepuaran Gynauo,
YRUHT Xap 6up (x, y) nykracuia auddepeHuHaranysun 6yaCHH.
Matbaymkn, 6y QYHKUHAHWHT AndpPepeHUHaNH '

af (x, of (x,
df(x, y) = LG8 dx At g, a3

’

Oynann (6yHaa dx, dy nap x Ba y y3rapysunjaphHuHr Ax Xamaa Ay
OPTTHPMAJTAPHIHP).

6-tTavwpudd. f(xy) Ppyncyuanune (xy) nyxradazu dupgpepenyua-
audf(x,y) vune Ougpdpepenyuanru bepunrean f(x.y) pynkyuanune ukKuntu
raprubau dugpgpepenyuaru deb araradu ea d*f(x,y) kabu beaeuranadus:

d*f(x,y) =d(df (x.y)).
(13) TeuraukHn 3bTHGOPra oMb TONAMM3:

d"’f(x,y)—d(df(x.y))——d[——-——ax dx+ =5 dy]-—.
_ af (x.y) L afx )\ _
._dx-d( - )+dy d(————ay )._

2

\

a2 7
_ (5 y) g2y o 85 y) O (x.y) 4 2

Wysnna# kuauG, f(x, y) GyHKUHAHHHT HKKHHYHK TapTHOAH audPepeHuna-
JIH YHHHT HKKHHYH TapTHOAH XYCYCHHA XOCHAA1apH OPKaJaH KyHHAarHia
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2
dzf(x,y) —_ “f(x.y) dx2+2 ad f(x y) dxdy_l_ ’(x-y) 1_1/

ax? oy’
Hponanakap sKaH.

O YHKUHSAHHHT YYHHUYH, TYPTHHYH Ba X0Ka30 TapTHOMHK Au(pdepeHun-
ajJlapH XaM xyA[dH IOROpHAArdaeKk TabpHIaHAIH.

PYHKUHAHUHT KEHHHIH TapTHOAH JHPPepeHUHANNAPHHH YHHHT
XyCYCHH XOCH/Ja/apH opKaJjH ndoaanaw 6opraH capu Mypakkab.aauinb
G6opann. IOkopn TapTuban audepeHUHaNTapPHH CHMBOIHK paBHWIAA
Hponanaw Kynai 6ynanu.

f(x, y) q:pyuxuuﬂuuur AnddeperHany

df=-a—fdx+—d

-

HH CHMBOJIHK paBHIWIAa (f HH KaBCAaH TallKapura quxapuﬁ) Kyfnaaruua
€3aMHu3:

df = (Gedx+ 5540 )
Yuna )
2% _ (0 4 a4
ae6 kapalu MymKHH. Dy epaa Kasc HuKaaru HHFHHAH KBajaparra
d d

KYyTapuan6, cyHr f ra «kynaitupuaanu». Keun —; Ba m JAPHHHT

Aapa)Ka KypcaTKH4JIapH XYyCYCH#R Xocuaanap TapTabu aeb Kapajalu.
Ulynnait #iyn ‘OunaH KHPHTHATAH CHMBONHK Hboaaaaw f(x, y)
OYHKUHAHHHT n- TApTHOAH AudPepeHUHAaAUHH '

df=(5zdx+ %d.y)"f

Kabu €3Hul WMKOHHHH Oepany.

OHAH MYPaKKa0 (QYHKUHAHHHI IOKOPH TapTHOAH Au¢pdepeHIHANNA-
PHHH TOMAaMH3.

Aftalank, F=f(u, v) OYHKUHAHMHT u Ba v Y3rapyBuunapH
y3 HaBOaruia x Ba y JapHHHT (yHKUKACH

u=g(x, y), v="y(x, y)
6yan6, ynap épaamMuia KyAuaaru

F=[(q(x, y), ¥(x, y))
MypaKkab QyHKUHA Ty3HATaH GYJCHH.

=q@(x, y), v=vy(x, y) PyHKuuasap (x, y) HyKraaa y3JNYKCH3
HKKHHYH TapTHOAW Gapua xycycui xocuaanapra, F=f(u, v) PyHKuUHsR
3ca ‘MoC (4, v) HyKTana 6apya HKKHHUH TapTHOJH Y3NYKCH3 XYCYCHH
Xxocuianapra sra O6yJjcui. lllyun s»Tu6Gopra anub Tonamua:

df=—g—£du+ai£dv.
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df=d(df) =d(-oLdu +%dv)=du-d(ﬂ)+ﬂd (du) +

+du-d("’)+ "’d(du)=d("’)du+d( )dv+ 2 +
+grd=(-du+—5-dv) [+ d’u+-2Ld

Ly #yn Gunan Gepuaran Mypakkal (pyHKUHAHHHT KeHHHTH TapTHOG-
paru auddepesHaANapH TONHJANHK.

5-§. YPTA KHAMAT XAKHAA TEOPEMA

f(x ¥) ¢yHkuna M tynnamaa Gepuaran Gyacun. By M tynaamaa
(a1, b)) xamaa (az, b2) HyKTaJapHH ONaMH3KH, Oy HYKTaJaapRH
GHpJIaUJTprB'-IH TYFPH UH3HK KecMacH

l..-.-{(x,y) €R2 X= a.+t(b.—a|) y== 02+f(b2—02)}

0<<t<< | Kapanaérrad TynaaMra TerHwJnH GYACHH.

“6-Te opema. Azap [(x, y) Pynxyus | xecmanunz (a,, b,) xamada
(a2, b,) uyn;raaapuda y3aykcus 6yaub, xecmanunz xoazan 6Gapua
nyr;rmpu a Ougpdepenyuarnanyewu 6jaca, y *xorda | xecmada
wyndad (c\, ¢3) nyxra Tonuaaduxy,

f(axby) —f(a,b,)=fLcuca)- (a,—a.)—i—f,(c,cz)(b,—-—b,)

6ijradu. :
Mcb6orT. f(x, y) dyukunann [ KecMana KapaiMu3. YHAaa
f(x. y) =Fa+t(bi—ar), az+1(b2—a2))

6yau6, y [0, 1] cermenTaa Gepuaran F({) dyHkuusara ainaxnanu:

F(ty=[ai+t(bi—a), az+t(b2—a2)).

by F(t) ¢yuxuusa (0, 1) na xocunara sra 6ynanu.
Mypakkal® pyHKUHSHHHI XOCHJAACHHH TONHI KoHAacHiaH ¢oiaana-
HHO XHCcOGsaiMH3:

F'(t) =fi(ai+t(by—ai}, a2+ t(b2—a2)) - (by—ai) +[y(ai 4+t (b)—ay),
az+1t(bz—az)) - (b2—az). | (14)

Wlyunat kuau6, [0, 1] cermentaa Gepuaran F(t) ¢yHkuua JlarpaHx
TEOPEeMAaCHHHHT WapTAapuhu Gaxkapap 3kaH. Jlarpaux TeopemacHra
Kypa (0, 1) unrepBanna wyHAaH fp HYKTa TOMHJIALHKH,

F(1) —F(0)=F'(t)-(1—0) (15)

6y1aaH.
PasBuwaHkh,

F(O) =f(a|, az), F(l)=f(b|. bg).
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IOkopunaru (14) tenrnukaan ¢oinanauué Tonamua:

F'(to) =fi(ai+to(br—a1), az+to(b2—az)) (b —a)) +
+fi(ar+to(bi—ai), az+to(b2—az)) (b2—a2) =
_ =fi(c1, €2) « (br—a) +f;(c1, c2) (b2—a2).
By epxaa
ai=a1+%t (by—ai),

ca=az-+1to (ba—ay)
neb Genrunaauk.
Haruxana (15) teurauxk ywo6y

f(az,b2) —f(ai, b1) =fi(c1,c2) - (a2 —a) +f;(c1,C2) - (b2— b))
TEHrIUKKA Kenaau ((ci, ¢2) €l). By aca TeopeManu uc6otaaiian.

6<§. ®SYHKLUHISHHHI TERJIOP ©OPMYJIACH

f(x, y) dyukuua M coxara (McR?) Gepuarak 6yaub, (xo, yo) EM
6yacuH. By (xo, yo) HykTaHHHT Us(x0, Yo) a'rpodmuu (Us{x0, Yo) c.:M)
onub, yHAa wWyHaah (X, y) HYKTaHH KapaHMH3KH, ywoly

[={(x’, ') ER*:x’ =xo+t(x—x0), Y =Yo+t{y—yo))

xecMa Us(xo, yo) ra TerHuwin 6yacud (0<Si<< ). ;

- ®apa3 Kunahauk, f(x, y) oyHkuna Us(xoe, yo) Aa Gapua GHpHH‘lH
HKKKHYH Ba XOKa3o (n-+-1)- TapTubaH. xycycH#i XocHaaaapra sra
6ynu6, 6y XyCyCHA XOCHAaNAp Y3NYKCH3 OYJCHH. '

Arap f(x, y) dyHkuuanu [ KecMana Kapahaurad 6y.acak, yHia

f(x, 9) = (xo+Hx—x0). go+t{y—yo)) (O<ISI)
6ynu6, y f y3rapyBUHHAHr QYHKUHACHIa anJaHaRH:

F(t) =f(xo+t(x—x0), yo+t(y—yo)) (0<I<I).
B); QYHKUHAHHHI XOCH/aapHHH XHCOONaRMH3!

F'(t) =fx(xo+t(x—x0), yo+t(y—yo)) - (x—xo0) +
+ [y (xo+t(x—x0), Yo+t (y—Yyo)) (y— o),

F" (1) =f2(x0+ t(x—x0).yo+t(y—yo)) (x—x0)*+
—+ 2fiy(x0+ £ {x — x0) .50+ £ (¥ — Yo) ) (x—X0) (¥ —yo) +

'+f}(xo+t(x—xo), Yo+t(y—yo)) (y—yo)?, (16)
YMYMaH, '
FO() = (55 (x=xo W5 (1—yd)*
(k=l.2, 3, ... n4+1)
PaBuiaHnkwu,

F(0) =f(xo0, yo), F(1) =f(x, y),
FO(0) = (F-(x—xo H5-(y—yd)"* (16')
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6ynaan. By TeHraukaaru f(x, y) oJyHKUHAHHHr OGapuya XycCycu#
XoCHAaNapu (xo, Yo) HyKTama xucobsaaHras.

byunah F(t) ¢yHkuus yuyu 1- TOM, 20- 606, 8- § na KesTHpHATAH
ywGy

F(#) =F (to) +F(to) (t—t

+F " (1) (t—to) "+ R, (1) (17)

Telinop ¢opmynack ypuHAH Oyaap 3SaH, OyHaa R,(¢f) — Konakk
XaA. YHuHr JlarpaHx kypHHHlIAark Hpomack
F(n+I) uo_'_e(‘_‘o)) et
R.(1) = TEAIY (t—1y) (0<<o<l)

G6ynaau. Xycycat, {=1, to=0 6yaranna

F(1)=F(0) + ZO 4 F(0) -t L S P00 +R.(1)

6yaanu. lOkopuaaru (16), (16”) Ba (17) MyuocaGamapnaH donrananub
TONAaMH3:

af(x o yo) f(‘o-yo)

f(x.9) =F(x0 Yo) + (x— o)+

(y—Yo) +
3 °f (xg.40)
[ (g2 T () (40 +

1
# T (g |+t

ay’

3"f (xg.40) *f (xo-Y0) A g,
+-—[ Tobe) a"+c'—a-,-,_La‘-’;(x—xa 'W=yd +..+
L !(x y) n
+———(y—~yd ]+
[ 6"+'f(xo'l"e(x"xo)-yo"'e(yf'”yo)) )

+ (n+l)![ ax"+! TR T
" (xa+6(x—xp).y +0(y;y }) n '
+ : 6y,,1,° — (y—yo *']

by ¢opMyaa ukku y3rapysuyuau
opMyaacu penunanm. by A

CumBONtHK Gesruna Y -
. waap epaamuna Teia
FHYa €3HII MyMKHH: P €p Op (opMyNacHHH Kyhnaa-

¢yHkuuanunr  Tedaop
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F(x.y) =F (x40 + !,(— (x—x,) + (y Yo) )f+
+5i(55 (F—x0) +5 (49— yo))f+ +
o (e (r—x0) 5 (w—uo) JTH R, (18)

OyHaa QYHKUHAHHHT Oapua XyCyCHH XOCHAajlapH (xo, Yo) HYyKTana
XHcoOJsaHraH, KOMIAHK Xal 3ca

R%= (n+l)'( (x—x0) +—5- (y yo)) f
6yau6, 6apua (n+1)-TapTHO6aH XycycHit Xocuaanap (xo+0(x— xo)
yo+0(y—yo)) HykTana xucobaanran (0<<6<<1).
(18) dopmynana xo=0, yo==0 ne#unaca, yHaa !
| 3 d 1
fxy) =[O0 +4; (Gx+54 )45 (Zxt+5 y)f+ +

+ o (a5 x+50y JI+RE

6yaub,

o | 9 9.\
Ra.= (n+l)!(6x *+5 y) f

6ynaau. Bynpna 6apuya (n+41)-tapruban xycycuih Xocuaadap (6x, dy)
HyKTaZa xucobaaHran (0<<8<l).

7-§. SYHKUHAHHHI 3KCTPEMYM KHAMATIJIAPH

dapa3 kuaaiauk, f (x, y) pyukuna M (M R?) Tynramaa Gepuaraw
6yAu6, (xo0, Yo) EM GYACHH.
Mabaymks, yuby

Us (xo0.40) ={(x.y) ER?: \/ (x—x0) 2+ (¥ —y0) *< 5}

(6>0) Tynaam (xo, yo) HYKTAHHHT arpogu neb aranap 3au.

7-tabpud. Acap (xo, yo) HyKTanune M rgnaamea recuwau Us(xo,
yo) arpogu Tonuacaxu, V(x,y) €Us(xo0, Yo) yuys

[(x, y) <[(xo0, yo) ([(x,y) <[(x0, yo))

TeHacusauxk 6axcapuaca, f(x, y) pyrnkyua (xo, Yo) HYKTAOQ MAKCUMYM2A
(xarsud maxcumysea) apuwadu deb araradu, f(xo, Yyo) Kulimar 3ca f(x,
y) Pynkyuanune maxcumym (Karoull makcumym) Kudmaru dedusadu.

QD YHKUHAHHHI MaKCHMYM KHHAMAaTH

f(xo, yo) = max{f (x, y)} ((x, y) € Us(xo, yo))
Kabu GearnHnaHanH.
8-tadbpud. Acap (xo, Yo) HyKTarure M rinramea tecuwru Us(xo, Yo)
arpogu tonuacaku, V(x,y) €Us(xo, yYo) y4yH :

f(x, y) =F (x0, yo) (f(x,y) > F(x0, yo))
Tenzcu3auk baxcapunca, f(x, y) Pynkyua (xo, yo) HYKTA0a MURUMYMQ
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(Karodua Munumymea) puwadu deb aranadz;, [(x0, yo) Kuiimar 3ca f(x,
y) PyHKGuAHUNE MURUMYM (KQTDUR MUNRUMYM) KubdsmaTu Oedunadu.

OyHKUKAHHHT MHHHMYM KHHAMAaTH

f(xo' yO) =mi"’f(xv y)' ((x- y) EU6(x0. y())) _

Kaby 6earunaHann.

[(x, y) PYHKUHAHHHT MaKCHMyM XamMAa MHHHMYMH YMYMHH HOM
6HJIaH YHHHT IKCTpeMyMmu ReHnNanu.

7- xamaa 8- rabpud.aapaaru (xo, Yyo) HYKTa Moc pasuiuja f(x,y)
DYHKUHATA MAKCHMYM, MHHHMYM KHHMaT OepaanraHghyKTa [eHHJaldH.

7-Teopema. Azap f(x, y) Pyuxyus (xo,y0) HyRTada 3xcTpemym-
2a spuwca sa wy nyxrada fi(xo Yo), ['y(X0, Yo) xycycud xocunanrap
masxyd 6jaca, y xoada

fx(x0, ¥0) =0, fi(x0, yo) =0

6ynanm. :

H.c.6 o1. Alitasiauk, f(x, y) PyHKuna (xo,4o) HyKTaAa MaKCHMyMra
3pHwHG, wy HykKTalda fx, f;, XycycH# Xocuaanapra sra G6YACHH. YHAa
Tabpudra Kypa (xo, yo) BykTaHuHr Us(xo, yo) =M aTpodu TONHAZIHKH,
V(x, y) €Us(xo0, yo) yuyH

f(xv y) Qf(xo. yO)
KyvaanaH

f(x, yo) < [(xo, yo)

G6ynaan. by 3ca [(x, yo) — O6Hp y3rapyBuuiu (x — y3rapyBuHIH)
PyHKUnAHUHT Us(xo, Yo) AQ 3Hr KATTa KHIAMATH (X0, Yo) ra IPHILKHLLIKHH
‘Ounaupanu. Yuaa 1-rtom, 20-606, 7-§ na kearupuaran Pepma
TeopeMacura GHHOaH '

fx (xo, 40) =0

6yJaan.
XyAaH WyHra yxiuaui

i (%o, yo) =0

Gyauwu Kypcatuianu. Teopema ncGor 6yaam.
dcnarma. f(x, y) dyuxkunaruar 6upop (x* , y* ) HykTaaa fi, f, Xycycut xochaa-
Aapra 3ra Ba fi(x* , y* ) =0, fi(x* , y* ) =0 G6yauwmnnan yHuur (x* , y* ) HyKTana
IKCTpeMyMra sra 6¥anwn xap aouM ken6 yukasepmafan. Macadan,
f(x, y)=x-y

QYHKUHAHHHI XYCYCHR XOCHAANAPH

fo(x, y)y =y, [y(x, y)=x
(0.0) nykraaa vonra afaaHaiu:

[:(0, 0) =0, [ (0, 0)=0.

bupok Oy dyukuns (0,0) HyKTala 3IKCTpemyMmra sra s3Mmac. (byHn ¢yHkuwa rpaguru-
rufiep6oInK NapaboIoBIHHHT TACRHPHIAH KYPHIU MYMKHH. {(Kapaacur (1] . 15- 606, 4- §.)

Illyuna#t kuau6, 7- TeopeMa HMKKH V3arapyBuwiu f(x, y) GyHKuus
3KCTPEMYMIa 3PHUIHIUHHHHT 3apYPHH 1apTHHH Woaasap IKaH.
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f(x, y) OyHKuus XyCcycui XocH.1aaapHu [, f, n1apHn Hoara aiaaHTHpa-
AMraH HYKTaJdap YHHUHT CTQyuOoHAp HYKTAAGpu NeHuAans.

JHAN HKKH Y3rapyBuliIH QYHKUHA 3SKCTPEMYMra 3PHUIMUIHKHE
eTapJ/H WAPTHHH TONHII OHUNAH ILYFYANaHaMH3.

®apa3 Kn1anaKk, f(x, y) dynkuns f(xo, yo) HyKTaHHHT Gupop-Usf (xo, Yo)'
atpodpuaa Ocpuaray 6yaCHH.

Arap V(x, y) €Ua(xo, Yo) yuvH

A=f(x, y) —[ (X0, yo) = 0
Gyaca, y Xonaa f(x, y) PyHKuHs (xo, o) HyKTa1a MHHMMYyMTa 3ra GYnanm.
Arap A(x, y) €Ua(xo,yo) yuyH
A=f(x.y) —[(xo, yo) <O

6yJca, y xoiaa f(x,y) GyHKUHA (Xo,4o) HVKTANA MAKCHMYMra 3ra Gyaann.
Hdemak, f(x, y) OQyHKUHSHUHT (X, Yo) HYKTAAa 3IKCTPEMyMra

IPHWKHIWHHA anHKIaw A aiupmanuir Us (xo, Yyo) A2 HUIOPA CaKJIALIHHH
KS’»‘pcaTmuuan HOopaT 3KaH.

Airaiank, f(x, y) oyukuns Us (xo, yo) Aa y3nykeus fr, f xamaa 7,
w [y Y3AYKCH3 XyCyCHR XocHjaaJgapra sra 6Vau6,

fx(xo. yo) =0, fs(x0.y0) =0 - (19)
OyJCHH.

6- § 1a kearupuarau Tedsop (bopmy.mcundﬂ ¢ oriaananub, (19) my-
HocabGaTaapuu xucobra 01M6 Tonamua:

f(xy) =[ (X040 + [ 2(xot0Ax Yo+ 0AY) - Ax*+
+ 2f o (xot+ 0AX.y o+ 0Ay) Ax- Ay +f 2 (x o+ 0Ax, yo+04y) Ay?].
Gyuaa
Ax=x—x9, Ay=y—yo, 0<<O<I.
YHia |
= [Fatxot00xyot08y) - Ax*+
+2f 1 (X o+ BAX, Yo+ BAY) Ax- Ay + [ 2(x o+ 0Ax. yot-0Ay)Ay*]  (20)
+2f5y (204 08x.yo+ 0AY) Ax- A y+[>(xo+0Ax, yo+ 0Ay) Ay*]

6% nans.
Kynaiiauk yuyH Kyinanarn GearuialltaDHd KHAAMH3:

au=f;; (X0 Yol
a|2=fx; (Xp Yo)»

a22=’?‘fy; (Xo Yo)
A aRHpMaHHHT HUWOPACH

2
Ay *Ap—0aj
MUKJIOPHHHI HILOPAacHTa GOFAHK Gy.aann.
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1°. a,,-ay—a?,>0 6yacun. By xanaa A HHHT HUWIOPACHHH aHHKNAW
y4yH YHH KyHhuaaruwya

=37 xo+ 0Ax, 8AY) -Ax
2 [2(xp+8-Axy,+68y) [fa(xot Yo+06Ay) -Ax+

+fly (xo+04x, yo+0Ay) - Ay) *+ ([}(x0+8Ax,yo+BAy) .
[ a(xotBA%, yot-0AY) — Frylxo+Ax-6, yot+-08y)) -Ay?]  (21)

€36 onamus.
AATannuk,

[2 (Xoyo) =a,/>0

6YACHH. YHAA HMKKHHYH TapTHOAH XYCYCHH XOCH/ANapHHHT Y3JYKCH3
6yNHWHAAH

mf} (xo+ 0Ax, yo+0Ay) =a,, >0,

Ay—=0
WYHHHTrAeK .
lim (f2(xo+8Ax, yo+0AY) - 5(xo+0AX, yot-B8AY) —
Ay-=0

. 2
, —fxy\(x0+BAxv yo+9Ay)) =a“-a22-—a'f2>0

KeaHb YHKafH.
Ax Xamaa Ay nap etapanya KH4uk 6yaranaa (21) MyHocaGaraaw
AZ>0 6YAUIUKHY TOMAMH3.
Hemak, .
a,-ay—a?>0 Ba a,,>0 6yarauaa

A=f(x,y) _f(x('h yO) a>’0'
ABHH

f(x,4) = [ (x0, yo)

G6ynaan. by xonna f(x, y) OyHKuMa  (xo,40) HYKTada MHHHMYMra
3PHILALHK. -

Xyanu wyHra yXiaw KYpcaTHW MYMKHHKH, @) +Q,9— a3, >0  Bu
a >0 6yaranna
A=[(xy) —f(x0, yo) <O,
ABHH

f(x'y) Qf(xo. yO)

6ynaau. by xonmna f(x, y) ¢yHkuus (xe, yo) HyKTana Maxcﬁmyma
IPHIIAAH.

2°. a,,-a,—a?,<0 6yacun. Y6y
axz’+2a,,z+a,,
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KBalpat YUXAAHHHT AHCKPDHMHHAHTH
— 42 — 2
D=4aj,—4a,ay»=—4(a,ay—a;; ) >0

6varanauru ca6aban A aiupma HILNOPA cak/aMailli, AbHH WYHAAH a,,
a2 KHAMAT/Aap TOMHIAILHKH,

ayai+2a,2,+a,>0,

. arzag+2alﬂ2+au<0
Oyaaau. ABBa.lo
azza?+2“12a|+an>0

6y.iran XOTHH KapdnvH3.
MKKHHUH TapTHO XYCYCHH XOCHAAJAPHHHT Yy3AYKCH3AHIHAAH (pouna-
J3HHO TOlMaMH3: ~

lim (f2(xo+8Ax Yo+ 8Ay) a i+ 21, (xo+0Ax, yot-04y) =+

Ax—t)
Ay—-0

+[2(xo+ Ax0, yo+0Ay) ]=022-af+ 20|2a|“i‘ a,;;>0.

Yuaa (xo, yo) HyKTawuur wyuaan U.(xo.yo) a'rpoqm TOMHJAAAHKH,
(xo+ Ax,yo+ Ay) < U, (x0,y0) GYnrania

ff(xo'i‘ BAx.y,+ 0Ay) af'l"fxy(xo'}‘ 0Ax,yo+ 0AY) +

+1 a(xo+68Ax.y,+8Ay) >0 (22)

o6vaaan. . -
Auan (xo, Yo) vaammr etapanua ku4uk U, (x0.y0) aTpoPHHH

0AalAHK. YHA2 WyHAAl KHYHK p COH TONHIL MYMKHHKH, (Xo+p, Yo+ pa1)
HYKTa XaM U Xa, yo), xam U (xo.yo) aTpodra Ternuaun 6vaaau. Arap

. Ax=p, Ay pay
aeunaca, (20) xamvaa (22) myxocabaraapaan

A=f(xo+AxgotSy) —[ (xoyd =507 [ (xot0Ax yot0AY) +

+2f5(Xo+ Ax 8,90+ 0AY) @, + [3(xoF BAX,yo+ 0AY) - a?]>0

Gyaanu. .

Wynaait kuanb, (xo, yo) HyKTanuwur atpoduaa wyHaad (xo-+ Ax,
Yo+ Ay) HYKTA TOMHJIAAHKH,
6y.1aaH.

[llyura yxwau

axei+2a,0,+a,,<0

6yaran xonia (xo, Yo) HYKTAHHHT aTpodpHaa WyHAaH HYKTa (xo+ Ax,
Yo+ Ay) TONHAHWK KYPCATH.IAAHKH,

A=f(xo+Ax, yo+ Ay) —[(x0, yo) <0
Oy.1a1H. '
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4

Ilemak, (xo, yo) HYKTAHHHT aTpodHaa A afiHpMa HUIOPA CaKJIaMaiiaH.
By xonaa f(x, y) GyHKUHAHHHT (X0, Yo) HYKTARA SKCTPEMYMH Gy aMaiinK.
3°. a,,-a,—al,=0 6yacun. By xoaaa f(x, y) ¢yHkuua (xo, .yo)

HYKTajla 3KCTPeMyMra 3pHILHUIM XaM MYMKHH, SpHLUIMAacAaH KO LK
XaM MyMKHH. YHH KYIIHMYa TeKIWHPHII épalaMHia aHHKJIaHalH.
Muc oa. Yuwby

[(x,y) =x*+xy+y*—2x—3y
GYHKUHAHHHT 3KCTPEMYMMHHH TOMHHT,
Bepuaran QyHKUHSHHHT XyCYCHH XOCHJIANapHHH XHCOG1aHMHU3!

filx,y) = (¥ +xy+y*—2x—3y) i=2x+y—2,
fo(x, y) = (*+xy+y*—2x—3y),=x+2y—3.
By xycycuh xocu.aanapHu Hoira tenraaé,
2x+y—2=0,
{ x+2y—3=0 -

CHCTeMaHH XOCHJ KHJAaMH3 Ba YHH euub,

ro= L _
0o — 3 yO - 3
. T4y
6yauwinHK TonamMus. Jemak, (3, 3) HYKTa (PYHKUHAHHHT CTallHoHap
HYKTAacCH.

bepuaran QyHKUHSHHHT HKKHHYH TapTHOJH XYCYCHI XOCHMaNapHHH
XHC00.1a6, yN1apHHHT CTaUHOHAp HyKTaldaru KMAMaTAapHHKH TONAMH3!

f3 (5. y) = @x+y—2) =2,
foo (X y) = (2x+y—2) =1,
[z (x.y) = (x+2y—3),=2,

e l 4 L ’ 4 ; " ] 4
Fo(55)=2 I3 5)="1 Tz 5)=2. ¥
an=2, ain=1, axp=2. '
OHAH aia22—als MUKAOPHH TOnamu3:
» an-ap—aip=2-2—1=3.

Hemak,.anax—ai2>0 Ba a1y =2>0. Bepuaran PpyHkuus (.:.';_ .;_)

HyKTaga MHHUMYMra s3pHmiai. PyHKUHAHHHT MHHHMYM KHHMaTH
7 . 7
—-3 a Tenr: min f(x, y) = —3-

_ ®apa3  kuaanauk, f(x, y) GyHKuus yerapanaHraH E€nHK
D (D<= R?) coxana Gepuaran 6yacuu. Pasinanku,

D = DYéD.
166 .
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Kapanaérran ¢yHkuus D Aa y3nykcu3d 6yacHH. Yuna Beiepuwtpacc
TeopeMacura O6uHoan [(x, y) PyHkuua D na Y3HHMHT IHr KaTTa XaMmAa
3HI KHYHK KHiMaTaapura sra 6yjaann. PyHkunaHuHr D aaru 3Hr Katra
(3HT KHYHK) KHAMATH KyHHRArdda TOMHAANH:

1} f(x, y) oyuxunanunr D coxaaars MaKCHMYM (MHHHMYM)
KHHMaT/NapH TOMHJAMH,

2) f(x, y) byuxunguuur 8D parn MakKCHMyM g
(MHHHMYM) KHHMATAApH TONHJAAAH.
1) Ba 2) Xoanapaard TOMHATAH MaKCHMYM WA
(MHHHMYM) KHHMaTap TaKKOCAaHHO, yaap opa-
CHAArH 3HF KaTTacH (3Hr KHUYHIH) aHHKJAAHalH.
by [(x, y) ¢oyHkuuaHuur D naru 3HT Karra (3Hr  ——
KHUYHK) KHIAMaTH 6Yaalu. 0 8 o
M uc on. Yuwby
24- ynama

f(x, y) =x"+42xy—3y"+y
QYHKUHAHHET

D={(x, ) ER: 0Ky 1, 0y 1, 04y 1)

" JarH 3HT KaTTa Ba 3HT KHYHK KHIMaTAapHHHU TONHHr (24- uu3ma).

PaBuwaukh, _
D=DyaD,

6yuaa D={(x, y) ER*: 0<x<], 0<y<l, 0<x+y<l),
dD=0A|AB\| OB

Bepuaran QyHKIHAHHHT CTaLlHOHAD HYKTajlapHHH TONaMH3:

filx, y) =2x+2y=2(x+y), fi(x, y) =2 —6y+1,
x+y=0 - | |
2x—6y+l=0 - 8'

[ ]
Hemak, (——;, %—) HYKTa QYHKUHSIHHHI CTauHOHAp HyKTacH. bupok

6y HyKTta D coxara ternwiay 6yaMaraHu yuyH yHH KapamaiMus.
Ouan ¢yHkumaHd D coXaHHHT yerapacH D aa KapaiMmus.
a) (x, y) € 0B 6yacun. bynna 0<Cx << 1, y=0 6yau6, Gepuarad f(x, y)
QYHKUHA KyHHDAarH

, ) f(x, y) =x° .
“KypuHuwira sra 6ynaan. PasBwankn, Oy OyHKuusuuur OB naru 3sHr
KHYHK KuimaTu f (0, 0) =0, anr Katra Kuimaty f2(1, 0) =1 6yaanu.
6) (x, y) € OA 6yacun. bynaa x=0, 0<Cy<< | 6yanub, Gepuarau f(x, y)

GyHKUHR KyHHOAarH
f(x, y) = =344y

KypuHHwira sra 6ynaan. By ¢yukuusauuur [0, 1] naru 3KCTpeMyMHHH
TONaMH3:

ff=—6y+1; —6y+1=0=> y=—é-
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l | rr .
Hemak, (0,€)crauuouap HyKTa. ['= —6, aemak (0,—(;-) HYKTa-
kKa f(x, y) Makcumymra 3pHILHG, YHHHI MaKCHMYM KdiMaTH fJ(O,—é— ) =
45 6yJanu.

B) (x,y) EAB 6yacun. bysnax+y=1 (0<<x<< 1,0<<y<< 1) 6yAa-
AH. y=1] —x O6YAHWHHH 3bTHOOPra o116 TONaMu3:

f(x, y) =[(x, | —x) =x° +2x (1 —-x) — 3(l—x)’+(1—x)=
= —4x*47x—2.

By QyHKUHAHHHT 3KCTPEMyMHHH TOMAaMH3:
f=—8x47, —8x+47= O |

8 '
7 |1
y—l—x-—l——s——a—. |
Hemak, (% —El-;-) cTauMoHap HyKTta. f/= —8 G6V.arauauru cababan

GpyHKUHSA (—;—, —:;—) HYKTal1a MaKCHMYMFa 3PHIIAAH Ba YHHHI MaKCHMYM

KHHMATH '
f‘(%'_:;)=“4'(—;')2+7 - -g— — 2= 1_116_
6ysansu.

IOkoprnaa keatupuarad myaoxasanapaa A=A (0.1) Hykra 3bTH-
6opaaH ueraa Koiau. Iy ca6abau 6epuaran f(x, y) pyukinanuur (0, 1)
HyYKTajlardH KHAMaTH

fs (0, 1)=—2
XaM XHCOOra ONHHHUIH JIO3HM.
DOyHKUHAHUHT fi, f2, f3, fs. [s KuAMaTAapHiH co.mmmpuﬁ, GepHaraH

GyHKUHA (; ;)Hyma,la 3HI KATTa KuUHMaT l-« ra, (0, 1) Hykra-

Nla 3HT KHYHK KHHMaAT — 2 ra TeHr OYJHIWHHH TOHAMH3.

8-§ OWKOPMAC $YHKUHAJIAP

Hkkn x Ba y yarapysuniapuu GorloBun viuiGy. b
F(x, y) =0 (23)
« TEHr1aMaHH KapanJHK.
X Y3rapyBUHHHHT GHPOP x = xo KHUMATHHH 0aKO, yHH (23) TeHraama-
AarW x HUHI YpHHTra KYyAMH3. HaTH)Kala y HH TONHWI YUYH
F(xo0, y) =0 (23%)

TeHrJaama xocua 6ynans.

4
168

www.ziyouz.com kutubxonasi



AfiTaiiank, (23’) -TeHraama ArpHa yo euyumra 3ra OYACHH. YHAa,
paBIUaHKH,
F(xo0, yo}) =0
6y.iaauM. °
Auan X (XSR) tyunam x y3rapyBu#HHHT KuidMaTt.aapsaal sbopart

myunau TYnaaM 6YJCHHKH, Oy TynaaMmaaH ojdHHraH xap 6up x (x €X)
KuiMaTiaa
F(x, y)=

TEHraMa siroHa y eynMra ara GyACHH.

X tyniamaan HXTHEPUH x COHHHK OauG, Oy conra F(x, y) =0 Teuraa-
MaHHHI fAroHa eunMu Oyaran y COHHM Moc KyamuH3. Hartuxkana
X TynjaMaaH oJHHraH Xap OHp ¥ ra KypcaTHAraH Koujara Kypa GuTTa
Y HH MOC KysaMraHn y=F[(x) ¢yHKuxa xocua Oy.aanu. Onarna GyHaad
aHHKJaHraH QyHKUHA owkopmac Pynkyua aedunaant.

Hemak, outkopmac PpyHkuua F(x, y) =0 TeHraama €plaMuia aHUK-
JaHap 3SKaH.

Mucoanap. I. Yuby

F(xy) = yy/l—x*—2=0 (24)

TEHr1aMa OWKopMac QYHKUHAHH aHHKIAAHIAHMK?
“Arap x y3rapysuuHuur (0, 1) unTepBasnary UXTHEPH xo KUAMaTHra
Yy Y3rapyBUHHHHT

2

Yo= —"=====‘\/ 2

KHAMaTHHH MOC KYyHcaK, yHAa

F(xo yo) =y, '\/l —x;—2 =

\/l_ \/l—xo =0

6yaHwnHy Tonamu3. [emak, (24) TteHrnama owKopMac QyHKUHSIHH
aHHKJaHIH.

2. Ywby _

F(x, y) =x"+y*+1=0

TeHrJ1ama oumKopMac PyHKHHSAHH aHHKAAHAHMK?

bv TeHrnama x y3rapyBYHHHHI (- oo, - oco) OpaaHKaaH O-THHTaH
xey 6np KHAMaTH1a eunMra 3ra 3Mac. Jlemak, Oepuarad TeHrJaama
OlKopMac PYHKUHAHH aHUKJIAMARAH.

Keatupuaran muconnapiaal xkypuHaauku, F(x, y) =0 teHrnama xap
AOHM XaM OlWKopMac GYHKUHAHH aHHKJIaHBepMac 3KaH.

Kyiunaa F(x, y) ¢yHkuus KaHaai wapraapHu 6axapraHia ..

F(x, y)=0

TenrdamMa  ouikopmac  QYHKUHAHH  aHHKJAUIHHH, SBHH  ollKopMmac
PYHKILHSIHHHE MaBX YL OVasiinien HPO1anoBUH TeopeMaHH HCOOTCH3
KCATHPaMH3.
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8-teopema. F(x,y)Pynxyus (xo0, yo ) nyxranunz ((xo, yo) ER)
6upop Us(x0, yo) arpogpuda (6>0) anuxaanean, yssyxcus xamia
yanyccusz Fi(x, y), F,(x, y) xycycutd xocunranrapea 3za 6{§acux.,
Azap (x0, yo) nyxTada 3 *

1) F(x0, yo)=0,

2) Fy(xo, y0)5%0
6gaca, y xoada xo, Yo Hysrasrapuunz wyndad Us,(xo), Usy(yo)
arpogaapu (60>0) ronusraduxu, Vx¢€Us(xo) ywyn F(x, y)=
=0 Tenrnama arona y€Us(yo)(y= f(x)) esumea 3za sa

1) f(x0)=yo

2) f[(x) pyuxyur Usy(xo) 0a y3ayxcus xocunaza sea sa

F (% [(x))
F (x f(x))

fr(x)= — (x€U, (%)) (*)

6gaadu.
Onataa 6y TeopeMa oliKopMac- QyHKILHAHHHT MaBXYAJAHIH XaKH/a-
H TeopeMa AeRHNAnH.
Mucoaaap. I. Yuby
' F(x, y)=xy+x+y—1
QYHKUHAHH KapaHauk.

By ¢yhkuusa, macanaH, x,=2, y,= —a-—;, SbHH (2, ——%—) HyKTa-

HHHT U(2, ——'—) atpoPHaa y3NyKCH3 XaMj1a Y3AYyKCH3

3
Fi(x, y)=y+1, Fy(x, y) =x+1
XYCyCHH XOCHJaaJdapra sra 6yaub,

.~ )2 (4 (~4)-1-0.
Ffe, ——;-)=2+1=3 # 0

Gynaau. [lemak, Gepuarah PyHKUHSR (2, —-—%) HYKTaHHHr aTtpodHaa

8- TeopemanuHr G6Gapua WwapTHapHHM KaHOaTJAaHTHPaAH. Yuaa uly
Teopemara Kypa

—

F(x,y)=xy+x+y—1=0

'remé.nama (2— 60, 2+ 60) aTpodna owrkopMac GyHKUHSHH aHHKIAHIH.
. Yuwby

1.
Flxy)=x—y + - Siny

..

¢yHkuuanu Kapaiauk. By dpynkuus (0, 0) nykranunr Us (0, 0) atpoduaa
(6>0) yanykcus, yanykcus

F;(x.,y)=l, Fix,y) = —1 + -%-cosy
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XyCYCHH XocuJaJapra sra 6yau0,
F (0, 0) =0,
Fy0, 0)=—1+3 = —5 +£ 0

6yaaau. [lemak, Gepuaran ¢yukuua (0, 0) Hyktanuwur arpoduaa
8- TeopeMaHuHr G6Gapua WAPTAAPHHH KaHo4aTJAaHTHpaau. Yuia wy
Teopemara Kypa

F(x, y) =x—-y+—;siny=0

teHrnama (— 6o, 6¢) aTtpodna (60>0) owkopmMac QyHKUHSAHH AaHHKDAH-
1H.
3. Ywby

Flx, yy=x"+¢"—1 =0

TeHrnaMa OH.1aH aHHKIAHAAHTaH OlKOpMAac GYHKHHAHUHI XOCHIaCHHK
TOMHHT. .
F(x, y) =x*4+y*— 1 DYHKUHRHHHT XYCYCHil XOCHAAJAPHHH XHCOG-

JanMH3:
Fi(x, y) = (£ 44" —1)i=2x,
Fy(x, y) = (F*+y'—1)j=2.
Yuga (*) TeHrnHKKa Kypa OWKOPMAC PVHKUHSAHHHI XOCHJIACH
— X
y="%
6ynanH.
4. Ywoy

F(x, y) = x-e"{--ye‘—? =0

TEHrMaMa GHJAaH aHHKJIAHAJAHTaH OLIKOPMAC PYHKIHAHHHT XOCHJAACHHH
TONHHT. '

ABBano F(x, y) =xe’4ye* —2 OYyHKUHAHHHT XYCYCHH XOCHJasapH-
HH TONaMH3:

Fi(x, y) = (x&Y 4 ye* —2) i =¢Y 4 ye,
v(x, y) = (xe' +ye* —2) = xe¥ +¢".
OwkopMac PYHKUHAHHHI XOCHAACH

6ynanu. :
Arap F (x, y)=0 rTtenraama y=f (x) oWKOPMAC PYHKUHAHH
aHHKNa0, ¢yukunsg O6apua HKKHHUH TAapTHOJAH  Y3.JYKCH3 XVCYCHH
XOCHJAaaapra 3ra Oy.aca, YyH1a OWKOPMAc OQOYHKUHAHHHT HKKHHYH
TAPTHOJMH XOCHJI3CHHH XaM XHC00.,1ail MyMKHH.
Mkkuuuu TapTubau xocuaa tabpudura 6HHoaH

Y=
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6Vaaan. Mypakkab (pyHKIIHAHHHI XOCHJIACHHH XHCOOJalll KOHIAacHAaH
doninananub Tonamuas:

- Fexop) \ LACNIAY
- (y) B (— . ) - (— F, ) +
F,(x, 4) F,(x.9) J,
Finy \ . Fylx.y) - Fo(x.y) — F(xy) - Fo(x.y)
+| — = Y = — —
Fy(x, y)

B (Fy(e.9n)?
Fx,y) - Foy(x.y) — Folx.y) - F;e(x.y) ( F (x.y) )

\ (Fy(x.9))? F,(x,y)
(Fyleg))® - Folxy) = 2F,,(x.9) - Filx.g) - Flx, Y) + (Flxyh)® - Flxy)
(F,(x YR

Hemax,
(Fyxy) ' Fp(x,9) —2F, (x.y) - F ot y) - Fy(x 9) + (Flx ) Fly(x. )
(F,(x.y1)?

y =—
(**)
M ucon. Ywoy

2 2
F(x, y) =x"+xy+y —3=0 .
TeHrnaMa -OMNaH aHHKAAHA/AHTaH OIUKOPMAC (PYHKUHAHHHT HKKHHYH
TapTHOJIH XOCHAACHHH TOUHHT.

ABBaJO OWKOPMAC QPYHKUHAHHHT GHPHHUM TapTHOIH XOCH.JIACHHH
XHCOOB.1aHMH3:

Fi(x, y) =2x+y, Fi(x, y) =x+2y.
, . Flxy) 0 axty

y = F'(x y)-— x+4+2y

PaBwankH, :
F“,(x,y)=2, F1y=|, F!/(x,y)=2

Yuaa (**) dopmynanaun doHaananub TonaMmus:

Y = (x+2y)“’-2—2-1-(2x+ynx+2y)+(2x+y)?-2 _
(x+2¢)°
2x2+8xy+8y —4x2 — 2xy —8xy— 4y2+8x +8xy+2y o
- (x+2y)3 -
— S 4byd6y 6wy 63 18
- (x+29)° Gc+29® +2m® s+
Hemak, e
. vy = (x+29)°
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7-6 05
m Y3TAPYBUYHJIN ®YHKULHAJIAP

«Oauit MaTeMaTHKa acoCJapH»HHHC |- TomMuaa OHp Y3rapyBuHJH
GYyHKUHA, Ma3Kyp KHTOOHHHI O, 6- 606n1apuaa 3ta HKKH y3rapyBuH/H
dyHKuHANap 6aTadcua YpraHualH.

Gdan Ba TEeXHHKAHHHI TYpPJAH COXaJapHaa Y4paHAHraH KynruHa
Macananap 3pKJH Y3rapyBuHJNapHMHI COHH HKKHIAAH OPTHK Oyarad
pyHKunanapra GorauK Oyadwu xaM MYMKHH. DBy 3ca y3 HaBbaTHzaa
m. Y3rapyBunaH, (m>2) GyHKUHANADHH YPraHHIIHH TAaKO30 -3TalH.

m y3rapyBuujin ¢yukuusgaap (m>>2) 6unaH OOFJIHK TywyHYa Ba
TACAHKNAP HKKH y3rapyBuuad ¢yHKUHasapaary Kabu OyJHWHHH
Ha3apaa TyTHO ywly 60642 m y3rapyBuHAH PyHKUKHANAD OHAAH GOFJIHK

6yAraH acOCHH TYWYHUANapHH TabpH(pNal, TaCAHKJIAPHH 3Ca HCOOTCH3
KeJTHPHUW OHJNaH KHPOANZHAMHUS.

i-§. R™ ®A30 BA YHHHI MYXHM TYNJIAMJIAPH

Y w6y '
| {(x), X2,..., Xm) X1 ER, X2€R, ..., xn€ER) (1)
TYnaaMHH KapaiMu3. By TynaaMHuHr saemeHtn (xi, X2, .., Xm) Wy
TYNJNaM HyKTacu nednaand Ba y onataa 6utra xapgp Gunau Oesrunava-
AH:
x==(x1, X2, ..., Xm).

Byuaa x, xa, ..., Xm COHJIAP X HYKTAHHHT MOC paBHilifa GHPHHUH, HKKHHYH
Ba X0Ka3o m- KoopduxHaraaapu DeRHAalH.
(1) Tynnamaa UXTHEPHN

x={(x1, X2, ..., Xm), Y = (Y1, Y2, -o., Ym)
HyKTanapHu onamu3. Ky#uaaru

o(xy) = VWi—x)F (2—x) '+ . + (Yn—x,)? =

= Vi (Ye—x0)?
kel

MHKAOP X Ba y HYKTaJjap opacHiaru smacopa aernNanM.:
Macoda xKyHAHaary xoccaaapra sra:

1% p(x, y) =0 8a p(x, y) =0<>x=y;
2° plx, ) = ply, %);
30' p(x' Z) \<-. p(xv y)+p(y' Z), (Z=(2"° 22y eevs z"))'
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Onaraa (1) tynaam R™ ¢aso n1e6 arananmu.
bupop a=(ai, a2, ..., an) €R™ HyKTa Ba r >0 coHitH O1aMH3.
Kyfinaaru

XER™ :p(x, a)<r).
(XER™ 1 p(x, a) <rf
TYNJaMI4ap MOC PaBHIIAA O4UK wap XaMila énuk wap feiniain. byuaa

a HyKTa’ iap mapkasu, r 3ca wap paduycu NenH.1aaH.
Ywby

{(xll x?v ey fo) ER-’H . a|<x|<b!. C12<XQ<b2. ey am<xm<bm}'
{(x1, x2, ..., XW) ER™ :ai K1 < by, <2< h, o, AKX < b}

(ai, aa, ..., Gm; by, b2, ..., by— XaKHKHI CONTAP) TYNIAMIAP MOC paBHILAA
otuK napaarerenuned XaMaa énux napaaseaenuned AeAunan.
Aditafiank, 6upop x®=(«f, x3, ..., xh) ER™ xamna myc6aT g COH
OepuJirat 6Y.CHH. , :
I-Tabpud. Mapkasu x° nykrada, paduycu e ea rene 6§rean oxux
wap x° wyxranune arpopu (e arpou) Jdeduaadu sa U.(x") kabu
beacuranadu: '

Ue(x") = ER™ : p(x. x0) <&}

R™ ¢da3zoaa 6upop G ™ynaam GepwiaraH 6Vacud: G RT

2- Tabpud. Acap x"€G nykranune oupop arpopu U, (x°) <G
6gaca, y xoada x° nykra ‘G Tgnaamnume uuku HykKracu dedusadu.

3-Tabvpud. G rynramnune xap bup HYKTAcU YHURS UKL HYKTACU
6yaca, 6yndad tynaam ovuk tijnaam deiduradu.

Macanau, ouuk Wwap o4nK TViviam 6y.aaiu. i

4-Tavpnd. Aeap x° ER™ nysranune xap Kaudan U, (x°) arpoguda
F tgnaamnune (F= R™) x° dawn ¢papk.au kamuda burra nykracu 6gjaca, x°
HyKTa F Tynaamuurne ausmut ryKracu deduaadu.

D-Tadvpud. Frignaamnune (FCR™) 6apua aumut HyxTaapu wy
rynramea reeuwru 6gaca, F énuk Tynaam deduaadu.

2-§. m YITAPYBYHJIN ®YHKUHSA BA YHHHT JIKMHTH
R™ pasona €Cr:pop M tynaam Gepuaran 6V.IcHu:

McR".
6-Tabpud. Aeap M rgnaasmdacu xap 6up x=(xi, xa, ... Xm)
HyKTaea Hupop Kouda éxu Kouynea Kypa 6urra yakukui y con (y€R)
MOC Kfduaean byaca, y yoada M tgnaamda m §acapysuusu pynkyus
aruranean (bepurean) detausradu ea yHu

y=f(xi1, x2, ... xm)

Kabu beacuaranadu. byuia M TVninaM PYHKUHAHHHT dHHKJIGHHLL TyII-
JAMHU, X1, X2, ..., Xm — DYHKUHA apeyMeHTAQPU, Y ICA X1, X2, ..., Xin J13P-
HUHT (PYHKYQuACU 16HNTaH. . '
Macaaau, [ — R™ da3sogaru Xap Oup x= (x1, X2, ..., Xm) HyKTara ury
HYKTa KOOpAHHATAJapH KBaApaTJapHHHHT AHFHHIHCHHH MOC KYIOBUH
Kouaa 6yacuH. by xoana

y=x! + x3 + ... + x5

a

*
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¢yHKuusira sra 6ynaMu3. OyHKUHAHHHT aHUKJIaHHW TymaaMu M=R"
AaH Hbopart.

y=[f(xi, xa, 0D Xm) (pyuxuuﬂunnr aHUKJaHHL TynaamMu M nan
onuHran x’= (xV, x3, ... x%) HYKTara MoC KeJyBYH Yo COH y = [(xi1, x2, ...,
Xm) QOYHKUHAHHHT (x?, x3, ..., X%) HYKTaaarn KHAMaTH Aefinaann:

yo=f(x}, x3, ..., x%).

MacanaH, loKopHaa KeTHpHAran y= =xi+xi+.. +x2 q)yHKuuﬂHnHr
(1,1, .. l) HYKTanars KHHMarH

y=f(LI, ., )=14+14...+1=m
6ynanau.
y=[(x1, x2, ..., Xm) GyHkuHa M (M R"™, X= (x1, x2, ..., xm) ) TYN12MA
GepHJran 6y.nu6 a= (a1, az, ..., am) HyKTa M TYNNaMHHHT JAHMHT

_HYKTacH GYJICHH.
7-Tabpud. Aeap Ve>0 con oaunzanda xamx wyndaa §=>0 con

ronuacaxku, ywby p(x, a) <8 TeHecu3nukHu KamoatiantTupys4u Gapua
x€M nyxkrarapda

V(xy, x2, ..., xm) — b1 <e

Tenecusaux 6axcapunca, b cou f(x1, X2, ..., Xm) PYHKGUAHUNKS @ HYKTadazu
AumuTu deliunadu Ba .

lim f(x), xp ..., X)) =0

o Al

= Bl ]

bt L I 9

Xen=rOm

KaGH OGenruiaaHainH.

l-treopema (Kown teopemacsu). f(xi, x2, ..., Xm) Pynxyu-
Anune a= (a,, az, .., a,) HyxTada 4exau aumurza 32a 6yauwu y4yn
Ve>>0 oaunzanda xam wyndad §6>0 con ronuaub, 0<<p(x, a)<6
0<p((x, a) <8 renzcussruxnapru Kanoarnranrupyevu uxruépuid xeM
XEM(x=x1, X2, e, Xm ), xX= (20, 2, ..., Xn)) HYyKTANGPOQ

|f (x1, X2, ey Xm) —f(x1, X2y .., Xm) | <€

TeH2CU3NUKHUN2 Ypunau 6fjauwu 3apyp ea erapau.

Suax Kyn  y3rapyBuUHAH (QYHKUHAJAP VYYYH TAKPOPHH JIHMHT
TYWYHYACHHH KHPHTaMH3.

f(x1, x2, ..., Xm) QDYHKUWAHHHT X; ApryMeHT @, ra HHTH.IraHaarH
JAUMHTH (OyHaa x2, X3, ..., Xm TaHHHIAHTAH Ae0 Kapa.alH)

him f(x,, Xo ..., X )
Ki—=g;

HH Kapaiauk. By AuMHT x2, X3, ..., Xm Y3rapyBuHiapra GOFAHK DYHKUHA
6yaanu: : '

lim [(x), Xg ooy Xm) = @y(X2 X5 oy X ),
Xi—=3
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CyHr @y (x2, X3, ..., Xm) QYHKUHAHHHI X2 apryMeHTH Q2 ra HHTHATAHAA-
r4 (O6yHaa xs, x4, ..., Xm TaHHNAHTAH Aeb Kapanaaw)

l":n (Pl(x2' X3 ooy xm) ={p2(x3 xb, reny xm)
58
HH KapaHJaHK.
IOkopuaarugek OHPHH-KETHH X3—>a3, Xs—>Q4, ..., Xm—>Qm Aa
Anmutra yTHO ‘ :
lim lim.  lim f(x, x, ..., x,)
Xm0y Ky 1O 5

HH XOCHJ] KuaaMu3d. By aumut f(x), x2, ..., Xn) OYHKUHAHWUHI TaKpOPHH
JHMHTH ACHUIANH.

3-§ m Y3FAPYBYHIIH ®YHKUHAHHHT Y3JIYKCH3JIHIH

f(x1, x2, ..., xm) Oykuna M R™ tynnamaa Gepuarau 6yau6, a= (a;,
az, ..., @) €EM HyKTa 3ca M HUHI JHUMHT HYKTAcH GVJCHH.

8-TavpHP. Aeap Ve>0 con oaunzanda xam wyndad § >0 con
Tonuacaxu, ywoby p(x, a) <8 TeHecusauknu KamouraantTupysdu 6apya
x=(x1, X2, ..., Xmn) €M nyxTanapoa

1f(x1, X2, ..., Xm) —f(a1, Q2, ..., Al <e

TeneCu3auK 6axapuaca, f(x, x2, ..., Xm) Pynkyus (ai, a, ..., an) HyKrada
y3ayxcus deb araradu.

Arap f(xi, x2, ..., Xm) OyHKUHR M TynaaMmHuHr (M R™) xap Gup
HyKTacHla y3Jaykcu3 OyJaca, ¢yHkuwsa -wy M tynaamaa ysaysxcus
AeAnaanu.

, M Y3TapyBuHAH (QYHKUHANAD YHUYH XaM HKKH Y3rapyBuHJIH
(pyﬂxummap Kabu Behepuwrtpacc xamaa Bo.nbuauo-Koum TeopeMaJsapH
YpHHAH Gynalu. .

9-rabvpud. Azap Ve>0 cox oarunzanda xam wyndad 6>0 con

Tonuacaku, M Tgnaammume p(x x'") << 6 remacuzruKknu KaHOATAQRTU-

pyeuu uxtuéput x'=(xi, x5, ..., Xm)EM, x"=(x1’, x¥, .., ") eM
HYyKTaaapoa
|f(x1, x5, ..., xh) —f(x1", xb/, ..., xn") | <e
Tenacu3auk bamapuaca, f(xi, X2, ..., Xm) Pynxkyua M tinaamda rexuc
yaryxcus ¢pynxyun 0eb araaadu.
2-teopema (Kautopreopemacn). Azap f(xi, x2, ..., Xm)

pynxyun vezaparanzan énuk M tgnaamda (M R™) anuxranzan ea
y3ayxcus 6yaca, pynxyus wy rgnaamoa rexuc yyaryxcus 6gaadu.

4-§ m YITAPYBUYHIIH ¢YHKUHAHHHT XYCYCHA
XOCHJNAJNAPH

f(x1, xe, ..., Xn) Gynkuna M (M R™) Tynnamna GepuAarad 6yncun By
Tynaamaa (x3, x§l . X%) HyKTa 6HAaH 6upra (x14Ax, x3, ..., x%) HyKTaHH
o6, yiwoy

A f=Fx\+Ax), x5 ..., x7) —f(x], X3, .., X7)

176

www.ziyouz.com kutubxonasi



aﬁupuaﬂu KapaiMu3. Yuu f(xi, x2, ..., Xm) OYHKUHSHHHI (x., x3, ...
Xm) HYKTamarH xi aprymenThn O6yiHua xycyculd opTrupMacu AeAunanu.
10-Ttabpu}. Aeap Ax\—0 da
A“"l
Hucbarnune aumuTu xaexyd 8a-uexau 6ygaca, 6y aumur f(xi, x2, ..., Xm)

pynsyusnune (5, 3, ..., x%) nykradazu x) apeymentu Gjduxa xycycuil
yocuracu 0deb araradu sa

éf (.t?. X9 e, x2)

’ (1] 0 o - .
k (xy X2, ... Xm) €KH 3,
Ka6GH GearuaaHanu. Jdemak,
* 1.0 L0 0 li At
fo (0 X2, oy x) = lim

Xyanu wyHra yxwaw.f(xy, X2, ..., Xm) GYHKUHAHHHT X2, X3 Ba XOKA30 Xpm
apryMeHTaapu Gyiu4a XyCycHH xocu.na.napn TabpupaaHanH.

Suan M 1 0yn.nawm.a (=¥, x3, ..., x%) uykra Gunan Gupra (x4 Ax),
X34 Axz, ... ) HyKTaHH 014G, ywiGy Af= f(x14Ax, 34 Axe, .
x,,.—{-Ax,,.)—f( 9" . Xm) afiHPMaHH KapaHMH3. Onataa 6y annpma
PYHKUHAHHHT TleHK op'r'rupmacu AeHHNa[H.

ll-tavbpud. Azap ynkyusnune Tjaux oprrupmacu Af nu

Af=A\Ax) 4 AAx2+ ...+ AnAxm+ a1Ax) + a2Ax2 4 ...+ @mAxn  (2)

xypuuuwda ugpodaraws mymxun 6gaca, f(xi, xz, ..., xm) Pynkyus (x7, x3,

. X%) HyKrada dupgepenyuarranysuu deb arwzadu G6yuna A, Aq, ...
A gszapmac coxaap, ay, a2, ..., An Aap 3ca Ax, Axz, ..., Ax, napra ﬁormuc
Ba Ax—0, Ax—0, ..., A.x,,.—>0 aa a1—0, a0, ..., a,,.-»O.

Arap f(xi, X2, ..., Xm) PyHKUHA M TYnAaMHUHT Xap OHp HyKTacHaa
anddepeunannanyBun 6yaca, ¢yukuuas M tynaamaa Jugpdepenyu-
anraanyéqu fenuaani.

3-teopema.Azap f(xi, X2, ..., Xm) Qynxgua (x5, x3, ..., x%) Hyxrada
duppepenyuarnanyevu 6gaca, y xorda 6y Pynxyus wy nyxrada
y3ayxcu3 6y

4-teopema.Azap f(xi, xa, ..., Xm) Pynxyun (x5, x32, ..., x%) #yxrada
dugpdepenyuarnranyssu byasca, y xorda b6y Pynxyusanune wy nyxraoa
6apua xycycud xocusarapu f,,f., ..., f, maewxyd sa yaap moc pa-

suwda (2) mynocabardazu A\, Az, ..., An aapza renz 6§aradu:
fo (X0 X5 ..., x2)=A,,
fo (x5 x5 ..., x2) =A,,
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5-Teopema (dynuxuua auddepenunuannanHysuymu
Gynnm MHWHT eTapanwaprtu). Azap f(x, x2, ..., Xn) Pyrxyus
(x1, x3, ..., x%) HyxTanunz 6upop arpoduda 6ap-¢a apayuenmapu 6yuu'ta
xgcycuu J;acumapea sza 6§aub, 6y xycycuii xocunasap (x3, x3, ..
31) nyxrada yasyxcus 6gaca, f(x), Xo, ..., xm) Pynxyua (x%, x3, .
m) Hyxrada dugepenyuararanysyu 6§radu.

5-§. m YITAPYBYHIIH ®YHKUHAHHKHI

LH®SEPEHLHAJIH
®dapas Kunaunux6 f(x., X2, ..., Xm) QyHKUHa M(McR™) tynaamaa
GepuaraHn 6yau6, (xi, x32, ..., xu) EM HykTana audpdepeHUHaNNaHYBUH

6yacuH. YHaa wy HyKTanaru QYHKUHSAHUHT TYJHK OPTTHPMACH

Af=A\Ax1 +A28x2+ ... +AnAxm+ 1Axs +a2Ax24 ... +Gm>Axm (2)
6ynanhu.

12-Tabpuo. Yuby
AiAxi+A28x24 ... +AnAxn

ugpoda f(x\, x2, ..., Xm) qbymcquﬂuuae (x;, x3, ..., x3) Hykradacu
dudpdpepenyuaru 0eb araradu sa df (x3, x3, ..., x%) kabu 6eazuranadu:

df (x?, x3, ..., x3%) =A1Ax1 4 AAx2+ ... +AnAxn.

Ax), Axz, ..., Axn OPTTHPMAAAPHH MOC paBKilaa YAapHHHT AW deEpeHLH-
annapu dxi, dxz, .., dxm OuaaH aamawtupub, cyYHr 8- TeopemaHu
3bTH6Opra onHo, f(x1, ..., Xm) OQYHKUHAHHHF AHdepeHUHANHHH

KyAHRaruua . . e e .
df(x(l’v X "-’xm) = fx,(xl' X2 ---vxm)dxl'l' :
’ ! o 0 0
+ o (x% x5 ..., x0)dxo . +f, (X0, X5 ., X7) -dx,, (3)
€3HW MYMKHHJHIHHH KYPaMH3. 0
Paswanku, f(x, X2, . y Xm) daoyuuunﬂﬂunr (=9, %3, .., x%) HyKTaaarH

TyAHK opTTHpMacH Af (£3, X3, .. , Xm) XaM, Wy bYHKUHAHHHT KapanaéTrau

HyKTajAaru AnddepeHunay df(xl, x3, ..., Xm) XaMm aprymeHT opTTnpma.na

pH Ax,, Axz, ..., Axn napra GOFAHK.
bup Tomou.aau GOYHKUHAHHHT Auddeperitatn Axi, Axq, ..., A)_‘cm

Nnapra Coana, i’bHi UH3HKIH GOFNHK OYAuLIN, HKKHHYH TOMOHIAH 3Ca
Ax1—0, Axa—>0, ..., Axn—0 na

a:Ax|+a.2Ax2+ . FamAxm
HPORAHHHT ro&opn TapTH6AH YEKCH3 KHUHK MHKAOp 6yaxwy ywoy
Af (xS, x3, .., x%) = df (2}, 13, ..., x%)

TakKpHOni dopMmynaHn €3uuira’ HMKOH GepanH.
Hemax, :

F(3+Axi, x34Axs, .., x%+Axa) =f (2, 23, ..., x2) +
o (0 X3 o X2 Ax [ (6] x5, oy x2) AR+ L

’ 0
+fx.(x?! xg’ tevy xm) Axm .
By ¢opmynanan TakpuGuit XHCOGNAIWNAPAA KeHT (OAAaNaHHIANH.
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6-§ m Y3TAPYBYHJIH ®YHKUHAHHHT IOKOPH TAPTHBJIH
XOCHJIA BA IH®GOGEPEHUHAJINIAPH

f(xy, x2, ..., xm) Gyukuna M (McR™) tynnamaa Gepuaran 6yaut,
YHHHT Xap 6up (xi, X2, ..., Xm) HyKTacuaa f,,f.. .., [, Xycycuii xocu-
Ja1apra sra 6yacud. by xycycu#i Xocuhanap xi, X2, ..., Xm y3rapysus-

napra GoraHK OY/KO6, Y3 HaB6aTHAA YJAAPHHHI XYCYCHH XOCHJaNapHHH
Kapall MyMKHH.

' 13-TabLpH $. f(xr, x2, ..., xm) Qynxgua xycycud xocurasapu
fo (X0 X i x,), fe (X0 X5 X ) .., [r (X4 Xa ..Xp) naprune xx(k=1, 2,
3, ... m) {y3eapyeuwucu 6ygduua xycycud xocurarapu Gepusaan .

PyHRYuARURE uKKuH4u Taptubau xycycud xocurasapu Oeduaadu 8a
fx.x.v fx?kkv "-sfx“x. (k= l, 2, 3, vesy M)

éKU

of 9% P (k=1 2, ..., m)
dx,dx,’ dxydx,’ U dx,0x, e

Kabu 6escusranadu. [lemax,
a?*F 48 of
x,dx, = dx, \ dx, ]’

3 __ 8 [ of
dx,dx, =~ Ox, \ dxy )’

o .. of
Ox,0x, ~ dx, \ ox_, )"
Typan y3rapyBuniaap O6YHAHUA ONMHraH HKKHHYH TapTHO/H

o .
Pxx, (55 k)
XYCYCHH XOCHJaaap apanall xocn.na:iaﬁ AeHHaanu.
Xvaau wyHra yxwaiu f(xi, x2, ..., Xm) GYHKUHAHHHT YYHHUH, TYPTHHYM
Ba XOKa30 TapTtH6AarH XyCycui XoCHAaNapH TabpH(paaHalH.
MavayMmku, f(x1, x2, ..., xm) QyHKUHA (X), X2, ..., Xm) €M HyKTana
AnddepenunannaHysuu 6y.aca, yHaa 6y QyHKUHAHHHT AuddepeHuHaNn

df = f, - dx,+ [, - dxs 4 o + [l - dx,

Oyana.u.
I4-TabpHd.f(x1,x2,..., xn) Pynxyus uppepenyuaru df (xi, xz, ...,
Xm) Hune Outpgepenyuaru bepurcan [(x), xa, ...,2x,,.) Pynkyuanune

ukKunuu raprubau Qupgepenyuaru deduradu sa d*f kabu b6esrcuramna-
du:

d*f = d (df).
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CDapas Kn.nammx f(x1, x2, ..., xm) Xamna g(x, xz, ..., Xm) PyHKUHANAD
(x7, x2, ..., x%) €M HyKrana nncb(bepenuua.nnanyaqu 6y.ncmi Y xonna

1) d(f+g)=df tdg,

2) d(f-g)=[-dg+g-df,

3) d(-g) =-‘—“ig‘7’ﬁg— (g #0)

6yaanu. By Kounanapaan KeiluHyaauk doiaanaHaMus.

OHAH PYHKUHAHHHT HKKHHYH TapTuOAH AHGdepeHUHATHHH YHHHT
HKKMHYH TapTHOGAH XYCYCHA XOCHJanapH OpKaiH HdoaaNaHHWHHK
KypcaTaMHu3.

Tavbpugra GuHOAEH

df=d(dfy =d(f, - dx,+[dxst+. ... +f; -dx,)

6yaaan. Bynaa Gupuuun TapTHGAH XYCYCH# XocHaanap (xi, X2, ..., Xm)
HYKTada XHCOOGJaHraH.
dx\, dx2, ..., dxn, — HUXTHEPHII OpTTHPManap 6y.nu6 X1, X2, .., Xm

ysrapyaqnnapra GOF/IHK 3MACAHTHHH 3bTHOOPra OHG TONAaMH3:
d(f.dx\+f dxot...+f, dx ) =dx-df , 4 dxp df A ...+ dx pedf, =
= (F - dx\ 4 Fop, - dxort o+, - dx) -dr i+
+ (o, - X1+ F g dxat oo o dr) -d2+
+ (Foe @it fo s, - dxgt o [ - dxp) - dip=
=fg - dxi+fy- dxit+ .. +f, - dxi +
+2f:|',2 cdxy - dx,+2f, - dx, - dxy+ . +2f,, - dx, - dx, +
+2f .« dxdxyt .. +2f,, - dxy - dxa.+ .. +
+2f b Xy - dx,

f(x1, x2, ..., xm) OYKUHSHHHT (X1, X2, ..., Xm) EM HYKTalarn yuuHuw,
TYPTHHYH Ba XO0Ka3o TapTHOAH Amb(bepenuna.n.uapu XaM XYyAlH
IOKOpHAATHAEK TabpHPJIaHALH.
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ONAHA NUPPEPEHLUHAJ TEHTJIAMAIJIAP

HOuddepesunan teHraamalap IHH MATEMATHKAHHHI MYXHM, aiHH
nainTaa GaH Ba TeXHHKAHHHI TYPJAH COXaJdapuaa KeHr ¢poHaanaHHNALH-
rai OyauMaapuaaH 6upw. .

Ta6uar Ba TexHHKaaa 103 OGepaé€rTraH >KapaénaapHu Ky3atuwaa Oy
KapaénaapHu HMOAANOBUH MHKAOPAAPHHHT Oup-OGupH OHNaH Typanua
GorNaHraHJIHrHHH KYypamu3. Macaaau, T°C xapopatan (T>0) XKHCM-
HHHT BAaKT YTHiuu GHaaH coBymn T(f) — HbioToHn kKoHyHura O6nHoOaH

dT (1)
dt

= —k-T() (1)

(k — y3rapmac Myc6aT coH) TeHrnama 6uaan OorjiaHraH 6yau6, y wy
TeHrJlaMaaaH TOMHAANH.

(1) Tewrnamana HoMawbiyM T(¢) ¢yHkuus OunaH OHPra YHHHI

dT (1)

dt

YMyMaH, HoOMabiayM ¢GYHKUHA Ba YHHHI XOCHAANapH KaTHAWraH .
TeHrJ1amajapra KeaalauraH macananap Kyla kyn. Ky#huaa yaapaad
6ab3U.TapPHHH KEJNTHPaMH3.

l-mMmacaaa Haumwaa 140 a1 apanawma 6yaub, yHudr tapkubuaa
14 kr Ty3 6op. By nanwra ukkura KyByp ynaHraH. bHpHHuW KyBypaaH
Xap MHHyTaa Tapkubuaa | kr Ty3 6yaraH 7 n apajaiiMa y3ayKCcH3
paBHuIAa KYHHAAlW, HKKHHYH KyByplaH 3ca 1y Te3JHK Ouaad
apanaliMa OKH3WJ1aAx. DHp coaTaaH CyHr uaWlwiaary apanawiMa
TapkHOula KaHua Ty3 6ynanu? .

{ BaKTHH 3PK.IH y3rapysuy cudaTHia Kabyad KHAaMH3. Pasuianky,
apaJjauiManard TyY3HHHT MHKAOPH ¢ ra 60FAHK 6Ynaan. YHu y (1) AeANHK.
Yuna {4 At nafitna apanaimiManarud Ty3 MHKAOpH y (!4 Af) 6yaunl, At
BAKT OpPaNHFula Ty3 MHKIOPH y (! + At) —y(t) ra ysrapaamu.

Macaqanusr waprura 6HHoaH Al BakKT HuHAa navwra |-Af Kr Ty3
TywialH Ba

XOoCHAACH XaM KaTHauWlraHaup.

O 2 Af ke = YO
130 7-- Al Kr = % Al Kr

Ty3 YHKHO KeTaaH. YaapHuur ¢apkKu 3ca

(1—4) - A

6ynaan. Xap oHAa HAMIAArH apaiauiMa TapkHOHAA Ty3 MHKAOPH
yarapub TypraHauru cabab.iu

t
y(1+A) —y (1) =~ ot — L. At (2)
6ynaau. '
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Arap Al HoAra HHTHAA 6opca, (2) TakpHOHA TEHTJIHK KaTbHi TeHT-
JABKKa annaHa Gopanun. buHobGapun,

oy HAN—y(t) . gl
::To At = | 20

6ynaau. Haruxana

) =1 — 4
v =1- 4 (3)

TEeHrJlaMara KejaMH3s.

Hlynaa# kuau6, nanwiaary apanawma TapkHOHaary Ty3 MHKAOPHHH
TONKIU -— HOMabJyM QYHKUHA y(f) Ba yHHUHT XocHaacH y' (f) KaTHaurax
TEHIJlaMaHH eyHlIFa Keaap IKaH.

2-Macaana. Maccacu m ra TeHr O6yAaraH, OFHPJIHK KyuH
TabCHPHAZ MabiayM OanaHAdHKAaH TYylaéTraH MHCMHHHF Xapakar
KOHYHH TOMHJCHH.

" Kucm BepTuKaa yKHuHr O HykTacuaaH Oownab nacrra Kapaé
TYWHLIKAA YHHHT 60CHG yTraH Hyan S — BaKTHHHT QYHKUHACH GYaalH.

AnTaiauk, S () KHCMHHHT f BAKT HUKAa 60CHO VTraH AyauHu, v(f) —
Te3JIHTHHH, a(!) 3Ca Te3NaHHIIHHH aHHKJIACHH.

DOYyHKUHAHHHT OGHPHHYH BAa HKKHHYHM TapTHOIH XOCHIANAPHHHHT
MEXaHHK MabHOIapPHHH 3bTHOOPra otu6 TonaMu3i:

S'(t) = v(1), |
S”(t) = a(!). (4)

Macanauuur wapTHra Kypa, HCMra TabCHP ITYBUH Kyuaap:
) macTra Kapalb #AyHanraH OFHP.IHK KyuM

P=m-.g

(¢ — 3PKHH TYWHW Te3nanuwn, g =981 cm/c?),
2) oKopHra Kapab fyHanraH KaplWHAKK KyuH

Q=—a - v(!)

(>0 — nponopuHoHaMIHK KO3PPHUHEHTH).
HbIOTOHHHHI HKKHH4YH KOHYHHWIra acoCaH, XXHCMra TabCHP 3TYyBUH
KyUY/NapHUHT TEHT TabCHP 3TyBUYHCH F(f) yuyH

F(t)=m-a(t)
MyHocéﬁaT ypuuau. demak,
m-a(t) =m-g—a-v(l).
(4) mysocaGataapHu 3bTHOOpra o6 Tonéaiusz .
m.S"()y=m.-g—a-S(). ()

Lynna# KHAKOG, XKHCMHHHT XapaKaT KOHYHH S(f) HH TOMHW HOMABAYM
¢GyHkuna S(¢) HHHT OHPHHUH Ba HKKHHUH TapTHOAH XocCHaalapy
KaTHalIraH TEeHraMaJlapHH euHillira Keaap 3KaH.
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YMyMaH, XyAa Kyn Macananap OKOpHAarura yxwatl HOMamiyM

GyHKUMA Ba YHHHr Typau TapTubaaru XocHJadapH KaTHalIrau
TeHVlaMmajapra KeldaidH. Yaap 3ca aHddepeHunan TeHraamanap
TyluyH4yacura onub Keaand. | -

butta 3pkau y3rapyBun, HOMawWIVM (GYHKUMA Ba YHHHT TYpJH
TapTHOAArH XOCHJaNapH KaTHAWraw TeHraaMa oddud dupdepenyuan
Teneaama Jernaanm.

Macanan, iokopuaaru (3) Ba (5) Tenraamaaap oanuit anpdeperunan
TeHrJlaManapamup.
AWTalNHK, X — 3PKAH-Y3rapyBuu, y yHHHT, DyHKIMaACH (y=y(x)),

u=y"(x). ey YW=y n(x) aap 3ca Wy QYHKUHAHHHT XOCH.14.1apH
YJACHH.

By x, y, v, y”, ..., y™ aapuu 6oraoBun ywoby

O(x, y, 4, y’, ..., yw) =0 (6)

TeHrauK AuddepeHlHan TeHMMAMaAHHHT YMyMHH KypuuuwiHu wdoaa-

Jaia. _

(6) TeHrnamajna KaTHauIfaH HOMabBIyM QVHKIHA XOCHJTACHHHHT

IOKOpH TapTHOH (6) auddeperunan TeHrNaMaHHiT TapTHOH 1eHHIAAN.
Macaanan, '

r

y
6

y =5V y, ¥ +y-tgx=cos’x
GHPHHYH TapTHOIH ,nmbcpe.peuuua.n TeHraamManap,

Yy’ =arcsinx, y'’'+ 4y’ 4+ 4y=0
HKKHHYW TapTHOAH auddepeHilnaa TeHriamasnap,

Yy =2y — 3y + 3y —y=0

YUHHYH TAPTHOAH AHpepeHUHad TEHr1aMaaap.Hp.

®dapa3 kuaanauk, @(x) dyukuusa (a, b) na aHHUK.IAHraH, Y3AYKCH3
6yau6, y Wy opaiHKAa y3AYKCH3 ¢’ (x), ¢ (x), ..., ¢t"(x) XOCHAa apra Ira
OYJACHH.

Arap (6) terrnamaaaru y HuHT VpHura @(x), ¥ HuHr VpHura ¢'(x),
y’" HuHr ypHHra ¢’(x), ..., Yy HHHC VpHHra ¢ ®@(x) KVAWIrasia y
anHUATra afJanca:

O(x, ¢(x). ¢'(x), ..., pi"(x)) =0,

@(x) dynkuusa (6) andpdeperunan TeHrJIaMaHHHT CYHMH AeitHTadN.

Macadnan, yw6y \

y = \1—y’
o AHPdepeHUHAT TEHTNAMAHHHT €YHMH

y=sinx (xE[——g-, -’21]) )
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ovaaan. Uyukw
. y=sinx. y’= (sinx)’=cosx
Aap Ocpwiran andpoepeuunan TeHrJ1aMaHH

cos(x) = \/-]_-——sirj’x (x. [—-g— %])

“ainnnaTra aiaaHTHpais. :

Jlugdeperunan TeHraaMaNapHHHT EYHMHHH TOMHII MAaCaJaCHHH
'uu,)cp(.pcmman TEHIJlaMalapHi  MHTerpainawl Macanach XxaM 1e6
HPHTHJIAAR.

bui, acania coaia auddepeHuua TeHr.1aManap Ba y.napHn euHul
OuaaH aBBaAPOK, QYHKILHA WHTErpaJH TYWYHUYACHHH YpraxHuiuaa Ay
Keacanmnd. (Kapaacuu, [1], |- 606, 1-§.) bepuaran y3aykcus f(x)
(PVHKUHAHHHT OOWIAHFHY PYHKUHSCH. y=y(x) HH TONHLI

\ y (x) =[(x) (7)
luqnpepeuuudn TEHIIAMAaHU euHll aeMaxkanp. MawayMmkH, Oy Teliriama-
HHHI CYHMH

y(x) = fndx + C (8)

6v.aaan. Hemak, (7) nucp(pepeuuua.n TEHr1aMa YeKCH3 Kyn eyumaapra
3ra. ¥3rapmac C HUHMr TypAd KHAMaTaAapuaa (7) TEHraMaHHHT TYpJH
eunMaap xocun 6yaasepaan.

Onarpa (8) eunm

y' (x) =[(x)
anpdhepeliial  TEHrAAMaHHHT yMyMul ewumu pehdnanu. Yarapmac
C uunr ToRuy 6up  KuiMartwaary euuM 3ca (7) auddepeHunan

TeHIAUMIHHHT XYCycull evumu JeHH1aan.

Jindgepenuunan TeHriamanap Has3apHACHHHHT aCOCHH MacaJnajapk-
Ll OHPH TeurjaMa eYHMHHHHI MaBXYMJIHTH Ba sIrOHaAHrd Oyaca,
HKKHHYHCH TCHTIaMaJapHH euHll, sbHH JAHPPepeHUHAA TeHraaMma-
AAPHANT CUHMITHH TOMHWAAH HOOpaT.
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8-505b
BHPHHYHU TAPTHBJIH NHODEPEHLHUAJ TEHIJIAMAJIAP

bu3 ywby 6o06xa OupuHud TapTubaH o1aHit andodepeHuran
TeHrJaMaJiapHH YpraHaMHai. '

MabiymMKu, OHPHHUH TApTHOAK auppepcHIHan TenraaMa, YMYyMHH
Xonaa

D(x, y, y) =0 (n

KVpHuuiaa 6yn1aid. by epaa x — 3pKIH y3rapyBuH, y=y(x) — HOMab-
AyM pyHKUHA, ¥ 3ca y=y(x) DYHKUHAHHHT XOCHNACH.
®apas Kuaahauk, (1) TeHraama gy’ ra HucOaTaH eunrat 6YaCHM!

= f(x, y). (2)

Onaraa (2) TEHr/aMa, XocHaara Hucbatan ewuazan dudbpepenyuan’
Tenzaama NeinNajH.

(2) TeHraama y=y(x) cpynxuuﬂ XocHaacd y’'(x) wvu (x €(a, b))
TeKHcaukaarn O6upop D coxaaa Oepuarad f(x, y) Qyukitns Ouaan
60Fn10BUH TeHTAHKAHP. PaBlianku, Oy TEHrAIHK MabHora 3ra OVaHUIH
yuyH Xxap OHp x€(a, &) na (x, y)=(x, y(x)) €D OviHH JT03HM.
Keiiduanuk Oy wapr xap aouMm Oaxkapuarad Acl KapaiiMus.

Arap @(x) ¢pyHkuns (a, b) 1a aHHKN@HTaH, Y31yKCH3 XaMAa Y3JdyKCH3
¢’ (x) xotunara sra 6yau6, uxtTuépun x€ (a, b) aa (x, ¢(x))€D 8a

¢’ (x) =f(x, 9(x))
6yaca, abHu (2) Tedrnamay=¢(x),y =@ (x) Jap/ia anHHARTTra asmauca
p(x) byHkuus (2) TeHraaMaHHHT equmu AeHHIanN.

Afitatiank, y=¢(x) Pyskuns (2) anddepentlna’ TenraamMamuur
eunMu OYyJjicHH. By dynkuusi rpaduri, ymyMal afTran1a, srpH UH3HKHH
npoaananan. LyHuHr yuyw yuu (2) anudpdepenunan TeHraaMaHHHT
HHTErpa.J 3rpH YH3HFH XaM JeHHJa]H.

BupHHun TapTuHban

y'=[(x, y) (2)
anddepeHunas TeHrJaMa YeKCH3 KYN eydMmJsaapra sra OViau6, ynap
TEHrJaMaHHHT €UHMJIAPH TYNJAMHHH TAWKH 3TaltH.

Kyn xonaa (2) audpdeperHuna tTeHraaMaHuir 6apua eunMiaapiHH,
OUTTa HXTHEPHA Yy3rapmac C ra O60FaHK 6yirad

y=¢(x, C) ekn F(x, y, C)=

MyHocabaT OunaH yMyMHi KypHHHWa Hdodadant MyMKai. Yhn
AnddepeHlUnat TEHINAMAHHHT  ymymuld cuumu  Aciidain.  bynaa,
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varapmac C HHHr Xxap Oup TaWHH KHHMATH/Ia x Ba YHra MOC y J1ap yuyH
(x, y) €D 6yanuiy xepak. ¥Y3rapmac C HuHr Xap 6Up KMAMATHAA YHTa
MOC €UHM XOCH.I 6y.1a,1u Byuaau eunm Oepu.arad nucpq)epnuuua.n
TEHTJIAMAHHHI Xycyculd evumu NeHHTany.

~MacanaH, _
y'=e—y , (3)
anddepenunan Teuraamany Kapaiiauk, Gynia
f(x, y) = e —y
6Ynu6, y TeKHCAHKHHHT 6apua HyKTanapuna auuknaaxrad. Kyinaaru .

Gol¥) = 5 & (X€(— o0, + o))

GyHKiHA OGepuaran AndpdepeHUHan TeHrMaMaHHHT e4yHMH OyJaanm,

v ]
YyHKH (3) TeHr.1amajarH y HHHT YPHHra (po(x)=-é-e‘ HH, 4’ HHHT

~ ‘ l w w - “
YPHHra @qo(x) = (—;—e‘)’ = —2—-e‘ HH KYHCaK, y aHHUATra anntaHaiH:

[yuuuraek,

¢ (x)
—_x |

@a(x) = 2¢ +?9

GyHKUHAAapHUHT Xap O6upu  (3) TeHITaMaHHHT euHMH 6ynaau. by

Gepunran augpgepeniinaa TeHFAaMaHHHT XYCYCHH eYHMAApHAHP.
(3) TeHrJaMaHHHr YMYMHH €4HMH

I
o
)
+
o] —
m’!

9x) =C-e ™"+ g

Kypuunwaa 6yaub, 6ynna C — UXTHEépPH# y3rapmac COH.
Anitaiauk,
= f(x, y)

AHPPepeHuUnan TeHrNaMaHHHI YMYMHH €4HMH

= @(x, C)

6yacuu. DBy edumaal TEHrIaMaHHHT XYCYCHiH €UHMHHH KeJTHPHO
YHKAPHILU yuyH H3J1aHaeTraH y=y(x) QyHKIIHA apryMeHTH X HHHr GHpOp
Xo KHAMaTHAA QYHKUHMA Yo KHMMATHH (Yo=y(x0)) KaOGyn KHIAHLIHHH
6uauw erapananp. Onaraa, xo apryMeHTHHHT, Yo 3Ca H3JaHAETraH
GYHKUHAHHHT OOWIIaHFHY KHHMATAapH AeHHAaAH. X=Xo Aa H3J1aHa-
€Tran QYHKUHAHHHI KHIMATH Yo ra TeHr 6YJCHH, AeraH wapTt 6olaaHFuy
lwapt ae#nanb, Kyiuaarunua

Yl cmr, = Yo
63K1.1a.1H. ' .
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bomwaanruu wapraan ¢oiaananuo

= ¢ (XO, C)

TeHrdaMmara KeaaMu3. Yuaan 3ca C Tonuaaau. Tonuaran C  HuHr
KHHMatn Co ra TeHr 6y.Jaca, Gepuarah audoepesuHan TEeHITAMAHHHT
XYCYCHH CUHMH

y=q(x, Co) .

ra TeHr 6y.1aiamu.
Bupunuu TapTban '

4
y'=FHx y)
aupdeperunan Texr.iamaJaap Ha3aPHACHHHHT acocHH Maca.na.'lapunaﬂ
Oupu OOULTAHFHY 1HApPT

. yll-lu= Yo

HH KaHOJTJAHTHPYBYH eUYHMHH TonuiuaaH ubGopar. by macaaa Kowu
Macaaracu NeRHNAlNM.
Bupunun tapTubasu
y'=f(x, y)

AHdpdepeHuHan TeHr,1aMa Ba YHHHT e€UHMH CoAlda rFeoMeTPHK MabHora
3ra. TeHraamaaaru f(x, y) OJyHkuus TtekHcaukaaru D coxana
aHHK.1aHCHH. buHob6apuh, Oy coxaHuHr xap Oup (x, y) HyKTacHaa TaHHH
Kuimatra sra. Macanan, (xo, yo) €D nyKraaa [(x, y) OYyHKUHAHHHC
KHAMATH

_ f(xo’ Yo} =
6y.1cHH. YHaa (2) ra kypa

Y (xo0) =
6ynaau. [lemak, ko — y=y(x) 3rpu uHu3uKKa (xo, Yo) HYKTal4
YTKa3HATaH YPHHMAHKHT OypuyakK KodpPHUHEHTH.

MabiyMKH, ypHAMAaHUHr Oypuak KoO3Q(PHUHEHTH TYFPH UH3HK
VHaaHuHHe udoaananan. [lemak, D coxaHWUHr (xo, Yo) HYKTacHaa
YHAJIHUI aHHKJAHap 3KaH. .

Uiynaah kKnaun6

i
H

= f(x, y)

Anddeperinan TeHraaMaHHHT OGepuadin O6unad D coxaHuHr xap Oup
HyKTacHad fyHaJ Ml aHHWKAaHaav. by ﬁ?ﬂa:mumap 6upranukia
dyraauwarap mMaudoru AeHHAAAH.

Hemak, (2) nmbq)epemwa.n TeHrnama Hyua.nmu.nap MaHAOHHHH
AHHKIAHAK.

IHau (2) anddepenitnil TeHr1aMa e4HMBHUHI FeOMETPHK MabHOCH-
HH KeATHpaMHu3. Mabaymkn, D coxanarw y=y(x) 3rpH YH3HK Y4YyH

¢’ (x) = f(x, ¢(x))

6yaca, viaa @p(x) yHkuua (2) TeHrnamaHuHr euuMH 6yJap 3aM.
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L d

Hemak, (2) TeHrnaMmaHuHr eduMn D coxala wyHaan y=@(x) 3rpu
YUH3IHKKH, 6y YH3HKKA, YHHHI UXTHEpHH (x, y) HyKTacHla y3Ka3uiras
ypHHMa #yHaauwd D COXaHHHT WYy HyKTalarH ManioH-AVHaJIHLIH
6usan Gup xua 6yaanu.

I-§. y'= f(x, y) ANSSEPEHILHAJ TEHTJIAMA EYHMHHHHT
MABXYDJIHTH BA ATOHAJIUTH

Ywo6y naparpacdaa 6upuHun TapTHOAH AnddepeHUHaN TeHIIaMa
' Yy =[x, y)

CYHMHHHHT MaBXXYMAJHCH Ba SArOHAJHCH MacajnacH OuaaH WyfFyinaHa-
MH3.

ABBano 6ab3H TyUIyH4a Ba TaCAHKAAPHH KEJTHPaMH3.

dapas Kuaanauk, f(x, y) GYHKUHA HKKH Y3rapyBUHHHHT QYHKUHACH
cutatHaa R? dasonarn énuk TYFpu TYpTOYpuaK

D={(x, y) ER”: |x—xol <a, ly—yol <b}=
={(x, y)ER2: Xo—a<<x<xo+a, yo—b<y£y0+b}

na G6epuaraH GVJICHH.

I-tabpud. Azap wyndad §3eapmac mycbar k con maswyd

6gacaku, f(x, y) Pynrkyua x apeymenTrune |x—xol < a TeH2CU3AUKHU
KAQHOATAGHTUPYSBHY  uXTuépuld  Kudmaraapuda, Y  QPSYMEHTHUNHZ

ly—yol <b Tenzcusruknu KanoaraauTupyswu uxTuépuill y 8a y
Kudmaraapuda

-y

1F(x, ) —F(x, g) I <k-lg—y | (4)

Tenecudaux Gpunau 6gaca, [(x, y) PyHKyua uKKuHwu apeyMeHTu
y 6gduqa Jlunwuy waprunu 6axapadu deduradu.

Arap f(x, y) ¢ynxkuns D 2a ysayxkcu3 6y.ca, y uy coxala uyerapa-
JaHraH, A'bHH UlyHAai Vardpmac myc6at ‘M con MaBxKyakn, V(x, y) €D

yqyH
[f{x. ) I <M (5)

‘6ysaan (KapaJdcHH, 95- 606, 5-§).
l-reopema. Azap

¥Y=[(x, y) | (2)

ren2aamada f(x, y) Pynxyus
D={(x, y) ER*:|x—x| <a, ly—yol <b)

da yaayxcuz 6§aub, uxxunsu apeymentu 6ydusa Jlunwuy waprunu
6axcapca, y xoada (2) Jugpdepenyuan renzaamanune |xo—h, xo+ hj

cermentaa (A=min(a; _Ale)) 6ownanruy

yl Xwm "0= y()

WAapTHU KAHOATAGHTUPAOUZaK edumi maswyo 6gaub, y azona 6§aadu.
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- Ac60T1. ABBasio
Yy =f(x, y)

TEHICH3AHKHHHI Xap HKKH TOMOHHHH [ro, x] opanauk Oy#ixuya wuHTerpa.-
JIaAMH3:

x

Sy’(t)dt= §f‘(t,y(t))dt.

o %

bownaHruy wapTHH xucobra onub Tonamu3s:
X

Vv (@ydt=y(x) —y(xd =y(x) —
%o

Hatuxana OGepuaran (2) aunddepeHunan TeHrnamara 3KBHBANEHT

6yaraH ywoy x .
 y() =yt ([t y(0)at (2')
%o

TeHrJ1amara Kenamud. (Homawaym y(x) ¢yHkuns uHterpan Genrucu
ocTHaa Oyaranaurd cababan (2’) TeHrnama unreepan TeHeAaMQa
AeHHAANH.)

Ilemak, Gepuarau Jmcbd)epeﬂuuan TeHrJaMa eYHMHHHHI MaBXYAJIH-
rH Ba AFOHANHFHHH KYpcaTHW yuyH (2') TeHr1aMa eYHMHHHHI
MaBXYAJHIH Ba AFOHAJHIHHH KYpcaTHil etapau Gyaanu.

(2) TeHrnaMa eUHMMHHMHI MaBXYAJHIHHH HCOOTNAWIAA KeTMa-KeT
AKHHNALWHUL YCYJAHINAH (bon,nanauamua bepuaraH GownaHFuy KHAMAT
Yo HH o6, f(x, yo) HH KapaiMu3. f(x, ya) (bynxuuﬂ fo—h, xo+h]11a
Y3TyKCH3 GyaranHaury cabab.au

F 4

' X ‘

"HHTerpaJs MasXXyl Ba y x HHHI PyHKUHACH cHdaTHaa [xo—h, xo+h] Aa
y3aykcu3. Dby PyHKuus €paamuaa yi(x) QYHKUHAHH KyhHndaruua
TYy3aMH3:

yl(x.) =Yyt S f(t, yodt. | (2”)
%

PaBiiaHkH, yi(x) dyHKuua [xo—h, xo+ A) 13 y3AyKcH3 Ba x=uxp Aa
y1=yo 6YnanH.

(2’) TenrauknaHM, x €[xo—h, xo+h] 3KaHWHH 3IbTHOOpra oaub
TONaMH3:

y(x) —yo={ [(t, yddt = 1y,(x) —yd | <
%o

X

</ Slf(t.yo)ldtl=~|y.(x)—yol~<..M-I
)
= [y1(x) —yol <M-lx—xol = {y1(x) —yoll <M-h.
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"‘OyJAraHJHry yUYYH KeAHHCH TEHIrCH3AHKAaH

zlv

[y1(x) —yol < b

IKaHAHTH Keanb yukaaH. by sca x €|xo—h, xo+h] aa yi(x) PyHKuus-
HHHT KHIIMaTaapH [yo—b, Yo+ b] ra Terntwan 6VAHIHHY KYpcaTaan.
Wynaat kKnaub, yi(x) dyHkuus [xo—h, xo+ k] A1a aHHK1aHraH Ba
yayKcH3 6yaub, Vx €[xo—h, xo+h] yuyH (x, yi(x)) €D 6yaaan.
duan Mabaym 6yaran 6y y (x) GyHKunsa épaamMuaa ya(x) GyHKUHSIHH
KyHHi1ardua Ty3aMus:

y2 (1) =yot {F(6yi(0))dt. (6)
xo

By y; (x) &yHKuua xaMm [xo—h, xo+4h) Aa aHHUKAAHraH, Yy3TYKCH3 B
X=x¢ A3 yo==Yo OYynanu. (6) TeHrIHKAAH TOMNAMH3:

Y2 (x) —yo= (L, y1(D)) dt = 1y, (x) —yol = .
!
=1 {F(Lyi(0)dtl = 1y, () —yol <M1 atl <
"o %

SM-lx—xo|l = |y2 (x) —yol KM -h=y2 (x) —pl <.

By 3ca xo € [xo—h, xo+ h] 22 y2 (x) GyHKUHAHHHT KuHMaTaapu [yo—b,
Yo+ b] ra Ternwan sxaHuun Guaaupany.

Iiynaan knaub ya (x) GyHkuna [xo—h, xo4 k] 12 anuKIaHraH Ba
y3ayKCH3 OFau6, Vx € [xo—h, xo+h] yuys (x, y2 (x)) €D Gyaaam.

By xapaénuu 1asom 3TTHpabopu6, n Ta KajamiaaH KeilMH [xo—h,

Xo+4h] aHHKAHTaH, Y3JYKCH3 BA X=Xo Aa Y= Yo OOLAAHFHY MAPTHH
KaHOaTJAHTHPYBUYH
yalx) =yot+ [t yamr()dt (6")
¢ %

OYHKUHAHH XOCHA KHJamMH3., by ¢QyHKuu# yuyH
x .

1ya(x) —yol < | (L yua (D) 1dEL S M- 1x— 2ol <b
A _

OGynaau.

IlyHnnat KuauG, y.(x) dyHkuus [xo—h, xo+h| 1a anuK.1aHras Ba
y3aykcu3 6yaub, Vx €[xo—h, xo+h] vyuyu (x, y.(x)) €D Gy.aa1u.

by KapaéunH ueKkcH3 1aBOM 3TTHPHIL HATHKACHAA

yo, Y (x), y2 (x) .0, Yn (X).... : . (7)
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(PYHKUHOHAJ KeTMA-KeTAHK XOCHN 6yau6, yHHHr Xap 6up Xaau fo—A,
Xo-+ h])na y3aykcus, x€ ro-—h, xo+ h| yuyH (x, ya(x)) €D, (n--O 1,2,...)
Ba x=x¢ Aa Yy.=yo (n=0,1,2,... ) G6ynaan.

- {(7) ¢pyHKUHOHA.T KeTMa- KeTAHK Xaainapu €pramMuaa ywby

Yo+ [y1(x) —yol+ [y2 (¥} — g1 (%) ]+ [ys (x) —y2 (x)]4-...+
+ [Yn (X) —Yn—1(x) ]+ : (7%)
(GYHKUHOHAN KAaTOPHH XOCH KHJIaMH3. Dy (QyHKUHOHanN KaTOPHHHI
Aactaabku n1 Ta XaauaaH WGopaTt XyCYCHH HHFHHIHCH:
Sa+1(x) =go+ [y1(x) —yol+ [y2 (x) —yi (x) ]+
+ [43(0) —y2(0) [+ ...+ [Yn () —gn—1(x) [=yn (x).

Juau (7') PyHKUMOHAN KATOPHHHI XaAJapuHH GaxonaiiMHu3.
PaBusaHkH,

1910) —yol =1 {F(t, yo)dt] SM-1x—x,l . (8)
.l'o_

Katopruur kKeiHHru xamnapuun Gaxonawaa f(x, y) OYHKUHSHHHT

HKKHHYH aprymestd Gyinua JInnwuu map'rummr 6a)KapHAHWIHAAH
doHaanaHaMH3:

ly2(x) —g (X) | <T V(8 g0 (1)) —F (4, yo) |dE] <<

d‘t..—"'lh

X ~ I —_
<kl {1yt —yoldt) <k-Me| {1i—xilat <k-M-Z22, (8
%

& ey

193(0) =420 1 <1 {1F( 92 () —F (L g, (1) 1dt] <
n

II—Xols
2.3

3 _ M 2 2
<kl {1ya(t) —yi (0 1dt1 < =571 §1i—xol el <k M-
% %

YMymaH,

19a () = uar ) <E U gumr(0) = (8 yaa(0)) 1dE1 <
.I'u

(8”)

6ynaaun. (Ke#iunrs TeHrCH3NiHK MaTeMaTHK HHAYKUHA YCyJH €paaMuaa
ncboraakanm.)

IJHan |x—xo| <A 6y.nnum11au ¢onpanaHcak, yHaa oKopiuaaru (8),
(8’) Ba (8’) mynocabatnap Kyihuaaru
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|41 (x) —yol <M-h,
k-h® h2
ly2(x) —n(x) | <M-——, '
* 2 ha
lys () —y2(x) | < M-S, (9)
kn—l n
1Ya (%) =Yaoi(x) | <M. =,
KYPHHHUITA KENadH.
Yw6y
k2 h3 kn—lhn
+..+ M + ... (10)
COHJIH KaTOpHH Kapahauk. [danambep anomaTHaaH (boﬁna’.nauuﬁ,
knh“+l
I M F = lim-*_—o ‘]
. ST

M

n!

(10) KaTOPHHUHI AKHHJAAWYBUYKH 3KAHHHK TOMAMM3.

Hemak, (7) q)ynxuuoua.u KaTOPHHHT Xap OHPp XalHHHHT aGcomoT
KHiMaTH, (9) MyHocabaTtra Kypa skHHAawyBuYH (10) COHAH KaTOPHHHT
MOC XalHaaH Karra sMac. Be#iepwrpacc aaomartura Guhoad (7')
PyHKUHOHAA KaTop fo—A, xo+ h] A3 Tekuc akunaawysud. Jdemak, (7')
(GYHKUHOHAN KATOPHHHI KHCMHH HHFHHAKAAPH KETMa-KeTAHTH n—-oo
na y (x) AumuTra sra Ba 6y JAUMHT QYHKUHA Yy3JNYKCH3 OyaanH.

Arap |

| | Sn+1(x) =ya (x)
3KaHJIHIHHK 3bTHOOpPra ovicak, yHia
yo, 1(x), y2(x)

QYHKUHOHAN KeTMa-KeTJAHK Y4yH
lim y, (x) =y (x)

e OO

yeers Yn (X) ...

(Vx €[xo—h, xo+A]

Oynaam.
IHuau TonuaraH y (x) dyHxkuus

y(x)=yot { F(ty (1))at

Iy

TEHTJIAMAHUHT @UUMH GYIHUIHHK KYpCaTaMHs3.
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IOkopuaaru (6%)
Ya () =yot (I (L y._s (1)) dt
*o

TEHIIHKHHHT YHT TOMOHHra

X

. Sf(t,!(t))dt

HH XaM KylwaMH3, XxaM anHpaMu3. Yuaa

X X

Yaux) =yo+ S [F(t, yar(8) —F (¢, J(t) dt+ Sf(t.f(t))dt (10%)
X

%o

6ynaan. by Texraukanaru
F 4

{ 7 yao i) —f(0 T (1)) )t

10
HuTerpaann Jinnwny waprtuaas donsanaknb 6axonaimua:

| § 1t g i) —f(8 1 (1) 1) <

. Ta
£ X

<I §IFCt gocs ) =F G T (O 1) < k-1 (lyami () =T (D111, (1)
% )

{ya(x)} dyHkHOHAN KeTMa-KeTAHK [xo—Ah, xo4-h] 23 J(x) ra TeKHC
AKHHAAIIraHAWrHAaH, Ve>>0 COH OAMHraHAa XaM WyHAa# HaTypaa

no COH TOMHAAANKH, Vn>no Ba Vx €[xp—h, xo+h] yuyH

gnr () —J () | < 5 (12)

TEHICH3JIHK YpHHAH Gynanu.
(11) B2 (12) myHocabaTtaapaas

X

| § (P gm0 =t T @) ]dt <k 51§t <
o %

e ]
< lx —xo < —F-h=e

6yanwn Keaub yuxkaad. by 3ca

x

lim § (7(¢, yo—r(0)) —F (8.1 (1)) it =0
X

3KaHHHH OHAAHpanH.
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(10’) TeHraunkaa, n—-oco Aa AHMHTra YTHO TONMAMH3:

x

lim y,(x) = lim{yo+ | [f(1,y(1))) —F(t. 7 (1)) At +
%o

M= OO N~ 00

p 4 X

+ i 1) dti=gotlim { [f(4 yami(t)) -
Io

P OO

X x

—f(t, 10N dt+ (i @) dt=yot {f(t.1(1))at.
%o o

Hdemak,

X

1) =yot {F(t, 1())at
%
Ba x=uxo¢ Aa J(xo0) = yo.

Wynaan kuau6, J(x) ¢yHkuna (2) TeHrAaMaHHHT €YHMH, aHHH
nadraa

‘ ‘=f(x, y)

AupdepeHlHan TEHrNaMaHHHT XaM €UHMH 3KaHAHrH HcOGoraaHau. Dy
eyHm OOUNTAHFHY WIAPTHH KAHOATJAAHTHPAAH.

3Hau TonuaraH J(x) €UUMHHHT SITOHAJHTHHH HcOoTaafiMu3. Tecka-
pPHCHHH (apa3 KHaalauk, (2') anddepenunan TeHrnaMmaHuur y=/J(x)
€UHMH OusaH 6up Karopaa, GOWNAHFHY LWAPTHH KAHOATJAAHTHPAAHraH
HKKHHUH y=U/(x) eunmMH XxaM MaBxXya GyACHH. (x €[xo—h, xo+h), x=x0
aa U(xo) =yo, J(x) =U(x)).

J{(x) Ba U(x) pyukuusaap [xo—Hh, xo+Ah) 23 y3AYKCH3 GYATAHAKTE
cababau |J(x) —U(x)1 pyHKuUMA XaM WYy CerMeHTaa y3/yKCH3 Gyaanu.
Yanykcu3 QysKuUMANapHHHT Xoccaaapura kKypa [cxo—h, xo+h] na
WyHaal x* HYKTa TOMHJAAHKH,

[/ (x*) —U(x*) | =max|/(x) —U(x)| =A (13)

6ynazau.
Mkxunun Tomonaan J(x) Ba U(x) dyHkuusnap (2’) teHrnamaHuur
€UHMIapH GYATAHAHTH YYYH

4 X

I =yt [P (1) at,  Uxy=yot+ (1L U®)at
%o o

6yauo,

() =U I <I [ 1) =L U 1del <
Xy .

X

<k:| SIJ(t)—U(t)ldtl<k-A|x—xo|<k-A-h
Xy
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65'f.r|a,-1.n. Arap h=min (a; 7:’4—) 6yanwn 6n.1aH OGupra h<—£— xam 6yaca,

YH1a
R-A-h<<A
6y.1H0,
| 1J(x) —U(x) <A (Vx€po—h, xot4]

O6yaaan. by sca (13) MyHnocabarra 3uiaup.

By 3HAAHATHHHT KeanO dHKHUra cabab (2) TeHrn1aMaHHHT CUHMH
HKKHTa OV.acuH aeb oatuuHuwnanp. ldemax, J(x) ¢vukuua (2) audde-
peHUHAT TeHrJaMaHHHI ArTOH3 EYHMH.

Teopema Tyauk ncbor 6y.a.1m.

HUcbor stuarad tTeopeMa, D HuHr Xap OKp HYKH (X0, yo) HYKTacHAaH
y'=[(x, y) TeHrMaMaHHHr AroHa HHTErpa.a 3rpH UH3IHFH VTHILHHH
HPporadanan.

Ma3kyp GOOHHHI KeHHHIH naparpad.apiia Typ s XH.aiarn (Typau
THNAaru) GupuHun TapTHO.an AnddepeHuHa’l TeHr.1aManrap Ba yaapHH
cuHil GHIaH LIYFYAIaHAMH3,

2-§. Y3TAPYBUHJIAPH AXXPAJIALUTAH AHSPEPEHLLHAJI TEHTJIAMAJIAP

Y6y
y'=h{(x)-f2 (y) , (14)
KYPHHHULAATH TeHTJaMa §3eapysuusapu axcpasaducar duppepenyuan
Ten2aama dehnaain. bynaa fi(x) pyukuna (a, b) aa, f2 (y) dynkuus sca
(c, d) opaanKia aHHKJIAHTAH Y3JAVYKCH3 PYHKUHATAPAHP.
AsBa.to (14) Tewrnamamuur 6;;1:3}1 XO11apHHH KapadMHK3.
1°. (14) Tenrnamaaa f; (y) =1 6yacud. by xonaa (14) rexraama

y'=h(x) (14%)
KVpUHHWAA 6YV1aau. PaBwankn, (147) TeHr.1aMaHHHT yMyMHHA eunMu
y={[i(x)dx+C=F(x)+C

6yaaau, 6yura C -- nxTHépuii Yarapmac cox, F(x) 3ca fi(x) PpyHkuua-
HHHT Gupop Golaanruu dynkuuacu: F'(x) =fi(x).
Arap (14') aunddepeHuna’ TedraamaHH

Y| smepg=1yn
GoulNaHFHY 1apTaa Kapawaurad Oyacak, yHaa

yo=F(x0) +C,
ALHH

C=yo— F(xo0)
6Vauol,

X

y="F(x) +yo—F (x0) =yo+ [F (x) = F (x0) =y ot | [ 1(x) dx
%o

6yaaau.
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Wynnahh kuau6, Oepuarad (14°) anddepeHunan TeHrnmamaHHHr
OGOW/AHFHY WAPTHH KAHOATNaHTHPYBYH €YHMH (XYCYCHH eUHMH)

4

y=yo+ {Fi(x)dx

%
Gysiap 3KaH.
2°. (14) Teumamanaf (x) =1 6yacuu. by xonna (14) tenrnama
y'=f (y) (147)
KYpHHHWra 3ra G6yaaaun. (1477) tenraukaa f[2 (y) %50 G6yacuu nae6
KapanMu3.
Arap
4y
y= dx

3KaHUHK 3bTHOOpra oncak, ynaa (14”’) tenraukaas

d
“2=f> ()
'Ba yHAaH 3ca
2
dx= f2(y)

6ynHwH KenH6 uukaan. KeHHHrH TEHIJIHKHHHI Xap HKKH TOMOHHHH
HHTerpaJsnab Tonamus:

—{_ —
Jax={ 5 == {55 +¢
[emak, :
y'=F(y)
AndpdepeHUHaN TEHTTAMAHHUHT yuymuﬁ eYHMH
S fa (4) +C
6ynaamu.
Mucoa. Yuwoy

=5y

AuddepeHUHnan TeHrAaMaHUHT
y II-0=25

GOWNAHFHY WAPTHH KAHOATAAHTHPYBUYH €YHMH TOMHJCHH.
BepuaraH TeHrnamauu
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KYpHHHILNA €36 onamH3. KeMHHIH TeHrIHKAAH

v

6yauiH  Keaub uYKKagH. Dy TEHrNHKHHHI Xap HKKH
HHTerpaanab Tonamu3s:

S 5dy§ = S dx=> —és y—%dy_=x +C=

. % \/g-—-—x+C=»y=——(x+C)2

Jdemak,
y==2> (x+C)?

TOMOHHHH

KapanaérraH an¢¢epeHHan TEHrNaMaHHHT yMyMuil ednMH Gyaans.
Bowaanriiu waprra 6uHoan x=0 aa y=25. Ulyxra kypa

25-—-— (04C)*=>C=2

6ynajau.:

IlemaK, TeHrnaMaHuur OGOITAHFUY (IAPTHH KAHOATJAHTHPYBUYH

XYCYCHH €4HMH ‘
25
y=— (x+2) 2

6ynaas.
3°. Ouam

y'=f (x)-f2 (y)

AnddepeHunan TeHr1aMaHH KapanWMH3. YHH KyAHaaruua

""'_'"fl (x)-f2(y)

€316 onamu3. By Tenraukaad, f2 (y) 0 Oyaranaa

_qy .
faly) =/ (x) -dx

6yanms Keaub uyukanu' KeHMHIH TeHTNHKHHHIT Xap HKKH TOMOHHHH

HHTerpaanab TonaMu3:

Vit =i () dx+C.

By Ttenrank KapaJaaérrau .
y'=h(x)-f2(y)

AnpdeperLHaN TeHINaMaHHHT YMYMHH edyuMHHH Oepany.
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Mucoa. Yuwby ‘
=xy+x+y+1

anpdepeHUHa] TEHFTaMEHHHT YMYMHI @UHMHHH TOITHHT.
Bepuaran teHrnamauu Kyiuaaruua

L (xH) (y+1)

€é3u6 onamu3. bBy- y3rapysunaapu axpasaaaurad AHdpgepeHiinall
TeHraaManup. Yuu ys= — 1 1e6 euamns:

dy dy __
?}_l'_(x'*'l)c,lx:}S'__-i:l‘ S(x+l)dx+lnC=>lnly+ll—

u+l|2

= LD L inc = (y+1)- T =

> y4+1=C-e =y=C-e * —1.

. ! :
Llynna#t kunau6, Gepuaran audpdepeHUHan TEHTNAMAHHHT YMYMHH
eUHMH ’

+1?

y==C-e * —I|

6ynaam.
4°. 3HAM Y3rapyBUHIapH a)KpaJaauraH TeHrJaaMajapra Kenalurau

6ab3H AndPepeHUHaT TeHrAaMajJapHH KapanMus.
®dapa3s KHIaHAHK,

y'=f(x, y) (2)

Auddepenunan teursiava Gepunradn 6yaulb, OydaarH f(x, y) PyHKUHSA
yHyH |

. flx, ty) = (x, y) (15)

6yacun. (by xonna f(x,y) Hoa YauoBaw 6Gup KuUHCAH PYHKUHS,
(2) TeHraama sca Gup xuucan anpdepenunan reurnama’ aelinnann.)
(19) TeHr.Hkaa

1
(=— (X;E.O)

JeHnIca, y xonaa

flx ) =i(1, £)

1
AU depeHunan TeHrIaManuHT GHP KHHCAR 1e6 atasnuis f(x, y) HHHF GHP KHHCAN
PYHKILHA SKAHINFHIAHINHP.
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6ynub, f (x, y) GyHKUHA 3Ca < HuHr pyHKuMacH 6YaHO Konanm:

flx,y) =o(%)

Hatuxana (2) anddepenunan Tenrnama ‘
d
F=o(%) | (16)

dx x
KypPHHHLIra KeJaau. By TeHrnamMaHu eunul yuyH

Leu  (u=u(x)

“

ne6 onaMH3. YHaa

y=u-x
6yaaau. .
IHAH .
y=(u-x)'=utx-u
AbHH

3KaHJHIHHH 3bTHOOpra onnb, cYHr yHH (16) TeHrauxka Kyin6, ywoby
du
U+x-——=q(u)

TeHrJaaMara Kenamus. PaBuiaHKH,

u+x--§j—=¢p (u) = x- du =@ (u) —u=

dx
= x-du= |ptu) —u]-dx = ¢($"_u= f‘ (p(u) = u).

KefHHrd TeHrAHKHHHI HKKaJla TOMOHHHH HHTerpaJmaG TON3aMH3!

du . Y ,
S ‘p(u)_u—lnx-l—c u-x).
By teHrauk GepuaraH aupPepeHuHan TeHrIaMaHHHT YMYMHA €UHMHHH
Gepaam.

Mucoa Ywly

s Pty
Y=

anpdepeHUHaN TEHITAMAHHHT YMYMHH €UHMHHH TOIHHT.
bepuaran teHrnamana
2+y

XY

f(x,y)=
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6YAu6, YHHHr YUyH

w0+ u? _ PP+H Py '
f(tx' ty) T (tx) (ty) - tzxy - XY —f(x' y)

Oyaaan. Jemak, Kxapanaé€rraH TeHraama OHp XHHCAH AW PepeHuHan
TeHrnama 3kaH. Ky#uaaru

y=u-x  (u=u(x))

anMalWwTHpHIWHKY GaxkapaMu3. YHAa

y=u+t+x-u’
6ynu6, Gepuaran angdeperunan Tewrnama ywoy
. 24+ uls?
x..- u(x) +_““T'
AbHH '
du_ 1 ~
dx  u

KYPHHHIIra Kenaau. DBy y3rapyBuusapd axkpanaauras TEHTaMaaHp.
YHH eyamu3s:

du l dx
x.___——__.:_-;,.u du=__.=>
dx x

=>S udu= S —=>-—--—ln|x| + InC=-

=u?=2In[x- C|.

Y

By TeHrauxkaaru u HUHr ypHura — HH KyHH6 Tonamus:

£ —oln)x-
fr=2In|x-Cl =

=y’ =2x*In|x-C].
Hemak, Gepuiran auddepeHUHas TEHITAMaHHHT YMYMHiA e4HMH

y=|x|-+/2In|x-C|

6Vaann.

3-§. YHIHKNH NHOSEPEHUHAJ TEHIJIAMAJNAP

Homabaym ¢yukuus y==y(x) Ba yHHHI y =y’(x) XOCHJACHTra
HHCOATaH YH3HUKAH Oyarau

Y +p(x)-y=q(x) (17)
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TeHrnamMa Oupundu rtaprubau 4usukau Jupgepenyuar tenzrama
Aednnanu. bynna p=p(x) Ba g=q(x) nap (a, b) =R na aHukaaurau
Ba Y3JYKCH3 (PYHKUHRAIAPAHD.

1°. AsBajo (17) aa g(x) =0 6yaraH xycycuii XONHH KapadMH3. by
xo1aa (17) renrnama ywby

¥+p(x) -y=0 (17’)

KYPHHHIWITA 3ra O6yau0, YHH OHP MHHCIAH YHU3HKAH AxrddepeHUHan
TeHriama aedAunaau (G6epuaradH (17) TtenrnamaHH 3ca OHP >KHHCCH3
YH3HKAH OHPGepeHUHan TeHrnama geinunanu). (17’) renrnama yara-
pPyBYHNAPH aXpanaaurad AnpdepeHuHan TEHr1aMaaHp. YHH edaMH3;

y d
y+p (x) - y=0=> 7!:-= —p (x) -y¢%= —p (x)dx =

= —{p desn [£]| == {p (1) dx=>y=C-e ) e

Hdemak, 6up xuucau (17’) TeHrAaMaHHHT YMYMHH €UHMH

- S plx)dx

y=C-e (L77)

6ynapu, 6ynna C — HXTHEPHH y3rapmac COH.
2°. Suam

y+p(x)-y=q (x)

TEHIAMaHHHT YMYMH# eUMMMHM TONMHW OuiaH wyrFyasanaMu3. By
TEHrJaMaHHHT YMYMHH €YHMHHH TOMHLUAA

C e— S plx)dx
y==C-

uponanarn C HH x HHHT Anpdeperunannanysun ¢pyHkunsacu C=C(x)
6yacuH 0e6 Kapab, (17) TeHrJaMaHHHT yMYyMHA €YHMHHH

—_ S pi{x)dx

y=C(x)-e (18)

KypHHHIWIAA H3AaAMH3. PasliaHky,

pl{x)dx

y'=0C'(x) e S p(x)d'—-p(x) .C(x)-e S

By y Ba y’ aapHuur udonacuuu (17) Tenrnamanaru y Ba y' JapHHHr
YpHira KysMH3:

- S p(xydx - S pix}dx - S p(x)dx

C'(x) e —p(x)-C(x)-e +p(x)-C(x)-e =q(x).

201

www.ziyouz.com kutubxonasi



Hatuxana, C (x) H4 TOomHil yuyH

- S p(x)dx
: C'(x)-e =q(x),
ABHH

dC(x) S p(x)ds

———=q(x)-e

AH¢pdepeHUHAN TeHrJaMara KeJaMu3. YHHHT eYHMH
p(x)ds

Clx) = q(x)-es dx+cl

6ynaan, Gyaaa C; — uxTHépHit y3rapmac codH. Tonuwiaran C (x) HH
(18) renraukaaru C (x) HuHr ypHura Kyamu3d. Haruxana,

- S p(x)dx S p(x)dx ,
y=e Va-e) " +C (18)
6ynaau. by (17) anddpepenunan reHrn1aMaHHHT YMYMHiH edHMu Oyaanu.
Mucoaanap. . Yuby )
rg 1
Yy+—-y=x

UH3HKAH AHQ(DEpPeHLtHaN TEeHI1aMaHKHT YMYMHA €UMMHHH TOMHHI.
ABBano 6y TeHraamara Moc GHpP XKHHCJH TeHr1ama

Y+ y=0
HH eyaMus: ' '
Y_ dy Y dy _ dx
Y+ y=0=>gi+d E= Ty T T
»S% — S—¢In|y|——lnlx|+lnC=>y x=C=y= —(‘:-.
Hemax, 6Hp XHHCAH TEHIJIAMAHMHT YMYMHI €UHMH
=<
¥y==
6ynannu.
duan 6y tenraukaa C=C(x) aeb
__ C(x) r__ C'(x)-x—C (x)
y— x ! y - 1’2 .
JAapHH OepuaraH TeHrnaMaaark y Ba y’ JapHUHT YPHHra KYsIMH3:
C'(x) - x—C(x) I C{x) __
2 +:_-' —-'x =Xx=
= C’ (x) _ C(:) + C(:) —X=>C’(X) =x?.
X X X
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KeHHHIrH TeHraHKAaH TONaMH3:

3
C(x)={¥%dx+Ci=5+C,

6ynaa C, — uxTHépuit Vy3rapmac coH. [emak, 6epuiaraH UH3HK.IH
anPpdepenitnal TeHrJaMaHHHI YMYMHH €4HMH

c | 3 2 C
y= —-(-{-)—=?(-‘§—+C,)=%+—x—'

) 4
6vaaau.

2. YOy
y'+y=¢e
YH3HKAH AnPdepeHuHan TeHraaMaHUHr
Y Ix-0=l

OOWNaHFHY WAPTHH KAHOATJAHTHPYBUH CUHMHHH TONHHT.
bu3 oKopuaa

Yy +p(x)=q(x)
TEHr1aMaHHHI YMYMHH €4HMH

yme [ g § g ey 0" ]

6yanwunu KYpauk. bepuaran anddepenunan TeHrnama yuyH
p(x)=1, g(x)=¢'

6yau0,
S p(x)dx= S dx=x, S g(x):ed » = S e‘-e’dx=—;-e

6yaaau. Jlemak,

TEHr1aMaHHHT YMYMHH €YHMH
| jox
— X
y=e [C|+“§e_]

6yaaan. .
IOHaH GowaanFHY t1apTAaH ¢oinasanub, yarapmac C) HH TONaMH3:
1 ]
l =80(C|+—— 6’0) =="C1=""'.
2 2
Ilemak, OGepHaraH TEHrJAaMaHHHT OOUITAHFHY IWAPTHH KaHoaTNaHTH-

PyBUYH €UHMH _
l eI+e X .

y=é"‘ (;—i——-;— 82‘)% 5——=shx

6yaanu.
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4-§. BEPHYJAJNH TEHINAMACH

Yuwby
Y +p(x)-y=q(x)-y" (19)

KYpHHHIIAArH OupuHYH TapTHOAH anddepeHnnan Texwrnama bepryaru
Tenenamacu peninnaau. bynza p(x) Ba ¢(x) — (a, b) na aHuk.1aHraH Ba
Y3NYKCH3 YHKUHAIAP, m 3Ca y3rapmac COH.

PaBwauku, m=0 6yaranaa’

Yy +p(x)-y=q(x)

6ynu6, uUH3HKIH  OHp  JKHHCCH3  AuddepeHunan  TeHrjamara,
m=1 6yarauna

v+ [plx)—q(x)|ly=0

6yAu6, YH3HKAH OHp XXHHCAK AH(QGepeHlUHan TeHrnaMara KeJgaMus.
Kyinna ms0, ms=1 ne6 Kapaiimu3. (19) TeHrnamaHuHr xap MKKH
TOMOHHHHK Y™ ra (ys£0 ae6) 6yn6 TonaMua:

L 4px)-L=q (0,
Yy Y

ABHH
Y~y +p(x) -y T =q(x). (197)
KefinHru TeHraamana : _—
u=y'"" (*)
aamawtHpruw 6a)kapaMH3. YHaa
w'=(l—m)-y~"y

ABbHH

—myr — u

l—m
6ynraau. Hatuxkana (19°) Tewrnama

L (1—m)-p(x) -u=(1—m) q (x) (19)

KypuHuwira keaaau. By 3ca uH3HKAKW OHp XKHHCCH3 anddepeHunan
TEeHrA1aMaaHp.

Wynaah Kuau6. BepHyaan TeHranamacu (*) aaMawTupuw épaamuaa
YH3HKJH TEHTJaMara Kejap 3KaH.

Mabaymkn,

, Y+p(x)-y=4q(x)
AnpdepeHuHan TeHrJaMaHHHT YMYMHI €YHMH

y=e—SP(I)dx[S q(x) .eSp(x)dxder CJ
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6ynap 3au. Ulynra kypa (19”’) TeHrnaMaHHHT yMYMHA eYHMH

u=e—s.(l—-m)p(x)dx [S (a _m)q(x) .es (I—m)plx)dx+c ]

6ynann. u=y'~™ 3KaHHHH IBTHGOPra o6 ToMaMH3:
1

y___{e'—S(l-—mwlx)dx[S (1—m)-q(x) .eS“'m'p('m-}-C]}’_"_

By Gepuaran BepHyAAH TeHrJaMacHHHHT YMYMHH €UHMHIHUP.
Mucoa. Ywby'

, 3
y——y=—xYy’

anpdepenunan TeHrnamMmaHH eyHHr. By m=2 Oyarax Bepnyén.nu
TEHr1aMacHAHp. DepHaraH TeHrN1aMaHHHT Xap HKKH TOMOHHHH —Yy° ra
6ynaub TonaMus:

— ’ 3 [
—y Ty ey =0
I

KeliuHry teHraaMazna

u=y
anMawTHpHWw Ga)kapaMu3. YHAA
g _y--2 .yr
6yaub, TeHrnaMa Kyiuaaru
u’+—3— u=x? | (20)

KypuHuwira kenaan. Ulydpait kuau6, bepHyaan TeHrnamMacHHH edHll

(20) 4YM3HKAH TeHrNaMaHH euHwra Keaau. (20) YH3IHKAH TeHrHamMaHHHT

ymymui eunmu (18’) ¢popmyaara kypa '
3 3

u=e"S—'d‘ [S xS.QST dX+C ]=e—3lnlxl [C+ S xSeSInixldx]_:

A8

=|x|? [C+ S x3-Ix|3dx]=|x| -3 [C+ 7 +é]=‘§71+ '5;3

6ynaan. demak,

x* C, 1
U=——+—5, Uu=-—.
7T 121 Y
byuaax
y= 71x13
7C,+*12?

6yanwH kKeanb uukaau. DBy OepuaraH auddepeHunan TteHrJamaHHHT
YMYMHH €YHMHAHP.
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5-§ TYJIHK DHOPEPEHUHAA TEHTJIAMA

1°. Bupunun TapTH6au viulby

. y' =f(x, y).
ADHHH
dy
— =[x 9)

nngpepenunan Teuraama 6epuirad 6yacud. by tenraamauu
—[(x, y)dx+dy=0
KYPHHHIIAA XaM €3uw MymKuli. By xon yMyMmuiipok
M(x, y) dx+N(x, y) dy=0 {21

AndPepenilnal TEHrMaMaHH Kapall MacalacHHH 103ara KeJiTHPailH.
Arap (21) TeHraaMaHHHT Yan TOMOHHU1ArH

M(x, y)dx+ N(x, y)dy

Hpona 6upop u(x, y) PYHKUHSHHHT TVAHK AuddepeHuHand, abHH
du(x, y) =M(x, y)dx+N(x, y)dy

6yaca, y xo1aa (21) 1gauK dupepenyuan tenzaama neiinnanu.
Alitafiank, (21) tyauk auddepenunan Ttenraama OYJIACHH. Mma
(21) Tedrnama WGy

du(x, y)=0
Kvpmunu,la é3iunaln. Bylmau aca
u(x, y) =

O6yauuin Kean6 uukaan (C — Vv3rapmac cod). By t¥auk angpdeperunan
(21) TeHramaHuMHr ymMyMuit euuMH Gynanm.

Tyauk anddepedunan TeHrnaManap MaB3YCHHM yprauwuluaa.
GHPHHYHIAH TEHTTAMAHHHI 4all TOMOHHAArH

M(x, y)dx+ N(x, y)dy

Hpona 6Hpop u(x, y) PYHKUHAHMHT TYAKK anddepeHitnan Gy aHWHBN
AHHKJIAUl, HKKHHYHIAH WYy u(x, ¥) QYHKUHAHH TONHIY MYXHMAHMP.
2° AfiTaitank,

M(x, y)dx+ N(x, y)d'y=0
TEHrN1aMa Gepuaran 6yan6, M(x, y) Ba N(x, y) ¢yuxkuunsaasap D coxana
(D R?) anukaaHraH, yaaykCH3 XaMaa y3.JyKCH3

IM(x,y) JN(x,y)
ay ' ax

XyCyCHil XocHaaaapra ara 6yJacHH.
Arap D coxaaa

OM(x,y) _ dN(x.y) (22)
By — ox
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6ysca, y xonaa
M(x, y)dx+N(x, y) dy

upona 6upop u(x, y) QYHKUHAHHHT TYAHK Anddeperunann 6ynanu Ba
akcHH4a (0y TacauK keduHuyaauk, [pun ¢opmyaacu Ba yHHHT
TaTOHKJAapH 6GaéHuAa KeJTHPHAAAH).

3°. dapa3 Kunaiauk,

M(x, y)dx+N(x, y) dy=0
TEHrJIaMaHHHI 4an TOMOHHAArH Hpoaa OHPop (YHKUHAHHHT TYJAHK
anpdepenunann, Avhh M(x, y) xamaa N(x, y) OyHKuuaaag yuyH
(22) wapt GaxapuaraH O6yjacuH. IJHAH Macada wy GyHKUHSAHH

TonHwaaH ubopar.
H3nanaérran ¢yHkuna u(x, y) OyacHH. YHaa GHp TOMOHZAH

du(x, y)=M(x, y)dx+ N(x, y)dy,

HKKHHYH TOMOHZAH 3Ca HKKH VY3rapyBuHJH GYHKUHAHHHT TYJIHK
anddepeHuHann tTabpudura kypa

du(x, y) = 25 x4 288 gy,

6ynann. By HKKH TeHrIHKA3H

du(x,y) du(x.y)
~ox —Mxy), —5==N(xy)

6yaAHiuH Keanb YHKaAH.
3SHaH

du(x, y) __
ox _'M(x‘l y)

TeHMIHKAA Y HuH y3rapmac XHco06aal, YHHHr Xap HKKH TOMOHHHH
x 6yinua HHTerpaanafmMu3. Hatuxkaaa,

u (x, y) =\M(x, y)dx+Cly) (23)

6ynaan, GyHaa C(y) — uxtHépui aAnddeperHuHaNNaHyBUH PyHKUHS.
CYHr KefiHHIH TEHITHKHHHI HKKaJla TOMOHHHH y OyHHua AndepeHUH-

aNNaiMH3:

au(;;y) — :y. [S M(x, y)dx+C(y)]=~(-% ( SM(X. y)dx) +C'(y).

Arap
du(x,y)
ay —N(xl y)
3KaHHHH 3bTHOOpra ojicak, yHaa yuwoby

C'(9) 4+, (§ M(x,y)dx) =N (x,9)
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TeHraaMa xocua Oyaaau. Dby Tenranamaran C(y) Hu aHuHKSaU
HaTH)XXacHla KapanaérraH TYAUK AHQGCPEHIIHAA TEeHTNTaMAHHHT eUHM:

u(x, y) Tonunaanm.
4°,. Mucoaanap. . Yuby

(2xy +3y*)dx+ (x*+6xy—3y’)dy =0

AP depeHuHan TEHrH1aMaHH EUHHT.
by Texrnamana

M(x, y) = (2xy+3y%), N(x, y) =x*46xy—3y°
6yuG,,

ON(xy) _ 9 2 2 o,

Mix.y) 2y _
3 —ag (2xy+3y°) =2x+6y

6vaanu. [demak,

OM(x, y) __ IN(x, y)
dy ~ ox

Dy 3ca OepuiaraH TeHrNaMaHWHI 4Yan TOMOHHAArk udosa Gupop
GYHKUHMAHHHT TYAHK ARG depeHuHann GYAUWHHH CHALHPaANH:

| du(x, y) = (2xy+3y’)dx+ (> +6xy—3y%)dy.
PaBluaHk, '

du(x.y) _ 2
T_2xy+3y »

du(x.y) __ .2 2,2 *
oy % + 6xy —3y°. (*%)

IHau

au(x- ) — 2
o =2xy-+3y

TEHrAHKHHHI Xap HKKH TOMOHHHH x OYHHYa HHTerpannal Tonamus:

u(r,9)= | @ry+3y")dr=2y 5 +34%+C (y) =

=x’y+3xy’+C (y).
by reuraukaaru C (y) Hu TONHW yuyH
u(x, y) =x"y+3xy’+C (y) (***)
HH y Oyhunya anddepeHunannafMu3:

T = 2 (x%y+ 357+ C (y) =x*+6x2y+C (9).
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'lleuax (**) myHocabatra kxypa
x’+6xy+C’(y)-x +6xy—3y°,
AbHH
C'(y) =—3

6ynaau. By yarapysuunapu axkpanaauraH anddepeHuHas TeHrraMa-
AHP. YHH euaMu3:

Pl — — 32 9CY) __
C'(y) = —3y*=> =
=C(y)=—y’+C..

Bywaa Ci— nxTuépuit yarapmac CoH. Tonuarasn C(y) HH
teuraukaary C(y) ypuura KyAcak, yHaa

u(x, y) —xy+3xy —y°+Ci

JKAHAHTH KEJAHO YHKAAH.
lLynaai KuAUG, GepHAraH TEHrAAMaHHHT €UHMH

u(x, y) =x’y+3x5’— > +C =

—3y*=>dC (y) = — 3y*dy=

(*t.t)

'

ABHH
xy~+3xy’ —y’=C*

6ynanu. byiaa C* — Vy3rapmac com.
2. Ywo6y -

2x (14 Vx’—y) dx— \[x*—ydy=0

TEeHTJIAMAHH eUHHT.
by TeHr.namana

M(x,y) =2x(14+ \£'—y —5). N(x, y)—--— Vei—y

6yan6,
Tl =2 [2x(1 4+ VP—y) =~ \/;_;.
‘ 6~(1 y) ( vx _y) x2_y.
Hemak, | ]

IM(x,y) _ dN(x,y)
dy ax

bnHobGapuH, GepHiran TeHrnaMa TYAHK AndPepeHitnan TeHriama 3KaH:

du(x, y) =2x (14 \/x'—y)dx— \/x*—y dy.
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HUKkxkuHuu TomMoHaaH

du(x, y) = ei%iﬂdx+ "_“%!!)_dy_
¥
By Teuranknapaas

WY _ox (14 V2 —p),

0u(x duix.y) __ \/x

OyAHIUH Keaunb uukanu.
SHIH

WED _gx (14 yx*—y)
TEHIMHKHHHT X3P HKKH TOMOHHHH x OYViHua umerpa.n.naﬁmﬂa:
u(x, y) =S [2x(l + \/m )]dx=s (2x+2x\/x"—y ydx =
=x’4+ (=) "+ C ).

by rewraukaars C(y) HH TOMHW YUYyH ~ \
3
u(x,y) =x*+5(*—y) *+C(¥)

" HW y 6yinua anddepeHuHaNTaNMH3:

dute) _ 2 (242 () THCW) )= — VF—y +CW).

UKKkuHuH TOMOHAAH

Gu(x, y) 2__
Gl

Hdemax,

—VEP—y+C ) =——y.
Keftuiry TeHraukian
C’'(y) =0, C(y) =C,—const

OyHWH KeAHO UYHKALH.
Lllynaa# Kuau6, 6epuaraiH TEHIIaMaHHHT €YHMH

u (x, y) =2+ (F—y) +C=C,
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AbHH
3
T

2+""(x —Y)

6yaaan. Bywaa C° — y3rapmac cod.
5°. ¥Ypranunaérran audoepeHunan Tewraama '

M(x, y)dx+N(x, y) dy=0 (21)
KVpuHHWLA 6YAHG, YHHHT 4all TOMOHHAArH Hona 6upop QYHKUHAHHHT
TVAHK auppepeHunann O6ysimacud. babin xonanapaa wysgsan p(x, y)

(OYHKUHAHY TONKIL MYMKHH 6y.1aankHd, (21) TeHrnaManu wy QyHKUUATA
KynauTupdiuaad xocua 6yarad

wix, y)-M(x, y)detnp (x, y)-N (x, y) dy=0

TCHIJAMAHHHT 4an TOMOHH OHpOp QYHKUHSHHHT TYJHK aupdepeHitna-
JANra annaHanmM:

du (x, y)=pn (x, y)-M (x, y) dx+n (x, y) - N (x, y) dy.
Onarna Oyspai p (x, y) OYHKUHA uHTeepaanroguu Kynadrysdu

Jenuaanu.
MoaoMHKH,

p(x, y)-M(x, y) de+p (x, y)-N (x, y) dy

Hopona Oupop GYHKUHAHHHT TYAHK AHpdepeHUHANH 3IKaH, yHAA
(22) waptra Kypa.

d d
<5 85 9) -M(x.g) |=7- k(% ) -N(x )]

6ynaaad. PaBumaHky,

9 ap(x, M (x,
o (e y) - M(x g) =L EM () +p(xy)
8 _ ey o, _ON(x.y)
r lu(x,y)-N(x.y)lf o Ny +u () =55
Yuna
ap(x, IM(x,
LI M(xy) +ulxy) T
__On(xy) oN(x, y)
e N(x Y+ (Y —5
TbHH )
Iu(x. y) n{x,y) __ (ON(xy) GM(x . Y)
M(xy) == ——N(xy) —=—=n(xy) P )
6ynaau.
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!
KeliHHIH TEHrNHKHHHT Xap HKKH TOMOHHHH p(x, y) ra 6yaub,

Ou(x, y) ap(x. y)
dy dx __ON(xy) duixy)
M y) r(x, y) Nxy) r(x. ) ox oy ’
CYHr
au(x, ¥) au(x, y¥)
dy — dinpu(x, y) ox __ odlnu(x, y)
m(x, y) “dy T alxy) [ ox

- .
IKaHHHH 3bTHGOpra onub, ywoly

al , al . N (x, oM (x,
M(x, y) THEB_N(x,y) TRD._ ) TS (24)

TEeHr/1aMara KeJlaMH3.
Hlynnait kKuau6, (21) TeHrnamauu Tyna addpdepeHuran TeHrnamara
aiNaHTHPAAUTaH HHTErpaaloBud KYynantTyBuu p(x, y) (24) Tedrnamanad
TONHAap 3KaH. By TeHrnamMaHH eyHw! aHya MAWAaKKaTAH HULAKP.
Kyfuzra GutTa conaa XonHH Kapai 6unaH KHPosnaHaMH3.
AATAANHK, TONHAAAKTaH HHTErPaJJOBYH KYNaiTyBYH ¢akart x rard-
Ha GOFAHK OYJCHH: u=pn(x).
Yuna -
/

6yan6, (24) TeHrnama

dM(x,y) dN(x.y)
dinp(x) dy dx
dx . Nxy)

KypuHuiira xenand. By TeHrnamanan p(x) HH Tonamua:

IM(x,y) _ aN(xy)

— dy ox .
’ Inu () = Nx, y) dx =
BM(x,y) _ 'aN(x'y)
—_— dy Ix
=>lnp (x) = S — e inCm
IM(x,y) _ N (x.y)
M__ dy ox
=In C —S N D) dx =
M {x, IN(z,
:"p(x) =C.eS Nl:-ﬂ {d ;,ﬂ ;‘ ]dz
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XycycaH, C=1 6yaranaa 6uTra

1 { 2Mix. ) IV d
Ny oy & ]

u(x) =

HHTErpaJlOBYH KYNanTyBUHra 3ra Oynamus,
Miucoa. Ywby

(x+ ) dx—2xydy=0

TeHrJ1laMaHH e4HHTr. By TeHrJamMaana

M(x, y) =x+y°, N(x, y) = —2xy

6§nH6, :
oM(x. 9} _ oN(xy) _ ;
) P =2y, o 2y
6ynanu:
6M(x. ¥) e IN(x.y)

ax

Bepuaran Tenriama Tyaa auddepenunan teHraama mac. Hirerpad-
JOBYH KYNaHTYyBUHHH Tonamu3. AsBaJjio :

IM(x.y) _IN(x.y)
dy ox
N(x,y)

HU XHCODOAaHMHU3:

aM(x, y) _ aN(x, y)

dy ax y—(—2y __ __ 2
N(x. y) T =2y x
Yuaa
dinp(x) 2
. dx =~ x -
646, | . |
MpUh=—ﬂMprUM=t
E
6yaanu.
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l A L] -
bBepuarav teHraaManu p(x) =-—; ra Kynawtupcak, y ty.aa aundde-

'S

peHuHa] TeHrJaMara aWJaHaau:

x+y2 __2xy —

by TexrnamaHuur yan Tomonuaard ugona yuyH

-

x-l-y2 xy , | 2xydy—y2dx_
—;—dx——?-dy—?dx— 2 =

2 2
=dinjx| —d L =d (|n |x|..._!!__)
X b 4

6yaaau. YHaa tedraama ywby
d(lnlxl —if—)=0

KS’IpHHHU.II'a KCJ1aAH. By TEHIVIAMAHHHT €UHMH

r'd

y2
In{x| -——;=InC,

AbHH

6vaanu.

6-§ AHSPEPEHUHAJ TEHFNAMAHHHT MAXCYC EYHMIIAPH

1°. buz ma3kyp 606HHHT 2- § Haa

y’=f(x- y) ' ' (2)

AvdpPepeHunan TeHrJaMa CYHMHHHHL MaBXYAJIHIH Xamla SroOHaAWrH
XaKHila Teopema KeaTupraw 3aMK. by Teopemara kypa, D={(x,y) €
ER?: |x—xol < a, |ly—yol < b} aa:

1) f(x, y) dyHKUHA Y3AYKCH3,

2) HKKHHUH apryMeHTH 6yinua Jlunwuu wapTunu Gaxapca, yHaa
(2) TenraamaHHuHr (xo, Yo) HYKTaAAH ¥1yBUH ATOHA HHTErpa.l 3TPH YH3HFH
(eunmMu) maBxya 6Yaaanu.

f(x, y) ¢yHKuMa wy wapTaapHHUHr GUPHHH KM  HKKaJdaCHHH
Gaxkapmaca, ynaa (2) TeHraaMma eunMra 3ra G6yJHlIKH MYMKHHMH JAeraH
caBoa TyFusadH. Muconnap KeJaTHPARIHK.
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I. Ywby *

X
y "y

anddeperunan Teur.némanu- Kapanauk. by Tenrnamaaa f(x, y)=
=—;- 67116, y {0, 0) HyKkTana y3aykcus smac (- wapr 6axapuamahinu).

Paswaukn, Y(x, y) €R? (x, y)#(x, 0) 1a

'—-_=>%-=-——:»ydy xdx=>y =X +C

6yAaanu.
Hemak, y*=x*4C TeHTJ1aMaHHHT YMyMHii eduMuanp. Afiny nadTtaa
GepuiraH TeHrJaMaHHHr

ylx-0=0

IIapTHH KaHoaTtaaHTHpaauran, ssbHH (0, 0) Hyxkraman yraaurau
eqnu.napu MaBXya 6yaub, yAap HKKHTa:

Yy=Xx, Y= —x

6yaanu.
2. Ywby

3 —
Y=y

AandpdepeHunan TeHrnamaHu Kapahauk. By Ttedraamana f(x, y)=
2

3= .o Y v v
=/ y 6yau6, f;(x, y)=3—ly ? O6ynamw. Ox yKaarn HykTanapaa

(y=0 Gynanu) Oy 'xocuaa uekcudra anaaHaau. BunoGapuu, GyHaaii
(x, 0) HyKTanapaa (byHKlll!ﬂ Jlunwuu wapruiu 6axapmaiian. bepuaran

tenrnamanuur V(x, y) €R? (x, y) % (x, 0) 6yaran HykTaiapiraru
YMYMHH €UKMHHH TOMaMH3:

L 2 ‘
Y= VI=>t=y >y dy=dr>y’ =x—C.

Kyiingaru
Ylamc=0

-

WapTHH KaHoaTJaHTHpaaHraH, sAbHH (C, 0) HyKragaH ytaauraw'

~ euHMJap XxaM Masxyil 6yau6, yaap

y=0 Ba y— 2x— 20)
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3. Yuwby ' .
. .
y'=x+ 1y
anddepesunan TeHrJamaHKW Kapahauwk. by Ttewrnamana f(x,y) =
=x+ :j; 6y1u6, Ox YKHHMHT HYKTaJNapHAa y HKKHHYH apryMeéHTH

Gy#fivua JInnwHu wapTHHR GaxkapManaH.

IOKopHaa KeATHPHAraH MHCOANApPAaH KYpHHaAHKH, Yy =f(x, y)
TEHrJlamMa eYHMHHHHI MaBXYMAJIHIH XaMAa SAroHajurd XakKHiarH
TeopeMaHHHr waptaapu 6a)kapuamaraH HyKranapiaa wy angdepeHun-
aJ TeHrJaMaHHHr € euHMH MaBXyl O6yamanan, éKkH OyHnad HyKTajap
OPKaJH TEeHr1aMaHHHI HKKH Ba YHIaH OPTHK HHTerpaJl 3rpH YH3HKJIapH
(euumaapu) ytaam.

Onatna aupdepeHunHan TeHrnaMaHHHr GyHAall eUHMH YHHHT Maxcyc
eYHMH AeHHIANM. ‘

Jlemak, 6epuaran (2) nvddepeHuHaN TEHITAMAHHHT MaXCyC €YHMH
. LIYHOAH 3TPH UU3HK IKaHKH, y OHPHHUKAaH (2) TeHrJaMaHWHI HHTerpan
ITPH YH3HFH OYJ1alH, HKKHHYHAAH 3Ca Oy YHIHKHHHI Xap GHp HYKTacHAa
MaBXYIJNHK TeOpPeMaCHHHHT wWaptaapu GaKapHiaManiH.

Papa3s KuIaHIHK,

- "

y'=Hx, y)
audppepedunan teHrnama Gepuiaran 6yauo, .

Fx,y, C)=0 (25)
YHHHT YMYMHH €UHMH,
y=o(x)

3ca TONMHAHIIH N03HM GYJIraH MaxcyC euuMH GYJCHH.
YHna xap 64p (xo, Yo) € D HykTanan (6ynna yo=@(xo)) (2) Tenrnama-
HHHI Xeu GyamaraHaa OWUTTa HHTerpaa s3rpH 4H3urH yraad. lyHuur

yuyH :
F(xe, yo, C) =0

6yaaan. By myHocabGataard C ounHran xo ra O6orank: C=C(xo).
YMyMaH, xo HH HXTHEPHH x AeHHnjaca (Xo=x), YHAa

-

F(x. y. C(x)) =0

6ynaan. OwkKopMac OYHKUHA XOCHJAACHHH XHCOGjall KOHWAaCHAaH
donnanaHub TonNaMua:

Fi4F,-y+ F -C=0. (26)
UkkiHuH TOMOHAAH (2) TeHrnaMaHWHT YMYMHH CUHMH

. _ F(x, y, C)=0
HH fndpdepeHunannacax,

Fit-Fi-y'=0 - (27)
OyJanu.
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(26) Ba (27) myHocabataapaad
=0

6y.rmum Kean6 uukaau. By Tenrnama (2) nmp(pepeuuua.n TeHrNama
MaXCyC e4MMHUard HYKTasap yuyH YpHHJH Gynanu
Wyxnai Kuauo6,
{F(x' Y, C) =0
F.=0

TeHrnaManapihad C HH HYKOTHII HATHXacHAa 6epuaraH TeHrNaMaHHHS
MaxCyC €4HMH KeNHO WHKalHM.
Micoa. Yuwby ,

y=x\T—¢

AnddepeHian TeHIMIaMaHHHI MAaXCyC €UHMJAPHHH TOMMHT.

by TeHrnamana |
f(x, y) =x\1—¢

6y.nn6 (x, —l) xamaa (x, 1) HyKraanapaa Jisnwuu waprtH 6a>i<dp;m-
MaHIH.

D={(x, y) ER*:(x, y) #=(x, —1), (x, y)# (x, 1)) aa Gepuaran
AHpPepeHUHAN TEHIJIaMAHHHT YMYMHH €YHMHHH TONaMH3:

y’=x\/l—y’=>—_—3%=x\/l—y’=:>

= __,dy = xdx=>arcsin —£—C==~ —sin(i?—C

Ilemak, ' \
y=sin(§— C)

TEHFJIAMAHHHT YMYMHH €4HMH.
Bepuiran TEHINaMaHHUHT Maxcyc equwlapnuu TOMHW YUYYH, YHHHT
YMyMHH €4HMH .

F(x, y. C)=y—sin(-’;3—c)=o
na C=C(x) ne6,C Gyitnua XOCHNACHHH XHCOONAAMHU3!
—(y—sin(5—0C) ) =cos(5~C)=0.
217
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JHAH

F(x, y, C) =y—sin (i;—C)=O,

F.=cos (%2—6)=0

aaH C HH HYKOTaMH3.

Arap . ~
sin (%—C)= + '%—cos2 (;—C)= + 1
6yAHWIHHE 3bTHOOPra oicak, yHaa B
y==x1
3KaHUHH TOMaMH3.
Hemak, y= —1, y=l OepHATraH TeHIMTaMaHHHT Maxcyc evYHMJIapH

3KaH.

7-§. XOCHJIATA HHCBATAH EYHJIMATAH BHPHHYH TAPTHBJIH
DAHOGEPEHUHAJ TEHITNNAMAJIAP

MabaymkH, OHpHHYH TapTHOAH AudpdepeHUHAN TeHFAaMa YMyMHH
KYPHHHLUH

D (x, y, y')=0 . (28)

6ynaliu.
Ma3kyp 606HHHr aBBaArH naparpagiapHia Xocusaa y’ ra Hucbarau
euu/raH

. y'=f(x, y)

TeHrJaMaHH Kapaauk Ba ypraHauwk. LUlyHHn afTHw kepakku, KYMHHYa

KeAHHrH TeHrJaMaHHHI eYHMH OWKOPpMAac GYHKUHA KYpPHHHIUKAA

TonuaaH. Byunait Basuat (28) tenrnamara Huc6ataH xaM pyit Gepanu.
Ywby naparpacna .

D (x, 4y, y')=0

TEHrJlaMaHH ypraHap 3KaHMH3, aBBaJIO YHHHI OLUKOpMac xXamaa
napaMeTpHK KYPHHHULAAIH €UHMAAPH TYWIYHUACHHH 3¢1aTHO YyTaMH3.

rap
F(x, y)=

TEHI/1aMa y HH X HHHT QYHKUHACKH CHaTHAa aluKaaca Ba Oy pyHKUHs
(28) TenrnamaHuHr eunMmy Gyaca, y xouaa

F(x, y)=
(28) TeHrnaMaHHHI OWKOPMAC KYPHHHUILAATH e4HMH OyaaiH.
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Arapx=¢(!), y=vy({) dyuxkuusanap (e, f) na aHHK.1aHTaH, Y3NYKCH3
Xamja ysaykcus ¢’(f), ¢’ (f) xocuaanapra sra 6yau0,

v’(t)_. —
O(o(). v, L )=0

6y.aca, y xonia
- x=w(t)'
y=v(1)

(28) TeHrnamaHMHT NapaMeTPHK KYPHHHUIZATH €YHMH GYaanH.
KapanaértraH TeHWraamajga

x=@(u, v),
y=v¥(u, v),
y =x(u, v)

Ae6, yHH MNapaMeTpHK KypuHuuwiaa uwpoaanamus, O6yHaa o@(u, v),

P(u, v) xamiaa y(u, v) anpdepedurananysud GyHKuHaaap.
Paswankn, .

dy =y = dy=y -dx.
IUyHn 3bTHOOpPra oinG TOnamMui:

dy=y’ -dx = d[p(u, v)|=x(u, v)-dlg(u, v)] =
lp(u v) fu+-2 awp(u v) dv_,g(u.v)-[a“’g:ﬂdu+ fp(u v) v ]

aw(u.v)‘ dw(-zg.v} duv dp(u. v) a«p(u.v).du
D PR dv "‘X(“U)[ £ B du]

. dv
KeHHHrH TeHr1HK1aH — HH TONnaMu3:

dv [EWE_!J_L_x(u, v) - a(p(u v) ]=£(u v) - 6q>(u v) _ av(y4, u)

du av du -’
' , .M_EM
do M5 du
du™ d¢(u.v) do(u,v) ™~
v x(wv) =57

by xocusnara HHcGaTaH eunaran auddepeHuHan TeHTrIaMaaup.

Llyunait kKuau6, (28) anddeperunan TEHr1aMaHH €YHUl XOCHAAra
HHc6aTaH cuniaraH TeHrJlaMaHH eyHura Keaap 3kaH. (28) auddeped-
UHaja TeHr1aMa Xap AOHM Xam OCOH edHJaBepManaH.

IDHan 6ab3H XYCYCHH XONJAapHH KapaHM#3.

1°. Afttaiank, |

®(x, y, y') =0
TEHrJaMaHH x ra HuchaTan CUHIl MYMKHH OYJICHH:

x=f(y, y'). (29)
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n gy -

by xoiia u sa v napamerpaap cudaruna y Ba y'=p (u=y, v=y’)
omnain. Cynr dy==y'dx Tenrankaan gponnanaiué Tonamus:

)
dy_:y'-d.t' = lly._—..pd [f(y' p)l = dy=p [af(:;i’) dy_l_
2y, p) 1 __ 9ly.p) , 8i(y.p) dp
+ ap dp] = p—" dy + ap dy

Xocua Ovaran anpdepenunan TedrnaMain ewamus. Papa3 Kuaai-
JAHK, Oy TentaaManune cuumu F(y, p, ¢) =0 6yICHH. YHAa

F(y, p. ¢)=0, x=f(y, p)

Caapaat ponn BVRorsG, Kapaaaérrad avddepeHunan TeHFIaMaHHHT

CHHMHIG heTaMH3.

-

JcnaTva, (29) TORETAMAIHHHE XAP HKKH TOMOHHHH y OVfinua anddeperunannaw
HATHXKACH T

= 9w.p) | dy.p) dp

i
p Oy dp dy

TCHETAMA XoeiLt OV.LH.
XaRMRATAIE NaM, -

af(y. y') dy+ f(y. y')

x fly. y) >de=d |[{y.y')]|=>dx= + =
dy dy

dy =

>dx 3y dy+ ap dp
B

dy=y'dx = dymp.dx
Mynocabaraapaan

1_9w.p) . Oity.p) dp
p dy dp dy

KCAHD oKy

Mitc ot Yoy
L
Adpepenmititan TeHrNaMaHH eYHHT.
by TeHraMiLa /

®(x, y, y’)=x—|n—!;:=0
G¥AHG, v TenrdaMa X ra HHCGaTaH eunnann:
4 .
x=InZ,
Y
Keiinurn renraamaina ¢y’ =p neb6,

Lo | x=|n~:—=ln|pl—lnly|
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6yHWHHH TONaMH3. By TeHrIHKHHUHT Xap HKKH TOMOHHHH nmptbepeuuu-
annab,

dx=;dp—;dy

CYHT
dy=y'dx=p-dx ,
3KaHHHH XHco6ra oJH6 dy=p(—ldp——ldy) AbHH —gﬂ——l-p=l TeHr-
et p y ' dy y

JaMara Kejamu3. Dy OHpXHHCAH OyAMaraH UYH3HKAH TeHTAaMalHp.
Yuuur ymymnit euumu (18’) dopmyanara Kypa

pme J5° :c+§e' )

p _ o :C +Se"§“dy]’

ADbHH

| p=1lyl(C+Inlyl)
6ynann. JHan

= |yl (C+Inlyl), ]
x=In|p| —In[y|

MyHocaGaTnapaan p HH AyKoTuG (GyHna ln|p|—|n|y|+1n|c+ln|y||
3KaHHHH 3bTHGOPra onamus),

-

x=Inlc+Inlyll éxun e*=|c+Inlyll

6yauwinHy  Tonamu3. DBy Oepunras anddepeHunan TeHraaMaHHHC
YMYMHH €UHUMHIHP.

2°. Antaiauk, O(x, y, y’) =0 TeHrnaMmaHu y ra HuUcOaTaH euuil
MyYMKHH OYJICHH:

y=Hx y'). (30)

by xonna u Ba v napame'rp.rxap cupatuaa x sa y'=p (u=ux, v-—y)
onnHaau. Cyur

y=F[(x, p)
HY AndPepeHlHannalb TonamMua:

y=f(x, p) =dy=d [f(x, p)]|=>dy=
__ 9f(x,p) af (x, p)
_—————ax dx-l-po
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KeliHHIE TeHrHKAAH

dy _ dftx.p) | 9itx.p) dp
dx = dx ap dx’

H'LHH

__6f(x.p) , 9df(x.p) dp
P= ax + dap dx

OGVAHILK KeaHO YuKaa.

®apas  kuaaiauk, (30°) auddepeHuHan TEHAAMAHHHI eYHMH
F(x, p, ¢) =0 6yacuu. Ynna

F(x, p, ¢c) =0, y=[(x, p)

JapldaH p HH #AYKOTHO, KapanaérraH aAuddepeHUHan TeHrIAaMaHHHT
CUHMHTA KeJNlaMH3.

Mu coa. Ywby
, P x
y*—y X—Yy+~ =0

Anddepeliunan TeHrMaMaHH €UHHT.
By TeHrnamana

! 2
O(x, y. ¥) =y’ —y - x—y+5=0
6yanG6, y TeHraama y ra HHCGaTaH eyHNanu:

2 ’ x?
y=y " —y-x+.

Keitnirs Tekrnamana y’ =p ne6, YHHHr Xap HKKH TOMOHHHH AH(e-
peHIHANNAHMHKS:

X
y=p2_px+_"
2 x?
dy=d(p —px+—5)=2pdp—xdp—pdx+xdx=
=(2p—x)dp— (p—x)dx.

Anan dy=y’-dx=p-dx 6yanlinid 3bTH60Pra anuG TONaMH3:
d
pdx=(2p—x)dp— (p—x)dx = p=(2p—x) -—p+x =

= (2p—x)- —35—=2p—x = -3%=l (2p—x=£0).

PastuaHkH,
dp =1
dx
TCHIIAMAHUHT euUMH p=x-+ C 6Vaanu.
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2
IOkopuaaru y=p2—px+%— XamMaa p=x-4C TeHrJHKAApAaH p HH

AYKOTHO Tonamua:
= (x4c¢)?— (x+c)x+—"2—z=%z+ Cx+C2.

by GepuaraH TeHrnamMaHHHr yMyMui eyuMH GYJaiu.

8-§. NATPAH)X TEHTJIAMACH

Y wo6y |
y=9(y) - x+9v(y) (31)

KypuHHwAard audeepesunan tedraama JlarpaHx TeHrnaMacH aefinna-
AH, OyHaa @ Ba ¢ nap ﬂucptbepeﬂunannanyaqu GyHKuHANaPp.

By tenrnamana y’=p ne6, CYHr YHHHT Xap HKKH TOMOHHHH x GViinua
AndpdepenunHanNanMH3:

y=9(0) - x+9(0).
dy=dp(p) -x+v(p)|=9(p) -dx+x-do(p) +d$(p) =
=@(p) -dx+x-¢’(p)dp+ ¢ (p)dp.

Hatnxana
24— 2(P) +x-¢"(p) -—Z—f—+w’(p)%i—
ADHH .
p=e(p) + [x-9"(p) +¥'(p) ] {:—f—

TeHrnamara xenaMu3d. By TeHrnamana x Hu HOMaBLAYM (PYHKUHS, P HH
3Ca YHHHT apryMeHTH cudaTula Kapal, yHH KyAnuaardua €3n6 on1amua:

dx _ x9'(O)+¥'(p) , dx , ¢'(p) .__ _¥(p) —
dp~  p—o(p) +q>(p)— x p—fp(p)'(q’(p) p#0)

yuaa#t kuau6, JlarpaH)X TeHrAaMacHHH euHLl

dx o) _¥(p) _
dp+ ¢ —p ¥ P=elp (#(p) =p+#0)

YH3HKJAH TEHINIaMaHH eudHwra Kenaau. A#RTafiank, Oy UYH3HKAH
TeHrAaMaHuHr edumu F(x, p, ¢) =0 6yacuH. YHaa

{F(x, p,c)=0
y=x9(p) +$(p)

cucTreMa JlarpauXX TeHraMaCHHHHI apaMeTPHK KYPHHHIIAATH €4HMH-
HH OepanH.
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Mucoa Ywoy
y=2xy' +Iny’

anpdepenunan TenraamaHd eunur. DBy Jlarpanx TeHraamacuaup.
bepuaran tenrnamana y'=p neb, yHu KyHHaaruuya

y=2xp+inp . (32)

€316 onamu3. KefiHHIH TeHI1aMaHHHT X3P HKKH TOMOHHHH AKk¢depeHiuH-
anNaH MH3:

dy=d(2xp+inp) = y’odx=2pdx+2xdp+—;dp =
= p-dx=2pdx+‘2xdp+—;dp.

Hatuxana, :
dx 1 dx x l

=—2x——, 2%

dp p’ dp P P

TeHrnamara keaamu3d. By x ra Huc6ataH uH3ukAH AxpPepeHunan
TeHrnamaanp. (18’) dopmynanan ¢poinanaHnb YH3HKAH TEHTAAMAHHHT
CYMMHHH TONAMH3:

a1 S e TR

=e (C Sp,e dp) p:(C Sp,p dp )— P
Tonuaran x uu (32) Aard x HUHT YPHHTA KYAMH3:

i ' 2C

Haruxkana, Gepuaran auddepenunan TeHrJaMaHHHr

_c_1
=T |
y=lnp+3,;°—2

nNapaMeTpHKk KYPHHHWAArH eYHMH KeaHO YHKalH.

8-§. KNEPO TEHTJIAMACH
Yuiby
y=x-y' +9(y’) (33)

Kypunnuwiaara andpdepenunan tedrnrama Kiepo teHraamacu nednnannu.
6yuna Y(y’') anppepeHunannaiyByn GyHKUHA.
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Knepo TeHrsnamacu JlarpaHXX TeHTJaMaCcHHHHT e{y’) =y’ Oyarad
XYCYCHA XOUHIAHP.
(33) TeHrnamana y =p Ae6 onamu3. Yuaa (33) teHrnama

y=px+¥(p) (337

KYpHHHWTA KeJaAH. By TEHTIHKHHHT Xap HKKH TOMOHHHH AH(pPepeHun-
annal Tonamu3a:

y=p-x+¥(p) = dy=d(px+v(p)) =
= y'-dx=x-dp+pdx+¢'(p)dp =
= p-dx=x-dp+pdx+'(p)dp =
= x-dp+¢'(p)dp=0 = k+¢'(p) dp=0.
1) dp=0 6yacun. ¥ xoina p=C—const 6yaaau. By Tonuaras
p HUHT- KuAMaTHHH (337) TeHraHKAArW p HHHr YpHHra Kynu6, Kiaepo
TeHrN1aMaCHHHHIT YMYMHH CUHMHHH TONAMM3!

y=C-x+v(C).

(33) Ba (33") mynocabataapHun cotHITHPHG, (33) TerriiaMmanard y’ HUHT
ypHura HXTHEPHH y3rapMac C HH KyHMW HaTHXacuaa Kaepo
TeHFNaMaCHHHHT YMyMHH e4HMH XOCHA OYJIHUWIHHY KYpaMus.

2) x4+’ (p) =0 6ysacun. By Tenrankaan x= — ¢’ (p) 6VauwWwK Keanb
yHKaaH. Tonuaran x HuHr Oy KHMMaTHHH (33) AarM X HHHr YpPHHra
KYSAMH3:

y=(—=v(p))-p+¥(p) =—p¥'(p) +¥(p).
Haruxana Gepuaran anddepeHunan TeHraaMaHHHT
{x=-—\l>’(p).
y=—p-¥'(p) +¥(p)
MAapaMeTPHK KYPHHHILIAATH eUHMH KeaHuOG YHKajiH.
Mucoa Yuwby
y=xy’+—_2-:-,,-

1HpepeHuHan TeHrjdaMaHH eunHr. By Kuepo Tenrnamacuaup. YHHHr
YMYMHH €UHMHHH TEHrJaMajard y' HHHT YDHHTa HMXTHEPHH Y3rapmac
€ HH KYHuw OHNAaH TOMHMAALM:

I

y= C'X+TC-'
Bepuiarau teHrnamaaa 1p(y_’\) =-21y—,- 6yau6, ¢’ (p) = —-2—';5- 6ynaaun. Uy
cababJan

x=—v"(p)
TeHIJIHK

1
T

KYPHHHLIra KeJlaldH.
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YHaa |
Y

!
. y=px+—§b-
GepuaraH TEHrJaMaHHHI NapaMeTPHK KYPHHHILNAArH eunMH (Maxcyc
euyuMH) O6ynanm.

10- §. OIUKOPMAC KYPHHHIUAATH BHPHHYH TAPTHBJIH
ARPHM NHOSEPEHLLHAN TEHRFJIAMAJIAP

OHAH .

D (x, 4, ¥y)=0 (34)

aAnddeperumnan TeHrmaMaHuHr 4an TomoHngard O(x, y, y’') dynkuusana
aillpUM apryMeHTNapHHHI OLWIKOP KYPHHHUILA KaTHalIMaraH XOoAJiapHHH
KapanMHu3s.

1°. (34) Tenrnamana x Bayhap KatHawmMmacHH Byuaan
xonaa (34) TeHraama KyHHaart

@ (y)=0 - (34")
KYpruHHWra 3ra 6ysnanu. ARTalHK,
. y'=a (a—consf) (34”)
OYJCHH.
Yupa (34’’) TeHrM1aMaHHHT eYHMH ax-| ¢ ra TeHr:
y=ax+c.

[ v
By TeHraukaax 3ca a=-— 6yauwn  Kenu6  unkaadH. [emak,

D (y’) =0 TeHrAaMaHHHT YMYMHHA €UHMH (D(y:c)=0 6ynanu.
M ucoa. Ywby
(4)°—3(y)°+y’+y —7=0
anddepernan TeHrnamaid eduHr. by teHrsaamana..
® ()= -3 W)+ ) +y—7

6vynaau. IOkopuaa aiTHAraira Kypa GepuJraH TeHIJIaMaHHHT €UHMH
—-C
o (£5)*0,
b 4

(5 () + (5 2570

b 4

ADbHH

6ynanu.
2°. (34) TeHrnamaaa y KaTHawMacHH Dyhanain xonaa
(34) TeHrnmama Kyhuaaru
@ (x, y') =0

KYPHHHUIra 3ra 6ynaau. By TeHrnaManu { napamerp KupuTHII GHAaH
x=¢ (1), ¥="> (1)
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MKKHTa TeHrJamara aJMawrupunaau. DByHaa dy=y’dx 3KaHHHH
5bTHOOpPra oMb TOMaMH3: :

dy=y’ -dx=>dy=1 ({)-d (9({))=>
=>dy="1vy () - ¢’ (1) -di=y =} ({) -tp’(t) dt+C.

Hatnxana,
{x=q>(t).
y=(t)-¢'(1)dt+C

cucreMara keaamu3. Dy Oepuaran aup¢epeHuHaa TeHrjiaMaHuHr
NapaMeTPHK KYPHHHIIAATH eduMH O6¥nanu.
M u ¢ oa. Yuwby

(') —y —x—1=0 (35)
AHpGepeHUHaN TeHTIaMaHH eUHHT.

By rvesrnamaza y Vy3rapyBus KaTHawMma#dau. Arap napamerp
t cudatuaa y’ onuuca,

=y’
yHa1a 6up ToMoHAaH (35) TeHrnamara Kypa
x=t'—t—1,

HKKHHUH TOMOHAaH 3ca
dy=y'dx=>dy=t-d (£ —t—1)=>
>dy=1 (32— 1) dizy=1'—21*+C
6yanwKHHy TonaMu3. Hatnxkana

x={3—{—1,

y=-3t'—2t2+C
cucTeMa XocHa Oynaau. DBy Oepuaran TeHraamaHHHr NnapameTpPHK
KYPHHHWAATH €UHMHUIKD.

3°. (34) TeHrnamana x KaTHawmacuH DByHaaih xonia
(34) TeHrnama Kynuaaru

"D (y, y') =0

Kypuhusitira sra 6yaanun. KOxkopuaaru 2°- xoara yxiwaui, Oy TeHr.lama-
HH { napaMeTp KHpPHTHW Guaal - )

y=o (1), y'=v ()
HKKHTA TeHrJamMara anaaHTupuaaad. by xonga xawm
dy=y'dx
SKAHHHH 35bTHOOPra ONHG TONAMH3:

dy=y’dx=>dx=i:%=> dx=%p(%l=>

o eedt o (g(1) | |
==-dx_——-ﬂt) =>x_.S ¥ (0) dt+C. )

227

www.ziyouz.com kutubxonasi




Haruxana, -

¥ (1)
y=o(!)

éuctemMara Kesamu3. DBy OGepuaran andpdepeHuHan TeHrnaMaHHHT
napaMeTpHK KYPHHHWAArH edumMu 6yaaaH.

M Hc oa. Ywby
&)+ () +y —y+5=0

anpdepeHunan Tewrnamanw edHHr. by Tenrnamana x y3rapyBsud
KaTHalmanan. Arap napametrp f{ cupatHiaa y’ onHHca:

=y,
y=++1t45

Ix= Si(—t)—dt+C.

6yauob,

5 k]
dy=y’dx=>—dx=iy—=>dx= d{t"+t +1+9) =

v t
>dx= (5t3+ 3t+—:—)dt =

=x=-t'+ 5t +Inlt]| +C
6yauwn Tonuaaad. Hatuxana
' lx=—f—t‘+%t2+lnltl+c.
y=t3434t+5

- CHCTeMa XocHa Gynaad. By Gepuiran TeHrNamMaHWHT NapaMeTpHK
KYPHHHIIAAMH €4HMHAHD.

www.ziyouz.com kutubxonasi



9-6 056

HKKHHYH TAPTHBJIH L HOPEPEHL HAJN TEHTJIAMAJIAP

1-§. HKKHH4YH TAPTHBJIH AHSOGEPEHUHAJ TEHTJAMAHHHT
YMYMHA KYPHHHUILH

MUkkuHun Taptubau auddepeHuHas TEHIJIaMaHHHT YMYMHH KYPHHH-

WK KyHHAaruya
O(x, 4. ¥, y’) =0 (1)

6ynaau. byHaa x — 3pKAH y3rapyBuu, y=y(x) — HOMabIyM PyHKUHS, Y
Ba Y’/ Nap 3Ca HOMABIYM QYHKUHAHHHI GHPHHUYH BA HKKHHYH TapTHOAH
XOCHAaNAPH.

Macanas, ywby

I) y'y”—l'y’2=0'
2) y”=%v

3) X2-y-y”’=(y—xy)’,

4) y"”" —3y' —22y=4x
TeHI/1aManap UKKHH4YH TapTHOAH aHpPepeHuHaN TEHr1aMaaapaHp.

(1) TeHrnamMaHHHr 6ab3H XYCYCHH XOJINAPHHH KapalMH3.

1°° dapa3 Kuaahaunk, (l) Tenrnamanga y KaTHaw-
MacHH: . \

®(x, ¥, y”) =0. (2)

By xonaa y’=p anMawTHpuwl HaTHXackiaa y'’' =p’ 6yau6, (2) TeHraa-
Ma ®(x, p, p’) =0 — 6GupHrun TapTuban AxpdepeHUHaN TeHraamara
KeJladH. ' : '

" Mucoa Ywo6y

}

rs l ’
y”"——y'=0

AnddepeHiuHan TeHrJaMaHH EUHHS. .
By teHrnamana y’=p ne6 onamu3. Yuna y’’=p’ 6yau6, 6epuirau
dp

. | l
TeHrJaMa KyHHaaru p’——x—-p=0. ABHH 7;——;p=0 TeHrJamara Ke-

Jain. YHH euaMH3:

d _p_, 9

dx - _ .

]
2
- X
Hemak, p=y’ =C;-x. KeiHHIH TeHr1aMaHHHT eYHMH y——C,—2+C2

Gynanm.
lllynna#t kuaub, Gepuaran auddepeHuUHas TeHrJaMaHHHT YMYyMHH
eUHMH:

. y=c,1:.+c?
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2°. ®apa3 kuaanank, (1) Tenraamana x yarapysu;

KaTHaIMacCHH:
® (y, ¥, y”)=0.

By xonaa y =p aJaMauITHPH Gamapnﬁ P HH Y HUHT (PYHKUHACI
cupaThHla Kapahaca, yHaa
r___ dy’__ dp dp dy ' — e ——
y_dx__{ix dy dx yy_p dy

6yau6, 6epuiaran audpoepenunan TeHrnaMa Kynuaard
dp\_
@ (y, P, "&;)—0

6upuHun TapTHOAH AnddepeHHAn TeHrJiamara KeaalH.
Mucoa Yuby

y_yn__yfi’___o
AHGdepeHlHaN TEHrTaMaHH €YHHT.

By Texrnamana y ——g—— =p JleHHaca, yHaa y’”’ p-% 6yaun6, Oe-

. PHATAH TeHrjJaMa Kyiuaaru y-pE—p"’:O KypuHuuwira kKeaaau. Ke

HHHIH TEeHrJaMaHH e4yaMH3:

\

. d d d
y-p--a!;—P2=0' (po0) _f=7y=>
=In |p| =Inlyl +InCi=p=C,-y.

HAH p=y 3KaHHHH 3bTHGOpPra O1CaK, yYHAa

y'=C-y

TEHIJ1aMa XOCHA GYyaaAH. YHH euaMu3:

, d d
y =C,-y=>d—i=C.-y=>Ty=Cl-dx=>

=>Inly|='C,-x+lnC,=>ln | =C,-)c=:-_¢;=Ci,-‘=3C"r

|_5_'._
C2
Ulynaait Kuan6b, 6epuaraH TEHrJaMaHHHT eUHMH

y=Cy-e "
6ynanm.

2-§ HKKHHYH TAPTHBJIH XOCHJIATA HUCBATAH
EYHJITAH TEHITTAMANAP

Afipum xannapaa
. O(x, 4. y', y”’) =0
TeHrAamMaHu y”’ ra HucGaTaH euull MyMKHH GVaanu:
y'=[(x 4. ¥'). (3)
Onataa (3) TeHrnama ukkunwu taptTubau xocusaza Hucbarau eunan
dupgepernyuanr tenzaama neitnnanu.
230
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(1), (3) AubddepeHUHaN TEHrRaMaJapHHHT €HYHMH - TYLIYHYANAPH
aBBaNAarHAEK KHPHTHAAAM.

dapas xuaafiauk, (3) Tewrnamanarn f(x, y, y’) ¢yukuus (yura
yarapyBuHHMHT QyHKuusich cudatuna) R*® ¢asoparn 6upop D coxana
aHHKJAHraH Ba y3JYyKCH3 GYJICHH.

l-tabpud. Aeap wyndad yseapuac mycbar N conu masxyo

6§acaku, uxruéputd (x, y, y')ED, {(x, ¥, y )-ED RYKTAAGp Y“yH
1f(x, 9. y')—f(x. & PII<SNUy—gl +1y —71)

' renzcuanux 6axcapuaca, y xo10a f{x, y, y’') ¢ynxyusa D coxada y 8a y’
J3eapyswurapu 6§iuva JTunwuy Juaprunu 6axapadu deduradu.

(3) anddeperunan TeHrsaMa eYHMHHHHT MaBXYIAJNHTH XaMmAaa
AITOHA/IHTH XaKHAarH TeopeMaHH HCOOTCH3 KeNTHPaMH3.

l-teopema. Az2ap
'y =t‘& Y, yl)
renzaamada f(x, y, y') dynxyus. 3§
D ={(x, y, y’)ER“":Ix—xol-g'd, ly —yol < b, ty’ —yil < b)
. Oa ysayxcus 6yaub, y ea y' apzymenraapu 6§dusa Jlmuuuq waprunu
6axcapca, y .yoada (3) dugppepennuan renzramanunz | %— h, %+ H da
(h_min (a, —» ) M=maxf(x, y, ¥)) bowranruy

ylx-xo—yol y'lz-xo—yo
?%Aapnu :;anoarmrupaduzan esumu maewxyd O6Gaub, y sneona
u
duau (3) nud)q)epenuuan TeHIJIaMaHHHT 6ab3H XYCYCHM XONJapHHH
Kapanuua
Aftafnuk, (3) TeHrAaMaHHHT YHF TOMOHHAArlH
q)yﬂxunﬂ (baxa'r x ra GOFARK 6yacun:

y’'=f (x) (4)
Arap Yy ——-—‘;{- 3KaHHHH 31:Tu60p§a oncak, ynaa (4) reurnama y’ ra
HucO6aTtaH OGHpHHUYH TapTHO6NH ywoby _
L =f (x) -
TeHrnamara kenand. PaswaHk, 6ygeumauauunr €YHMH
y'= it dx+C,
6ynanH. g{

Kefiurn TeHrnamanaH Tonamus:
dy=( {f(x)dx+ c.)dx=>.g§—_—- J(§ixdx+Cdx+
+Co=y={ ({F (ndiydxr+C (dxtC,~>
=>y=\({f (ndddr+Cx+C,
6y epaa Cy, C; — HXTHEPHR §arapMac coHaap.
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Wynnaii kuaub, y''=f(x) andpdepeHtHan TEHTrNAMaHHHI YMYMHH
€UHMH:

y=\({f (1) dx) dxtCr+C,

Mucoa. Yuwby
Yy’ =xe*

TEHrnNaMaHH €YHHT. By TEeHraAama Kyﬁunamqa €4HJaaH.

y”=xe‘=>-%—=x-e’=>dy’=xe‘dx =

=y’ = Sxe‘dx+C,==»y’=xe‘—e‘+C =

»—%:xe‘—e‘+c,=>dy= (xe*—e*+C)dx ="

=y = S (xe*—e*+C\)dx+Cry=(x—2)e"+Cx+C,

2°. AfiTanauk, (3) TeHrnaMaHHHIL YHT TOMOHHJAATH
PyHKUHA daKaT y ra 6GOFAHK GYJNCHH:

| Y =Ff(y). (3)
By TeHrnaMaHH €YWLl Y4YyH YHHHI Xap HKKH TOMOHHHH 2y’dx ra

KYNMaHTHPaMH3:
2y -y'dx=2y -f(y)dx.

Arap 2y -y”dx=d(y’)?, y'dx=dy 6yanwnHn 3bTHOOPra ONCaK, yHAa
KeMHHTH TeHrAHK ywoly

d (y'*) =2f(y)dy
KYPHHHLITE Kenaan. By TEHIIHKHHHT Xap HKKH TOMOHKHH HHTerpaanab

y*=2\f ) ay+C,,
ADbHH

v =2 { Fdy+c,

6yauwunn TonaMu3. HaTwxana, y3rapyByHnapH a)kpahanuras anodoe-
peHUHaN TEeHrMaMa XOCHa 6ynafn. YHH euaMu3:

4 — 2§ [v) dy+Ci=dy= /2 1) dy+Cidx =

dy _ -I-C
\/ZSf(y) dy+C, ’ ’

V2w antc,
Hemak, (3’) TeHrnaMaH#HI' €4HMH
S__E'!______=x+ C,

\/28 f (y) dy+C,
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Mucoa Yuby
y'=y

audpdepeHLHaN TEHTNAMAHKRHT
1 4
Yol Xgm 0™ I, yol 5_0-_‘—0

GouwtaHFuy wapTaapHH KaHOAT/JaHTHPAJAHTaH €YHMHHH TOIHHT.

BepuaraH TeHr1aMaHHHT Xap HKKH TOMOHHHH 2y’dx ra KynantH-
pamu3s:

2y’y 'dx=2yy’dx.
PaBlwiakks,
2 -y’dx=d(y’?), y'dx=dy.

YHaa kefiuHru TeHrnama d(y’?) =2ydy kypunuwra kenaau. DBy
TEHIJIHKHHHT Xap HKKH TOMOHHHH HHTerpanial Tornamua:

y=2% +Ci=y"+C,

Bownanruy waprra 6uHoan 0=1+4C,, abHu Cy= — | 6yaaamu. Jlemak, )
y?=y'—1. (55
Juan (5) audpdepeHuHan TEHFMAMaHH eYaMH3:

yl=y’—l=y'=+ \y’— =
G :I:\/ F2—1

=Inly+ Vy’—1 = +x4C,
flua Gowanaurny waptra kypa Injl4 /I —1|=0+4C, savHu C2=0
6ynaan. Hemak, Injy+ \/yz——l |=:tx by TexnraukaaH

dx=>

y+ \/y | =e** Ba ynaau ¥ 6yauuin Keaub uuKa-
y+\/ 2=

AH. Maxpaxpa HppauHOHANIMKAAH KYTYJHW HATHXacHAA

y— \/yz—l =e¥* xocua 6ynaau. Hatuxana y+ '\/y2—l —e**
y— \/y"'—l —=e¥* 6yau6, ynapaau y=i+2e—_'6)'(.nnmnuu TOMaMH3.

lllyunan knau6, Gepuaran aunddepeHuHas TeHrMaMaHHHT Goll-
NaHFHY WAPTHH KAHOATNaHTHPAAHTaH eUHMH

4%
y=—"o—

6ynanm.

3°. Afirafiauk, (3) TeHraaMaHHUHT VHT TOMOHHAATH
¢yHkuHa paKart y’ ra 60FAUK OYACHH:

y'=f(y). (6)
By xonaa y’' =2z ne6 Gearnnacak, ynaa y'’ =z’ 6yaub, z'=f[(z) 6ynanu.
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PaBiuaHkH,

£ =)= =dxs | P =2+ C,

Papa3 KunalJHK, KeHHHTH Teumnmau 2 HH TONHIN MyMKHH OVJCHH,
AbHH

z=q@(x, Ci1).
Yuna (p( !

z=y —'i-—tv(x C.)=>dy p(x, C\)dx=>

>y = §¢(x, )dx+C,

6yaann. By 3ca (6) nn(pcpepeﬂuuan TEHFLAMAHHHT eYHMHAHD.

Mucoa. Ywby - \
B3

y’'=(Y4-y?)
TEHrNAaMaHH €YHHT. o
By redrnamana >
y=2
Be6 anamui. YHaa -
. y'=2
6yaub, .
= (1429
6ynann. KefinHry TeHrnfaMaHH e4dMH3:
3
2 — (1429 e x>
1+2?
=>S—-‘E_—x+.-c|=>—\/—zz =x+C,.
(1+2°)? o
Hemak,
____y_’__;..—x.{_c‘
\/l+9’
by Texrnukaau sca _ |
+C
y= ' (7)
+ \f'z-' (x+C))?
6yauiH Keaub uukaau. (7) TEHI1aMa KyAnharuya euunanu:
21— (x40’ + /1= (x+C)?

=y + Cy= % \1— (x4 C))’=>(x+C)*+ (y+C) *=1.
By GepuaraH TeHrJlamMmaHHHr eUHMYPAHP.
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4°. AutTanaunuk, (3) TeHraaMaHHMHr YHF TOMOHHKAATlH
GyHKUHUA y Xamaa y” sapra 60FAHK BYJACHH:

v | y'=f(y, y'). (8)

L]

By TeHraaMaaa y’ =p aamawTupuiuHi 6a)kapamu3. Ynia

__ dp . dp dy dp .
¥ == dy dx  dy P
6yau6, (8). TeHraaMa KyHuiars

-———f(y.p)

GHpHHUH TapTHONH nmpcpepenuua.n TeHrJiamara Kenalm.
M ucoa. Yuwoby
v _ 144"
4 y

anddepeHuUnal TEHrA1aMaHH EUHHT. .
by 'reHr.uamana Yy’ '=p aaMawITHpH 6amapaMH3 Yuaa

y'=p-—= 6y.rm6 Gepuaran TeHridama y-p- y+p +1=0, ABHH

d
2p dp=—-—;— TeHr:1aMara keaann. YHu HHTerpaJaal Tonavu3i:
pP+1

dp= — S%”—:—;ln(p"’-l-l):—lnlyl+lnC,=>
=(p*+1)-y*=Ct. |
Cl—y
Hemak, (4?4 1) -y*=C3 Kelnnrn Tenraukaau y' = ;tiy— O6yau-

Sp""+l

WH xeanb ynkaau. by y3rapyBuunapu axpanaaurad TeHr1aMaaup. YHu
euaMH3:

+1/ Ci—¢* '
g \/Cl-y \/C?—yi'
= de=>¢:l: VCi—y? =x+Cr(x+C2) 2+ y*=C2
LLiyHaait Kuan6, Gepuaraw AndepeHLHan TeHITaMaHHHT EUHMHU:
(x+C2)*+y*=CH

5°. Afttaliank, (3) TeHrnaMaHHHT YyHIK TOMOHHAATH
GYyHKUHA x XamMla y’ aapra 60FAHK OVACHH:

“=f(x, y').

By tenfiavaia y'=p anvamTipuur Gaxapamus. Yula y'=-"

6yJaHO, 6ep'HJ1raH TeHr/1aMa KyHHAaru
=f(x, p)

6upuHun TapTHOAN AnddepeHUHan TeHr1amara KeJdaaH.
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[ 4

Mucoa Yuwby
n o 1 =28%

x" .
AHpPepeHUHAN TEHINAMAaHH EYHHT.

d
By TeHrnamana y’=p aaMawTHpH Gajkapamui. YHAa y”=—-—'3

3 .
6yaub, 6epHUaAraH TeHrnaMma Kyiuaaru Zﬁ= : ﬁxp, ABHH zi-}-ip =
: _ x

1 | .
=— UH3HKJIH TeHraamara kenaau. 8-606, 3-§ 1a kearupu.iras
X

(18’) dopmyaara kypa

{ Oynaau. byHnau

__  —2lnlxl (1 2inj x| _ 6 I
p=e[C1 [ emrdx | =
C 1 2 Cy “
JeMak, p=—17——3. by TeHrnamaHuHr eunmu y=——T+C2 6yaa-
y 4

2
An.

3- 4. HKKHH'!H TAPTHEJIH YH3IHKJIH OHSSEPEHUKAN
TEHTJAMAJNAP

l.UYn3ukau andpdepeHunan TeHraamMma TymyHYacH.

Homabaym ¢yHukumus y=y(x) Ba yHuHT ', ¢’ XocuAanapH GHPHHUH
Japaxana KaTHaurad

Y’ +pr(x) -y’ +p2(x) -y=¢q(x) (9)

TeHrJaMa uKKuMdu TapTubau «usuxau teneaama neiunann. by epaa
pi1(x), p2(x) TeHrnamaHuur kod¢pduyuenraapu, q(x) 3ca osod xad
neHHAnG6, ynap 6upop (a, ) opanuKiaa aHHKJIaHraH QYHKUHANAPAHD.

(9) TeHrnamMa HKKHHYH TapTHOAH YH3HKAH OHD KHHCCH3 audpde-
peHUHaJ TeHraaMa XxaM Aeb I0pHTHAALH.

Arap (9) Tenrnamana g(x) =0 6¥.aca, ALHH TEHr1aMa ym6y

Yy’ +pi{x) -y +p2(x) -y=0 (10)

KypuHKWra 3ra 6yaca, YHH ukkundu taptubau wusukau 6up muHcau

Jugepenyuan Tenearama AeiinnaiH. .
Macaanat, /
Y +xy + (4 1)y=cosx,

Yy —A4xy + (4x*—1)y= —3.¢
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TeHrnamanap GHP uHCCH3 AnddepeHuHan TeHrnamanap,
(X4 l
y'— ¥ —xy=0,
Yy — \/x Y+ (x+ \/x) y=0

TeHrN1laManiap 3ca OHp XHHCAH aMppepeHuHan T€Hranamanap 6yaan.
SHAH YH3HKIH AHDDepeHUHAN TeHIJIaMaJapHHHT HKKHTA XOCCACHHH

KEeJITHPAMH3.
1°. (9) Tenrnamana
x=g@(f)
(p(¢f) ukKkH wmapta AHPOepeHUHANNAHYBUH (PYHKUHR) aJAMaLITHPHIY
Ga)kapu/ica y sIHa YH3HKJH TEeHrnamara aitjlaHans. }
Hc6oT. (9) Tenrnamana x=¢q(f) aaMawTHpys OGaxxapaMus.

PaBuiaHKH,

y = dy __dy dt _dy | _dy 1
= dx_ dt dx__ dt ﬁx_ dt ¢'(1)’
dt
(9’ (¢) #0)
p_ dfdy\__dy 1 dy ¢”@)

V' =a\a )= a8 g~ @ Py
Hatnxana (9) renrnama ywGy

I d% () dy dy _
PP R PP -+ pi(e(f)) - , d,+pz(q>.(5)l y=q(p(?)),

ADBHH

Y= f((,',) p(cp(t))tp(t)) Y+ () -y=4(a(1))

TEHrJaMara kenaid. By HKKHHYH TapTHOIH YH3HKJAH TEHrAaManaup.
2°. (9) TeHraamana HoMabayM PYHKUHS ‘ ,

y=u(x)-z+v(x) (z2=2(x))

YH3HKJIH aJMaliTHpPHW HaTtHXacHaa (u(x), v(x) HKK» MmMapra audde-
peHUHaNNaHYBUH QYHKUHANAP) AHA YH3HKAH TEHrJamMara anjaHaiu.
MUcb6oT. (9) Tenrnamana

y=u(x)-24v(x)

anMawTHpHw O6axapamn3. PaBuaHnkH,

y=T=""p(0) 24v(x)]=u (x) 2 (1) 20 (3),

’ dzy_
y'=—r=— lu(x) -2+ u'(x) -2+ V' (x) | =

“dx
=u-z”+2u 2'4u-z40".
Hatuxana (9) tenraama ywbly

Uu-2"42u'z’ 4+ u""z24v"4+pi(x) [u-2+u'z+
+ v’']+p2(x) [4-24v]=¢q(x),
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ABbHH A

24— (2u +p|(X) -u)- z e ot (u”-l—p](x) u' 4 po(x)-u)-z2=

=L g —v"—pix) v —py (%) 0]
TeHrsiaMara Kenaau. By HKKHHYUH TapTHOAu 4H3HMKAH AHPdepeHLHan
TEeHTJIaMalHp.

Scaartma. (10) 6up XHHCAH TeHrnamaaa y=u(x)-z aamawTuppw OGaxapuaca,
TEHrA1aMa AHa OHP XKHHCAH TeHraamara afiaaHadn.

Suan (9) auddepeHuHan TeHrJaMa eYHMHHHHT MaBXYAJHTH XaMlia
AFOHANHIK XaKHAard TeopeMaHH HCOOTCH3 KeJTHpPaMH3.
2-reopema. Azap
¥y’ +pi(x) -y +pAx)-y=q(x) (9)
Trenznamada p,(x), pa:(x) xamda q( x) Pynxyuarap X rtinaamia
(X& R ) ysayxcu3 6ijaca, y xonda X da (9) renzaamanune
ylx-xo——yo. y |x—x0~—-y0

OowAanFuy WAPTAGDHU KAKOATAGKTUPAOUZAK edumMli Mmasxcyod 6a
y szona 6yradu.

4-§. HKKHHUYH TAPTHBEJIH BHP )XHHCJIH YHIHKJIH
AH®OEPEHUHAJI TEHIJIAMAIJIAP

]

1°. Yw6y naparpadnaa

y”"+pi(x) -y’ +p2(x) -y=0 (10)
OHp KHHCAH YH3HKIH AHdepeHunasa TeHrnama Ba YHHHT yMYMHH
€UHMHHH TONHII OHNaH WYFyANaHaMH3.
" ABpano 6ab3H TacauKJaap Ba TYWYHYAJN3pHH KeJITHPAMH3.
3-teopema. Azap y =y (x) Pynxyusa (10) renzaamanunz esumu
6yaca, C-y xam (C — uxtuépui §32apmac CoR) Wy TeHIAAMAKRUNZ
edumu 6jradu

Mco6or. Waprra k¥pa yi PpyHkuus (10) TeHrsamMaHHHT eUHMH.
Hemax,

yi +pi(x) -y1 4+ p2(x) 41 =0. (11)
DHAH ' '

(C-y))"+p1(x) (C-tn) +p2(x) -C-y
Hponanu Kapanmu3. PaBwaHku,

(C-91)"'=C-yi,
(C-n)'=C-yi.
Ly Tenranknapun xamaa (11) myHoca6athd 3bTHOOpra anHb, TONAaMH3:

(C-y)"+pi(x)  (Coy1) +p2(x)-C-tn=C-y{'+pi (x) - C-yi +
tp2(x) - C-yr =C(y{+ p1(x) -yi 4 p2(x) - 4n) =C-0=0.
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By 3ca C-y, ¢yHkuus Gepuaran (10) anddeperunan TeHrJaMaHHHT
€UHMH 3KaHHHH OuanHpanH. Teopema ncbor 6yaaM.

4-vreopema. A2ap y,=y (x) xamda y,=y-(x) Pynxyusrapnunz
xap 6upu (10) renzaamanunz esumaapu 6yaca, y+y. Pynxyun xam
iy Tenzaamanunz esumu 6Gyradu.

HU c 6 oT1. llaptra kypa y, xamaa y2 pyukuusnap (10) TeHrsaMaHuur
euyumaapu. emak,

Y+ pi(x) -yi +p2(x) -y =0, ' :
Y3+ pi(x) - y2 4 p2(x) -y2=0. (12)
Suau

(Y1 +y2) "+ pi(x) (g1 +y2) +p2(x) (41 +y2)

nponann Kapahmnui. PaBluaHkh,

| (91 +y2) " =yi+yz
' (yr+y2) ' =yi+y2.

Illy Ttenraukaapuu xamaa (12) Mynocadémapuu 3bTHOOpPra oviueG,
TOMIAMH3:

(i 4y2)”+pi1(x) (41 +y2) +p2(x) (11 +y2) =
=Y+ yi+pi(x) -yi+pi(x) -y2+p2(x) -y +p2 (x) ‘Y2 =
= (yi+p1 (X} - 4i +p2 (x) -1) + (Y54 p1 (x) - Y2+ p2(x) - y2) =0.

By 3ca y,+y2: ¢pyHukunsa Gepuarau (10) nuddepenunan TeHrnamaHuHur
€UHMH 3KaHHHH Ouaaupann. Teopema uHcOor 6yaan.

I-HaTunxa. Aeap y, xamda yz ¢pynxyusaap (10) reneramanune
equmaapu 6§aca, y xoada Cy, + Cay2 pynxyus xam (Cy, C2 — uxXTHEPHH
y3rapmac COHJAap) wy Teneaamanune ewumu 6jaradu.

by HatHXaHHHr HCOOTH IOKOPHAA KEATHPHAraH TeopeMmanapaad
Kenub uHKaaH. |

2°., lllynna kuaub, yi=yi(x) xamaa y:=yz(x) o¢yHKuHANAAp
(10) TeHrnamaHHHr eunMaapu 6yaca, y xonaa

y=Ci-y)+Ca-y;
dyHkuna xaMm (10} TeHrnamaHHHT eynMu 6ynap 3KaH.
TaGuuf pasuwaa, 6y euum Gepuaran (10) anddeperHunan TeHrnama-
HHHI YMYMHHA eYHMH OYyJaAWMH AeraHd casoa TyfFusaad. by casonuu xaan

KHAKI (QYHKUHAJADHHHI YH3HKJAHM 3PKAH XaMA2a YH3HKINH OOFAHK
OYyAHIUH TyLIyHYAJNAPHHH KHPHTHILHH TaK030 KHAALH.

®apa3 xunaiauk, (a, b) uHTepBanna ¢ (x) Ba @a2(x) PyHKUHANAD
Gepuaran OGYNCHH.

2-Tabvpud. Aeap wyndald a, J;auda a2 COHAQP TONUACAKU,
yraprune xamuda burracu noadaw papxau 6y/m6 yuwby

@11 (x) +a2- @2(x) =

TenzauK 6axapuaca, @;(x) xamda (pg(x) ¢ynxuuﬂ.aap (a, b) da wusuKau
O0FAUK NeHHJanH.

3-Ttavpud. Aeap ¢i(x) xamda @2(x) Pynkyusasap yuys
@1-@r(x) +az-g2(x) =0
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Tenerux ¢akar a,=0, ar=0 6y§arcandazuna b6axapusca, @(x) 8a
@2(x) aap (a, b) Oa «usuxau 3pKru pynKyuarap KeAnnann.
°. ®dapa3 KuaalaHk, y;(x) xamaa ya(x) pyHkuuanap
Y’ +pi(x) -y +p2(x) - y=0
A depeHUHan TeHrJ1aMaHHHT edHMAapH GYJCHH.
Ywoy
yi(x)  Ya(x)

yi(x)  ya(x)

PYHKUHOHAN HeTepMHHAHT BpOHCKHI AeTepMHHAHTH AefinNafH.
S-teopema. Azap (10) renznamanune y,(x) xamda y:(x)

equmaapu (a, b) da wusuxau 6oraux 6jaca, y xo0a0a VYx€(a, b) da
W(x) =0

W(x) =

6jaadu. ,
Hcb6oT. yi(x) xamaa ya2(x) euumaap (a, b) na UM3HKAH GOFAHK
6y1cHH. YHAa _ '
| a1+ yi{x) +a2-y2(x) =0
6ynu6, a; XaMAa o2 COHJAPHHHT KaMuHia OHTTaCH HoidaH (apkJH.
KeHHHIrH TEHIMIHKHHHI Xap HMKKH TOMOHHHH nucpq:oepeﬂu.uannaﬁ) oy
Xamiaa a2 napra HucO6atad yuwoby

{C‘yl(x) +ay,(x) =0,
al'yi(x) +a2-y'z(x) =0

CHCTEMaHH XOCHA KHJAAMH3. y (x) XaMAa y(x) nap YH3HKAH GOFIHK
6yaranaurn cab6abau Oy cCHCTeMa TPHBHAA OynMaraH eduMmra 3ra.
BHHOGapHH, CHCTEMaHHHI JEeTepPMHHAHTH

H0 9o (veea, b))
yi{x)  ya(x)
6ynaau (l-tom, 7- 606, 3-§). Hemak, (a, b) na
liV(x)=0.

Teopema uc6or 6yaan.

4°. Ouan W(x) =0 6yaumunan y;(x) xaMaa yo(x) €YHUMJIAPHHHT
YH3HKJIH OOFIHK OYAHWHHH HPoAaNafIHraH, WyHHHrAeK BpoHckui
NETEPMHHEBHTHHH TeHTJIaMaHHHI KO3PPHUHEHTH OpKaJNH E€3HAHIUHHH
KypcaTaauran teopemManapHH HCOOTCH3 KEJATHPaMH3.

6-Teopema. Azap bupop x,€(a, b) nyxrada W(x,)=0 6jaca,
y xonda y,(x) xamda y,(x) exumsap wusuxau 6oraux Gijradu.

7-tTeopema. Yuby

—_ S py (1)dt
W(x)=W(x,).-e (13)
¢opmyra Gpunsudup, bynda xo€ (a, b), |
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Onataa (13) Jluysuasr (Octpoepadcxuil — Jluysura) popmyracu
AeHHJIaaH. :

KOKkopnaa kefiTupuaras TeopeManapaaHd Kyiuaaru xyjaocanap Keau6
YHKAOHK:

1) Jluysuan dopmynacu g, (x) xamaa yz2(x) eunmaapuuur Bpouckuii
AeTepMHHAHTH (a, b) na afiHan Hoara TeHr €ku (a, b) HuUHr Gupop
HYKTACHla HONra afJaHMacCJAHIHHH KypcaTadH.

2) Arap Bponcku# aetepmuHantd W(x) =0 6ysca, y xonaa y; (x)
Xamaa XQ(X) €UHMJI3p UYH3HKJIH OOFNHK OyJlalH Ba akCHHUA.

3) Arap Bpouckuit aerepMHHanTH W(x) %0 6yaca, y xoaaa y(x)
XaMia yqo(x) euHMNap YHIHKJAH 3PKIAH Gyaanu.

9°. 4-TabpH. Hkkunwu raprubau O6up MUHCAU HUBUKAU
Ougpdpepenyuan tenzramanune y,(x) xamoa ys(x) ewumaapu «uszukau
Ipkau 6gaca, yaap TeH2AQMAHUHZ (DYHOGMEHTAR EHUMAQP CUCTENACU
Odedunadu.

8-reopema. Haxunuu raprubau Gup »uncau susuxau ugge-
PEeRLUANR TeH2AAMA (PYROAMERTAA eduUMAGD cuUcCTeMacuza 32a.

Hc6or. Mabaymku, '

y'+pi(x) -y +p2(x) -y=0

TeHrnama (O6yHaa p,(x) Ba pa2(x) nap (a, b) aa yzaykcu3s pyHkuustap),

GOWNAaHFHY WAPTAAPHH KAHOATJNAHTHPAAHraH ArOHA e4HMra 3ra.
Hkkuta Typ/in GOWaHFRY WIAPTAAPHH KapaiiMu3:

yllx—.ro: lv y'll x-xo—_'oo
y2| x-xo=0v y'?l “"'"0= l.

By waptaapHu KaHOaTAaHTHPYBUH Y=y (x), Yy2=y2(x) euumaap
maBxyn. duddepeHunan TeHrnama euHMJIApPHHHHT Xp HyKTaaarw
BpoHckuit nerepMHHAHTH

W (xo) =

1 0 -
0 |I="”&0

6ynaan. buHoOGapHH, y(x) Ba ya(x) sap OepHaraH TeHrNaMaHHHr
YH3HKJH 3PKAH €YHMJApH, AroHa ¢yHAaMeHTan euyHMaap CHCTeMacH
6ynagd. Teopema ucGor 6yaau. |

9-teopema. Azap y,(x) xamda y:(x) aap (a, b)oa

Y'+p(x)- Y+ pa(x) y=0 (10)
TeH2AGMARUKRZ (hyndamerTan esumaap cucremacu 6faca, Oy renzaama-
HUKZ YMYMUIL exumu
y=Ci-y1(x) +C2-y2(x)

xypunuwda 6gaadu, 6ynda C,, C; — uxruépud §azapmac conaap.
Hc6oT. yi(x) xamaa ya(x) aap (a, b) aa (10) Tenrnamauuur
(yHRaMeHTa/A euHMaap cHcTemacH Oy/acHH. YHaa 8- Teopemara Kypa

¥,(x) ¥ (x)

W(x) =
) Y2(x) yox)

#0 (x€(a, b))
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6ynanu. |- HaTHxara Kypa y=C, -y (x) 4+ Cay2(x) xam (10) Tenrnama-
HHHI eyHMH 6§nanH. - |

(a, .b) Nna HXTHEPHA Xxo HyKTa aaH0, OGowNaHFHY WAPTAAPHH
KyfHaaruya

Yl smgy=Y1(%0), Y\l ccy=¥1(x0),
Yol sz, =y2(x0), y;|x-x°=y;(xo) ;
aHuKnNafiMu3. PaBliaHkh, |
Cwi(x0) +Coys(x0) =Yyo
{ Cl'y‘l (x0) 4 Ca+ya(x0) =y

cHcTeMa, W (xo) 50 _6yaranauru cababau srona C,, C; euumra sra.
Nemak, C -y (x) + Cz-y2(x) euum uxTHEpHIi GOWNAHFHY WAPTHH KAHO-
aTNaHTHPAaAHIraH euum GyaraHanruaaH

. y=Ci-yi(x) + C2-y2(%)
HHHr Gepuaran (10) TeHrnaMaHHHr yMyMHR €UHMH 3IKaHJAHIH KeaHub

ynKaaH. Teopema uc6oT 6ynanH.
M u coa. Yuby

Y ==+

x—|

|
x—1

y=0 (x5£1)

AR PepeHIUHan TEHINAMAHHHT YMYMHI €UHMHHKH TOIMHHT.
ABBano y (x) =€, y2(x) =x PyHkuHaNap GepHATraH TEHrJaMaHHHT
eyHMaapH OYAHIIHHH KYpcaTaMHa3:

yi(x) =€, yi(x) =€, yi (x) =¢;
y2(x) =x, y2(x) =1, y% (x) =0,
x€ + ! .e‘=e‘(l —= + xll )EO,

x—1

0—>— 14

x—1

e*—

x==().
x=—1

by yi (x) =€, y2(x) =x eunmnap Gepuaran TeHrNaMaHHHT PyHAaMEHTaN
eUHMIap CHCTeMaCHHH TAWKHJA 3TaRH, YYHKH ‘

et x
e 1

6yau6, W(0)=1+0. [demak, 9- Teopemara kypa GepuaraH Teopema-
HHHT YMYMHA edrMH

W(x)= =e*(l —x)

Y= C;-e‘+ Ca-x
Gynanuhtiyﬂna Ci, C2 — nxTHépHA y3arapmac CoHJap.
°. Arap
Y’ +pi(x) -y +p2(x) . y=0 (10)

TEeHrNaMaHKUHI OGHTTA -€UHMH MabBIAYM Gg.nca, yiaa (10) Tenrnamauu
GupHHUH TapTHOAH AHpdepeHUHAN TEHT1aMara KeJATHPHIU, WYyHHHTAEeK
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7 1 . . .
Oy euum OHaaH UH3HKAK GOFAHK OyMaraH HKKHHUH €YHMHH XaM TOMHIY
MYMKHHJIHIH XaKHAarH teopeMaapHu KeJTHpPaMH3.

10-teopema. Azap y,(x) Ppynxyusn (10) uddepenyuar renzaa-
Manunz 6urra esumu 6§aca, y xoada (10) renzsramanu exuws 6upun<u
TapTubau «usuxau oupdepenyuanr renzaamanu esuwza xeaadu.

Hc6orT. Ulaprra kypa yi(x) ¢yuxuusa (10) TeHrnaMaHHHT €UHMH.

Bunobapus,
y'+pi(x) -yt + p2(x) -4 =0.
Ky#nnaru
y=y-2 (z2=2(x))
aNMalWITHPKHIWHK GaxapaMu3. YHaa
y=yi-z4+4 -2,
_ y”=y1,'z+2y1'2’+yl'2”
6ynaau. By y, y’, y”’ napuunr kuimatiapuiu (10) TeHrnamanaru y, ¢/,

y’’ nap ypHura KYAHG, y GyHKuHs (10) TeHrnaMaHHHT eYUMH 3KAHHHH
3bTHOOpra o1Hb TONaMH3:

y'z42yi-2"+y1-2" +p1(x) - (Yi-24 41+ 2') +pa(x) -y 2=0=

= (yi+p () yi +p2(x) - 1) -2+ yi+pi(x) - 1) 2" +41- 27" =0=
=2+ (24 +-pi(x) cgn) -2 =0,

KeHHHTH TeHrnaMana 2’ =u (u=u(x)) neb6 onHHca, HaTHXada ywoly

yr-u' 4+ yi+pi(x) -4n) -u=0 . (I'4)

OupuHuH TapTHOnH AnpdepeHUraNn TeHraama XocHa Gynanu.
Wynaati kuaub, (10) TeHrnamanu eunw (14) teHrnamaHH euunuwira
xenau, Teopema uc6or Syanmu.
7°. Arap
y=yi-z28a 27 =u (u=u(x))

g=y,- Ju(x)dx (15)

6yanwnHu 3bTHGOpra oncak, yHaa (10) tewrnamapa (15) MyHocabar
OunaH aaMawTHpuil OGakapuiaca, (10) Tenrsama OHPpHHUH TapTHOAH
AvpdepeHuHan TeHrnaMara KeJHUIHHH KypaMH3.

Il-teopema. Azap y (x) Pynuxyus (10) renzaramanunz ewumu
6yaca, y xonda wy ewum bunramn wusuxau spxau 6frean uxKunuuy edum
yuby

M\ HocabaTaapaaH

n~— Sp, (x)dx
dx
Vi

Yr=yAx)=y,- S

Popmyra 6uran ronusradu.
M6 ot Alrainuk, y; =y, (x) byHKkuna (10) TeHrnamaHHHT eunmu

OyJCHH:
Yyi'+pi (x) yi+p2 (x) - y1=0.
(10) tenwrnamana

y=y, | udx (16)
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aamMatTHpiin Gaxapamua:
y=yi- Su¢x+yu-u.
y' =y, \udx+2yluty, o

by y, ', y”’ napuunr kuiimataapuun (10) TeHrnamanara y, v, Yy’ nap
Vpuura Kyuu6 ronamui:

yi- Yudx+- 2y -y, w +p () [y} (udx+y, ul+pox) -y, fudz=
=0=>(y{+p1 (1) yi 4+ p2(0)y) - Ludr g’ + (201 +p1 (D) g Ju=

= 0=>y 11’ + (241 + 1 (x) - y1) u=0.

Keitiry  Tenrnama y3rapysBuuaapd  axkpanaauwrad avdgepeHunan
TCHTNAMAAHP. YHH e4aMHu3:

Yoo+ (201491 (x) ) u=0=>y,- = — (244 (x) -y =

24, . 2y,
du _ Yy +p(x)-y, doeslnlu| = — S y.+p|(x)y|d
u [ 4 Y
—~lnlul = —2 S%_ Spl(x)dx=>ln|u| =
1 .
- \ 2, (x)dx

= —2inly,| = o dru=
(15) mynocabaraan ¢oitnanavnb I
. - Spl (x)dx
e
y=y:- dx
; S yf

Oy tonamu3. by 3ca Teopemauu ucboraaiau. Keatupuarau
reopeMajad MHCONAAp euydlaa Kyn ¢oinanannnany.’

Mucoa. Arap y”+%y’+y=0

TOHIMaMaHHHr OHTTA eUHMH

sinx !
X

Oyaca, YHHHT YMYMHH €UHMHHH TOMHHT.
bBepuaran TeHrnaMmaaa
y=y \u(x)dx

anmawTHpHiin 6axxapamu3, 6yHaa u — HoMabIyM pyHkuus. PaBuwan-
KH, ‘

- XCOosXx —sinx sinx
2 X
2 . . . .
— x“sinx — 2xcosx - 2sinx XCOSX — Sinx sinx
g = T T (udx -2 b
- x :
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By KuiimatTnaapHd OepHaraH TeHrjiamanaru y, y’', y’/ JIapHUHT YPHHTa
KYAHG TonmaMH3:

_ sinx Sudx—:z“:‘;‘ Yudx+2. 255 (udx 42 u—2"Fut
X
sinx cosx sinx sinx sinx
.1- ~ u+2 3 Sudx+2 3 u—2 = Sudx+ p Sudx=0.
ByHnax 3ca _
: cosx sinx ,
2 p u—+ U _—O
TeHrJama XocHa 6ynaan. TeHrsamMaHH e4aMu3: - '
du 9 SSX iy =>S.‘i‘i=—28—c.ﬁ-{dx=>
u sinx u sinx
o C
=In|u| = —2In|sinx| + Inc;=u = —-
sinx

sinx
g ’
OHAH y= . Sudx 3KAHAKTHHU 3bTHOOpPra oncak

. C N - -
___sinx S L de—=C SInx(—ctgx+Cg)=—C|cmx+C sinx
x sinx " x T
6ynanu.
Hemax,
cosx sinx
=—C——+Cr—/

5-§ BHP XHHCCH3 YH3HKJIH N HPPEPEHLLHAJ
TEHTNAMANAP

1°. Yuiby naparpadaa HKKHHUH TapTHOAH GHP MHHCCH3 YH3HKJH
Yy +p1(x)y’+ pa(x)y=q(x) (9)
AP PepeHunan TeHrNaMaHHHT YMyMHH EUHMUHH TONHW 6una#n wyrya-
NaHamu3. bynaa (9) Teurnamara Moc 6yarau
Y +pi(x)y +p2(x)y=0

6Hp XHHC/IH YH3HKJAH TEeHr1ama XaKuaard mawiaymorsaapaak ¢oisana-
HaMH3.

MabayMks, (9) T.eur.namanaru pi(x), pa(x) Ba g(x) Py